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PREFACE. 


HE  principal  charadteriftic  which  dif- 


tinguiihes  the  human  being  from  the 
reft  of  the  animal  creation,  is  the  inheritance 
of  knowledge,  which  the  individuals  of  each 
generation  are  able  to  derive  from  their  pre- 
deceftors. 

The  bee  of  modern  times  forms  the  cells 
of  its  hive  exadtly  of  the  fame  ftiape  as  the 
bee  of  the  remoteft  antiquity  ; each  Ipecies  of 
birds  builds  its  neft  after  the  fame  unalterable 
pattern,  and  lings  the  fame  invariable  melody- 
The  Iheep  of  the  prefent  day  has  no  better 
defence  againft  the  wolf;  nor  has  the  fly  againft 
the  fpider,  nor  the  fmaller  birds  againft  the 
eagle,  than  the  like  animals  of  former  times, 
I he  fame  wants,  fimilar  dangers,  the  like  de- 
fers, and  unalterable  cuftoms,  are  the  conftant 
attendants  of  each  different  tribe  ; nor  is  any 
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individual  benefited  by  the  experience  or  by 
the  improvements  ot  all  its  predeceflors. 

Man  alone  has  received  from  his  Divine 
Creator  the  ineftimable  advantage  of  beino- 
benefited  by  the  knowledge  of  his  forefathers, 
and  of  his  being  able  to  bequeath  that  know- 
ledge, together  with  his  own  improvements, 
to  his  pofteritv. 

The  accumulated  experience  of  a long  fu- 
ries of  years,  accurately  recorded  in  a vaft  many 
books,  or  traditionally  injfparted  from  one  ge- 
neration to  the  other,  gradually  exalts  the 
fdate  of  human  beings,  fupplies  their  wants, 
increafes  their  iecurity,  and  promotes  their 
happincfs.  The  plough,  the  loom,  the  forge, 
the  prefs,  the  glafs-houfe,  and  innumerable 
other  ufeful  inventions  of  our  predeceflors, 
fucceflively  improved  by  conflant  ule  and  ex- 
perience, form  the  invaluable  advantages  of 
modern  times ; and  their  combined  effect, 
actually  elevates  the  individuals  of  a modern 
civilized  nation,  lo  far  above  the  uni nft ruffed 
lavages,  as  might  almofl  feem  to  render  them 
of  a different  fpecies. 
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That  experience,  properly  difpofed  under 
diltind  heads,  forms  the  various  fubjeds  of 
knowledge.  The  arrangement,  and  the  elu- 
cidation of  each  particular  fubjed,  is  called  a 
Science.  The  ultimate  or  the  p radical  appli- 
cation of  it  is  called  an  Art. 

Arts  and  lciences  are  too  numerous  and  too 
extended,  to  be  comprehended  in  their  greateft 
extent  by  each  lingle  individual : hence  is 
derived  the  diviiion  of  labour,  ©r  the  adop- 
tion of  a particular  branch  by  each  lingle 
individual.  But  all  thole  branches  derive  their 
origin  from  the  fame  natural  powers,  they 
are  all  in  their  principles  regulated  by  the  lame 
general  laws  of  Nature,  and  almoft  all  their 
applications  may  be  lubjeded  to  calculation 
and  demonlfration.  The  inveftisation  of  their 
origin,  and  ol  their  mutual  dependence  on  each 
other,  the  illustration  of  their  principles,  the 
methods  of  enlarging  their  limits  by  means  of 
experiments  and  calculation,  and  their  appli- 
cation to  our  various  wants,  fall  under  the  title 
of  Natural  or  Experimental  Philoso- 
phy, the  Elements  of  which  form  the  fub- 
jed  of  this  Work. 
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In  the  courfe  of  the  laSt  twenty  or  thirty 
centuries,  during  which  time  (as  written  do- 
cuments inform  us)  more  or  lels  attentive  ob- 
servations have  been  made  on  the  properties 
of  natural  bodies,  various  theories  have  been 
formed,  or  different  ideas  have  been  enter- 
tained concerning  the  nature  of  thofe  bodies, 
or  concerning  the  general  Subject  of  Natural 
Philofophy  ; but  the  Small  proportion  of  real 
fa6ts,  and  the  vaStly  greater  proportion  of 
vague  and  unwarrantable  ideas  which  formed 
thofe  theories,  rendered  them  always  inSuffi- 
cient,  and  frequently  abfurd  ; whence  confu- 
lion  of  ideas,  and  retardation  of  Science,  natu- 
rally enfued. 

The  nature  and  the  fate  of  thofe  theories 
gradually  cautioned  the  judicious  part  of  the 
inquihtive  world,  and  Shewed  them  the  ne- 
ceffitv  of  Substituting  experiments  and  Strict 
mathematical  reafoning  to  the  1'uggeStions  of 
the  imagination.  This  rational  reform,  or 
cautious  mode  of  proceeding,  Since  the  1 6th 
century,  has  been  productive  of  a vaff  num- 
ber of  uleful  difcoveries  ; and,  by  its  having 
placed  the  progrefs  of  Science  in  the  right 
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channel,  has  enabled  philofophers  to  trace  out 
the  principles  of  leveral  of  its  branches,  to 
inveftigate  divers  new  fubje&s,  and  to  open 
new  paths  to  the  inexhauftible  trealures  of 
nature. 

The  progrefs  of  experimental  inveftigation, 
and  the  mathematical  mode  of  reafoning,  are 
both  (low  and  laborious  ; but  they  are  fafe, 
and  productive  of  true  and  uleful  knowledge; 
nor  has  the  human  being  any  other  means  of 
feeling  his  way  through  the  dark  labyrinth  of 
Nature.  It  is  wonderful  to  obferve  what  ma- 
nual labour,  and  what  exalted  exertions  of  the 
human  mind,  have  been  beftowed  upon  the  va- 
rious branches  of  Natural  Philolophy.  "I  hole 
profound  inquiries,  fometimes  fruitlefs,  and  at 
other  times  either  direCtly  or  indire&ly  luccefs- 
ful,  alternately  difplay  the  ftrength  and  the 
weaknels  of  the  human  undemanding  ; but 
upon  the  whole,  it  mull  be  acknowledged  that 
wonderful  improvements  have  undoubtedly 
been  derived  from  thofe  extraordinary  exer- 
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tions ; and  the  progrefs  of  fcience  within  the 
laft  two  centuries  has  certainly  advanced  with 
increaling  velocity. 
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It  is  not  my  intention  to  deceive  the  reader 
by  averting,  that  I have  rendered  all  the  prin- 
ciples of  Natural  Philofophy  intelligible  to  the 
meaneft  capacity  ; for  in  that  cafe,  I Ihould 
either  have  been  obliged  to  omit  the  more 
abffrufe  branches  of  philofophy,  or  the  fallacy 
of  the  affertion  would  be  rendered  ftaringly 
manifeft  in  feveral  of  the  following  pages. 
Original  difcoveries  of  fads,  or  principles  or 
laws  of  nature,  are  generally  made  through 
intricate  and  perplexed  paths.  By  fublequent 
revifion  and  confideration,  the  fuperfluous  is 
removed,  the  defedive  is  fupplied,  and  the 
confufed  materials  are  properly  arranged  ; 
whence  the  train  of  reafoning  frequently  be- 
comes fhorter  and  more  natural,  or  the 
nature  of  the  fubjed  is  rendered  more  evi- 
dent and  more  intelligible.  But  this  Amplifi- 
cation has  a limit  which  differs  in  different 
fubjeds ; nor  can  the  comprehenfion  of  what 
depends  upon  a vaft  number  of  previous  ideas, 
mathematically  conneded,  be  rendered  at- 
tainable to  fuch  perfons  as  are  deftitute  of 
fuch  ideas,  or  whole  mind  is  incapable  of  re- 
taining the  necelfary  chain  of  reafoning. 
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By  following  the  example  of  the  cleared 
writers,  and  by  confidering  each  particular 
iubjeft  in  different  points  of  view,  I have  en- 
deavoured to  explain  it  with  all  the  fimplicity 
and  the  clearnefs  which  my  fiendcr  ability 
could  fugged.  In  feveral  places  I have  avoided 
fome  abftrufe  technical  formalities  of  order 
or  phrafeoiogy,  and  have  preferred  familiar 
expreffions  wherever  it  appeared  pradticable  ; 
but  when  the  tub j eft  feemed  lefs  likely  to 
be  comprehended  bv  the  greateff  number  of 
readers,  I have  always  placed  it  in  the  Notes, 
where  thofe  only  who  are  competently  qua- 
lified may  read  it.  And  here  it  muff  be 
obferved,  that,  for  the  fake  of  diffinftion, 
the  references  from  the  text  to  thofe  notes, 
conhft  of  the  common  numerical  figures  ; 
whereas  the  references  to  other  notes  con- 
taining quotations,  additional  remarks,  &c» 
conlift  of  afferifms,  or  fuch  like  marks. 

A few  repetitions,  which  the  reader  will 
meet  with  in  the  courfe  of  the  work,  will,  I 
truff,  be  eafily  excufed,  confidering  that  they 
have  been  thought  necelfary  for  promoting 
the  elucidation  of  particular  fubjefts.  With 
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re fp e 61  to  the  termination  of'  certain  words  of 
an  entire  Latin  origin,  it  mu  ft  be  obferved  that 
l have  indifcriminately  written  them  either 
with  a Latin  or  with  an  Englifti  termination, 
ftich  as  radii  and  radiujcs , media  and  meidums , 
•See.  for  having  found  them  uled  both  ways 
by  different  writers,  I was  unwilling  to  adopt 
a deciued  partiality  for  either  mode. 

With  refpedl  to  the  difpofition  of  the  ma- 
terials throughout  the  work,  it  may  perhaps 
be  neceffary  to  mention,  that  my  rule  has 
been  to  begin  with  the  general  properties  of 
matter,  or  luch  as  conftant  experience  fhews 
to  belong  to  bodies  of  every  kind.  I have 
afterwards  proceeded  to  examine  thole  which 
belong  to  a particular  let  of  bodies,  and  then 
thole  of  fewer  or  of  fm&le  bodies. 

O 

t he  aftronomical  part  has  been  naturally 
placed  after  the  ftatement  of  the  above- 
mentioned  properties,  fince  the  knowledge 
of  the  appearances  of  the  celeftial  bodies  is 
not  1 o immediately  concerned  with  our  wel- 
faie,  as  tnat  of  the  fubftaiices  which  nearly 
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for  round  us,  and  of  which  our  very  bodies 
are  formed. 

In  the  illuftration  of  the  various  branches, 
a multiplicity  of  experiments  and  extended 
hiftorical  accounts  have  been  carefully  avoid- 
ed, left  the  ftatement  of  fuperfluities  fhould 
have  occupied  the  place  of  ufeful  materials. 
The  different  fubjeds  of  Natural  Philofophy 
cannot  be  rendered  fufficiently  intelligible 
without  a certain  extent  of  explanation  ; but 
at  the  fame  time  their  number  would  render 
the  work  too  extenfive,  if  the  limits  of  ab~ 
folute  neceffity  were  not  carefully  preferved. 
In  this,  however,  the  Author  is  expofed  to  a 
dangerous  dilemma,  as  the  fame  illuftration 
which  proves  prolix  to  certain  readers,  is  in- 
fofficient  for  others.  Different  views  of  the 
fame  abftrufe  lubjed,  though  tedious  to  the 
proficient,  are  undoubtedly  of  great  affiftance 
to  the  novice.  In  this  cafe  the  limits  of 
fufficiency  or  of  infufficiency  are  vague  and 
indeterminate ; and  whilft  they  tend  to  per- 
plex  the  author,  they  afford,  according  to  the 
inclination  of  the  reader,  ample  fcope  for 
criticilm  or  fat  is  fad  ion.  Natural  order,  ac- 
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curacy  of  ftatements,  perfipicuity,  and  con- 
cilcnefs,  have  been  the  conftant  objeds  of  my 
views  in  the  compilation  of  this  work.  I 
have  endeavoured  to  fieled  from  multiplicity, 
and  to  remove  obfcurity.  In  certain  places 
I have  added  new  facts,  in  others  I have 
fearched  for  new  and  true  explanations  of 
natural  effeds.  I have  pointed  out  the  de- 
fects of  feveral  particulars,  and  have  recom- 
mended the  elucidation  of  the  fame  to  the 
diligence  of  zealous  frudents.  But  whether  or 
not  the  performance  is  fufficiently  conforma- 
ble to  thofe  views,  I humbly  fubmit  it  to  the 
decifion  of  the  impartial  and  diftineuifhin°- 
part  of  my  readers. 

As  this  work  is  likely  to  fall  into  various 
hands,  it  may  perhaps  be  ufeful  to  add  a few 
remarks  and  a few  directions  for  the  ufe,  not 
of  the  proficient,  but  of  thofe  to  whom  the 
fiubjed  is  either  partially  or  entirely  new,  in 
order  that  unprofitable  labour,  or  extravagant 
expedations,  may  in  great  mealure  be  avoided. 

Ot  the  various  readers  of  books  in  general, 

I final  1 briefly  attempt  to  difcriminntc  the  fol- 
lowing; 
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low  in  o-  claflcs.  There  are  fome  who  imagine 
that  the  fame  velocity  ot  reading  is  iufficient 
for  a novel,  or  a poetical,  or  an  historical,  or 
a fcientific  book  ; and  when  they  find  that 
they  are  not  able  to  comprehend  the  latter, 
they  conclude  either  that  the  author  is  ob- 
lcure,  or  that  they  themfelves  have  not  capa- 
city Sufficient  for  it.  Others  imagine  that  a 
Single  careful  peruSal  of  a fcientific  book  is 
Sufficient  to  inftru6t  them  in  a new  Subjedh 
Laftly,  there  are  others  who  never  proceed  to 
the  next  page,  unlefs  they  have  thoroughly 
underflood  the  preceding  part  of  the  work. 
This  method,  in  the  reading  of  natural  phi- 
losophy, though  very  proper,  is  by  no  means 
very  pleafing,  and  generally  tires  the  Student 
before  he  has  read  a quarter  of  the  work. 

Where  a great  many  new  ideas  mu  St  be 
acquired,  much  attention  muff  be  neceSTarily 
beftowed.  Therefore,  in  the  reading  of' 
novels  or  poetry,  the  only  exertion  of  the 
mind  which  is  required  for  a fatisfaflory 
perufal,  is  the  connection  of  the  different 
parts  or  accounts,  and  a tolerable  degree  of  - 
attention  to  the  beauties  of  the  performance 

which 
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which  arife  from  the  ft  vie  and  the  imagination 
of  the  writer  ; for  with  reipedl  to  facts  and 
the  meaning  of  words,  they  are  fo  much  like 
the  occurrences  of  common  life,  as  never  to 
demand  any  exertion  of  the  underftanding. 
Nearly  the  fame  thing  may  be  laid  with  re- 
fpeft  to  the  reading  of  hilfory.  But  with 
lcientific  fubjefts  the  cafe  is  quite  different ; 
lor  in  them  the  great  variety  of  new  things 
and  new  ideas,  to  which  words  of  uncommon 
ufe  have  been  appropriated,  and  their  depend - 
ance  upon  each  other,  or  upon  facts  of  unulual 
occurrence,  demand  a continual  exertion  both 
of  the  memory  and  of  the  underftanding  > 
which,  unlels  it  be  relieved  by  means  of 
order,  patience,  and  a competent  allowance 
of  time,  will  certainly  prove  irkfome  to  moft 
ftudents. 

Therefore  on  thofe  accounts  I beg  leave  to 
recommend  the  following  method.  Let  the 
novice  in  the  ffudy  of  natural  philoiophy  read 
this  work  a firff  time,  rather  flowly,  but 
without  perufmg  thofe  notes  which,  as  has 
been  remarked  above,  have  a numerical  re- 
ference, nor  caring,  as  he  proceeds,  whether 

he 
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he  does  or  does  not  thoroughly  underftand 
or  remember  all  the  particulars.  By  this 
means  he  will  acquire  a Superficial  idea  of 
the  Subject,  the  meaning  of  Several  words 
will  become  familiar  to  him,  and  he  will 
in  all  probability  be  delighted  by  the  various 
and  wonderful  properties  of  the  material 
world.  He  may  then  commence  a Second 
perulal,  proceeding  rather  flower,  endeavour- 
ing thoroughly  to  underhand  every  part, 
and  every  fieure  of  the  plates,  and  examin- 
ing,  according  to  his  ability,  a greater  or  a 
lefler  part  of  the  notes.  During  this  Se- 
cond peruSal,  it  would  be  highly  uSeful  to 
attend  a courSe  of  experimental  lectures ; 
for  by  this  means  the  various  objedls,  ma- 
chines, actions,  &c.  will  be  eafily  and  per- 
manently fixed  in  his  mind. 

During  this  Second  reading  he  fhould  pay 
particular  attention  to  the  numerous  techni- 
cal words,  the  meaning  of  which,  whenever 
he  forgets  them,  may  be  eafily  found  out  by 
recurring  to  the  Index  at  the  end  of  the  work, 
which  has  for  this  purpofe  been  rendered 

much 
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much  more  copious  than  is  cuftomary  for 
books  ot  this  kind.  Laflly,  the  ftudent  may 
read  over  a third  time,  or  oftener,  liich  parts 
only  of  the  work  as  his  particular  inclination, 
or  Ins  underftanding  or  his  memory  may  ren- 
der neceffary. 
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CHAPTER  I. 

Of  Natural  Philosophy ;—~its  Name ;• — its 
Objeft  — its  Axioms  ; — and  the  Rules  of  Philofo- 
phizing . 

THE  word  Philofophy,  though  ufed  by  ancient 
authors  in  fenfes  fomewhat  different,  does, 
however,  in  its  moft  ufual  acceptation,  mean  the 
love  of  general  knowledge.  It  is  divided  into  moral 
and  natural.  Moral  philofophy  treats  of  the  man- 
ners, the  duties,  and  the  condud  of  man,  con- 
fidered  as  a rational  and  focial  beings  but  the 
bufinefs  of  natural  philofophy,  is  to  colled  the 
hiftory  of  the  phenomena  which  take  place  amongft 
natural  things,  viz.  among#  the  bodies  of  the 
Univerfes  to  inveftigate  their  caufes  and  effeds ; 
and  thence  to  deduce  fuch  natural  laws,  as  may 
afterwards  be  applied  to  a variety  of  ufeful  pur- 
pofes*. 

Natural 

* The  word  philofophy  is  of  Greek  origin.  Pitagoras, 
a learned  Greek,  feems  to  have  been  the  firfl  who  called 
himfelf  philofopher  j viz.  a lover  of  knowledge,  or  of  wif- 
vol.  r.  b dom. 
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Of  Philosophy  in  general. 

Natural  things  means  all  bodies ; and  the  aflem- 
blage  or  fyftem  of  them  all  is  called  the  univerfe . 

The  word  phenomenon  fignifies  an  appearance,  or, 
in  a more  enlarged  acceptation,  whatever  is  per- 
ceived by  our  fenfes*.  Thus  the  fall  of  a ftone, 
the  evaporation  of  water,  the  folution  of  fait  in 
water,  a tlafh  of  lightning,  and  fo  on ; are  all 
phenomena. 

As  all  phenomena  depend  on  properties  peculiar 
to  different  bodies ; for  it  is  a property  of  a ftone 
to  fall  towards  the  earth,  of  the  water  to  be 
cvaporable,  of  the  fait  to  be  foluble  in  water,  &c. 
therefore  v/e  fay  that  the  bufinefs  of  natural  phi- 
lofophy  is  to  examine  the  properties  of  the  various 
bodies  of  the  univerfe,  to  inveftigate  their  caufes, 
and  thence  to  infer  ufeful  deductions. 

Agreeably 


dom,  from  the  words  piaoj,  a lover  or  friend , and  croplxi,  of 
knowledge  or  wifdom.  Moral  philofophy  is  derived  from 
the  latin  mos , or  its  plural  mores , fignifying  manners  or 
behiyiour.  It  has  been  likewife  called  ethics , from  the 
Greek  r,ccs,  mos,  manner , behaviour.  Natural  philofophy 
has  alfj  been  called  p hylic  s , phyfology , and  experimental  phi 
Ifophy:  The  ftrft  of  thofe  names  is  derived  from 
nature,  or  gv-T.hr.,  natural ; the  fecond  is  derived  from  pvair, 
nature , and  >. a dijeourfe  ; the  laft  deno  nination,  which 
was  introduced  not  many  years  ego,  is  obvioufly  derived 
from  the  juft  method  of  experiment. ' inveftigation,  which 
has  been  univerfally  adopted  ftnee  the  r P.vul  of  learnin-"- 
'n  Europe. 

* Phenomenon,  whofe  plural  is  phenomena,  owes  its  origin 
to  the  Greek  word  pf.-.ai,  to  appear. 
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Agreeably  to  this,  the  reader  will  find  in  the 
courfe  of  this  work,  an  account  of  the  principal 
properties  of  natural  bodies,  arranged  under  dif- 
tincft  heads,  with  an  explanation  of  their  efFefts, 
and  of  the  caufes  on  which  they  depend,  as  far 
as  has  been  afeertained  by  means  of  reafoning  and 
experience;  he  will  be  informed  of  the  principal 
hypothefes  that  have  been  offered  for  the  explana- 
tion of  faffs,  whofe  caufes  have  not  yet  been 
demonflratively  proved;  he  will  find  a flatement 
of  the  laws  of  nature,  or  of  fuch  rules  as  have 
been  deduced  from  the  concurrence  of  fimilar 
facts  ; and,  laftly,  he  will  be  inftrudted  in  the  ma- 
nagement of  philofophical  inflruments,  and  in  the 
mode  of  performing  the  experiments  that  may  be 
thought  neceffary  either  for  the  llluftration  of  what 
has  been  already  afeertained,  or  for  the  farther 
inveftigation  of  the  properties  of  natural  bodies. 

We  need  not  fay  much  with  refpect  to  the  end 
01  defign  of  natural  philofophy. — Its  application 
and  its  ufes,  or  the  advantages  which  mankind 
may  deuve  therefrom,  will  be  eafily  fuggefted  by  a 
very  fuperficial  examination  of  whatever  takes 
place  about  us.  The  properties  of  the  air  we 
breathe ; the  action  and  power  of  our  limbs ; the 
light,  the  found,  and  other  perceptions  of  our 
fenfes ; the  adcions  of  the  engines  that  are  ufed  in 
hufoandry,  navigation,  &c. ; the  viciffitudes  of 
the  feafons,  the  movements  of  the  celeflial  bodies, 
and  io  forth ; do  all  fall  under  the  con fideration  of 
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the  philofophcr.  Our  welfare,  our  very  exiftenee-. 
depends  upon  them. 

A very  flight  acquaintance  with  the  political 
ftate  of  the  world,  will  be  fufficient  to  fhew,  that 
the  cultivation  of  the  various  branches  of  natural 
philofophy  has  actually  placed  the  Europeans  and 
their  colonies  above  the  reft  of  mankind.  Their 
. difcoveries  and  improvements  in  aftronomy,  optics, 
navigation,  chemiftry,  magnetifm,  mineralogy,  and 
in  the  numerous  arts  which  depend  on  thofe  and 
other  branches  of  philofophy,  have  fupplied  them 
with  innumerable  articles  of  ufe  and  luxury,  have 
multiplied  their  riches,  and  have  extended  their 
powers  to  a degree  even  beyond  the  expectations 
of  our  predeceffors. 

The  various  properties  of  matter  may  be  divided 
into  two  claffes,  viz.  the  general  properties , which 
belong  to  all  bodies,  and  the  peculiar  properties , or 
thofe  which  belong  to  certain  bodies  only,  exclu- 
fively  of  others. 

In  the  firft  part  of  this  work  we  fhall  examine 
the  general  properties  of  matter.  Thofe  which 
belong  to  certain  bodies  only,  will  be  treated  of 
in  the  l'econd.  In  the  third  part  we  fhall  examine 
the  properties  of  fuch  fubftances  as  may  be  called 
hypothetical ; their  exiftenee  having  not  yet  been 
iatisfadtorily  proved.  In  the  fourth  we  fhall  ex- 
tend our  views  beyond  the  limits  of  our  Earth, 
and  fhall  examine  the  number,  the  movements, 
and  other  properties  of  the  celeltial  bodies. 

The 
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The  fifth,  or  laft  part,  will  contain  feveral  de- 
tached articles,  fuch  as  the  defeription  of  feveral 
additional  experiments,  machines,  &c.  which  can- 
not conveniently  be  inferted  in  the  preceding 
divilions. 

The  axioms  of  philofophy,  or  the  axioms  which 
have  been  deduced  from  common  and  conftant 
experience,  are  fo  evident  and  fo  generally  known> 
that  it  will  be  fufficient  to  mention  a few  of  them 
only. 

I.  Nothing  has  no  property;  hence, 

JI.  No  fubftance,  or  nothing,  can  be  produced 
from  nothing. 

III.  Matter  cannot  be  annihilated,  or  reduced 
to  nothing. 

Some  perfons  may  perhaps  not  readily  admit, 
the  propriety  of  this  axiom ; feeing  that  a great 
many  things  appear  to  be  utterly  deftroyed  by  the 
action  of  fire ; alfo  that  water  may  be  caufed  to 
difappear  by  means  of  evaporation,  and  fo  forth. 
But  it  mud  be  obferved,  that  in  thofe  cafes  the 
lubftances  are  not  annihilated ; but  they  are  only 
difperfed,  or  removed  from  one  place  to  another, 
or  they  are  divided  into  particles  fo  minute  as  to 
elude  our  fenfes.  Thus  when  a piece  of  wood  is 
placed  upon  the  fire,  the  greateft  part  of  it  difap- 
pears,  and  a few  afhes  only  remain,  the  weight 
and  bulk  of  which  does  not  amount  to  the  hun- 
dredth part  ot  that  of  the  original  piece  of  wood. 
Now  in  this  cafe  the  piece  of  wood  is  divided  into 
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its  component  fubdances,  which  the  atdion  of  the 
fire  drives  different  ways : the  fluid  part,  for  in- 
ftance,  becomes  fleam,  the  light  coaly  part  either 
adheres  to  the  chimney  or  is  difperfed  through  the 
air,  &c.  And  if,  after  the  combuftion,  the  fcattered 
materials  were  collecded  together,  (which  may  in 
great  meafure  be  done),  the  fum  of  their  weights 
would  equal  the  weight  of  the  original  piece  of 
wood. 

IV.  Every  effect  has,  or  is  produced  by,  a caufe, 
and  is  proportionate  to  it. 

It  may  in  general  be  obferved  with  refpedt  to. 
thofe  axioms,  that  we  only  mean  to  affert  what  has 
been  conflantly  (hewn,  and  confirmed  by  experi- 
ence, and  is  not  cont  rad  idled  either  by  reafon,  or 
by  any  experiment.  But  we  do  not  mean  to  affert 
that  they  are  as  evident  as  the  axioms  of  geometry; 
nor  do  we  in  the  lead  prefume  to  preferibe  limits 
to  the  agency  of  the  Almighty  Creator  of  every 
thing,  wvhofe  power  and  whofe  ends  are  too  far  re- 
moved from  the  reach  of  our  under  Bandings. 

Having  dated  the  principal  axioms  of  philolo- 
phy,  it  is  in  the  next  place  neceffary  to  mention 
the  rules  of  philofophizing,  which  have  been  form- 
ed after  mature  confideration,  for  the  purpofe  of 
preventing  errors  as  much  as  poffible,  and  in  order 
to  lead  the  dudent  of  nature  along  the  fhorted  and 
fifed  way,  to  the  attainment  of  true  and  ufeful 
knowledge. — Thofe  rules  are  not  more  than  four; 
viz. 

I.  We 
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I.  We  are  to  admit  no  more  caufes  of  natural 
things,  than  fuch  as  are  both  true  and  fufHcient  to 
e:g  in  the  appearances. 

II.  Therefore  to  the  fame  natural  effects  we 
muft,  as  far  as  poffible,  affign  the  fame  caufes. 

III.  Such  qualities  of  bodies  as  are  not  capable 
of  increafe  or  decreafe,  and  which  are  found  to  be- 
long to  all  bodies  within  the  reach  of  our  experi- 
ments, are  to  be  efteemed  the  univerfal  qualities  ol 
all  bodies  whatfoever. 

IV.  In  experimental  philofophy  we  are  to  look 
upon  propofitions  colledted  by  general  induction 
from  phenomena,  as  accurately  or  very  nearly  true, 
notwithftanding  any  contrary  hypothefes  that  may 
be  imagined,  till  fuch  time  as  other  phenomena 
occur,  by  which  they  either  may  be  corrected,  or 
may  be  fhewn  to  be  liable  to  exceptions 

With  refpeft  to  the  degree  of  evidence  which 
ought  to  be  expected  in  natural  philofophy,  it  is 
neceifary  to  remark,  that  phyficai  matters  cannot 
in  general  be  capable  of  luch  abfolute  certainty  as 
the  branches  of  mathematics.— The  propofitions  of 
the  latter  fcience  are  clearly  deduced  from  a fet  of 
axioms  fo  very  fimple  and  evident,  as  to  convey 
perfect  convi&ion  to  the  mind  ; nor  can  any  of 
them  be  denied  without  a manifeft:  abfurdity.  But 
in  natural  philofophy  we  can  only  fay,  that  becaufe 
lome  particular  effects  have  been  conflantly  pro- 
duced under  certain  circumftances  ; therefore  they 
will  moft  likely  continue  to  bV  produced  as  long 
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as  the  lame  circumftances  exifl ; and  likewife  that 
they  do,  in  all  probability,  depend  upon  thofe 
circumftances.  And  this  is  what  vve  mean  by  laias 
of  nature  \ as  will  be  more  particularly  defined  in 
the  next  chapter. 

We  may,  indeed,  affume  various  phyfical  prin- 
ci[>ies,  and  by  reafoning  upon  them,  we  may  ftndtly 
demontliate  the  deduction  of  certain  confequences. 
But  as  the  demonftration  goes  no  farther  than  to 
prove  that  luch  confequences  muft  neceflarily  fol- 
low the  principles  which  have  been  afl'urned,  the 
conlequences  themfelves  can  have  no  greater  degree 
of  certainty  than  the  principles  are  pofieftedof;  fo 
that  they  are  true,  or  falfe,  or  probable,  according 
as  the  principles  upon  which  they  depend  are  true, 
or  faife,  or  probable.  It  has  been  found,  for  in- 
ftance,  that  a magnet,  when  left  at  liberty,  does  al- 
ways direct  itfelf  to  certain  parrs  of  the  world ; upon 
which  property  the  mariner’s  compafs  has  been 
conftructed ; and  it  has  been  likewife  obferved, 
that  this  directive  property  of  a natural  or  artificial 
magnet,  is  not  obftructed  by  the  interpofition  or 
proximity  of  gold,  or  filver,  or  glaft,  or,  in  fhort, 
of  any  other  fubftance,  as  far  as  has  been  tried, 
excepting  iron  and  ferrugineous  bodies.  Now 
afluming  this  obfervation  as  a principle,  it  naturally 
follows,  that,  iron  excepted,  the  box  of  the  mari- 
ner’s compafs  may  be  made  of  any  fubftance  that 
may  be  moft  agreeable  to  the.  workman,  or  that 
may  beft  anivver  other  purpofes.  Yet  it  muft  be 
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confe fifed,  that  this  proportion  is  by  no  means  fo 
certain  as  a geometrical  one  ; and  (luctly  lpeaking  it 
may  only  be  laid  to  be  highly  probable ; for  though 
all  the  bodies  that  have  been  tried  with  this  view, 
iron  excepted,  have  been  found  not  to  afifefl  the 
directive  property  of  the  magnet  or  magnetic  needle  ■, 
yet  we  are  not  certain  that  a body,  or  fome  com- 
bination of  bodies,  may  not.  hereafter  be  difcovered, 
which  may  obftrudt  that  property. 

Nqtwithftanding  this  obfervation,  I am  far  from 
meaning  to  encourage  fcepticilm  ; my  only  objedt 
being  to  fhew  that  juft  and  proper  degree  of  con- 
viction which  ought  to  be  annexed  tophyfical 
knowledge  ; fo  that  the  ftudent  of  this  fcience  may 
become  neither  a blind  believer,  nor  a uielels 
fceDtic*. 

Befides  a ftriCt  adherence  to  the  abovementioned 
rules,  whoever  withes  to  make  any  proficiency  in 
the  ftudy  of  nature,  (liould  make  himfelf  acquaint- 
ed with  the  various  branches  of  mathematics  ■,  at 
leaft  with  the  elements  of  geometry,  arithmetic, 
trigonometry,  and  the  principal  properties  of  the 

conic 


* Scepticifm  or  fkepticifm  is  the  do&rine  of  the  fceptics,  an 
ancient  let  of  philofopbers,  whofe  peculiar  tenet  was,  that 
all  things  are  uncertain  and  incomprehenlible  ; and  that  the 
mind  is  never  to  afient  to  any  thing,  but  to  remain  in  an  ab- 
solute date  of  hefitation  and.  indifference.  — The  word 
fceptic  is  derived  from  the  Greek  anc7flM®~y  which  fig- 
nifies  confederate , and  inquiftive. 
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conic  fedions ; for  fincc  almoft  every  phyfical  effed 
depends  upon  motion,  magnitude,  and  figure,  it  is 
impofiible  to  calculate  velocities,  powers,  weights, 
times,  &c,  without  a competent  degree  of  mathe- 
matical knowledge  ; which  fcience  may  in  truth  be 
called  the  language  of  nature. 


CHAPTER  IT. 


CONTAINING  A GENERAL  IDEA  OF  MATTER, 
AND  ITS  PROPERTIES. 

Of  the  Elements;  — and  the  Definitions  of  Words 
that  are  principally  ifed  in  Natural  Philofophy. 

''HE  matter  or  fubflance  of  the  bodies  which 


JL  we  fee,  feel,  tafte,  or,  in  fhort,  that  affed 
our  fenfes,  becomes  known  to  us  merely  by  its 
properties.  We  know  that  the  fun  exifts  becaufe 
we  fee  its  luminous  and  circular  fhape ; becaufe 
we  feel  its  heat.  We  know  that  the  ground  cxifls 
becaufe  we  fee  it,  and  feel  it  with  our  limbs.  We 
acknowledge  the  existence  of  air,  becaufe  we  feel 
the  refiftance  it  offers  to  the  motion  of  other  bodies, 
&c.  Now  th<5  fun,  the  ground,  the  air,  and  all 
other  bodies,  muff,  agreeably  to  the  firft  axiom, 
confift  of  fomething.  That  fomething  is  called 
matter ; yet  we  areperfedlv  ignorant  of  the  intimate 
nature  of  that  matter;  fince  we  are  unable  to  fay 


whether 
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whether  it  con  fids  of  particles  of  any  definite  fizc, 
fh  ape,  and  hardnefs ; and  whether  all  the  bodies  of 
the  univerle  confift  of  the  fame  fort  of  matter  dif- 
ferently modified,  or  of  different  forts  of  matter ; 
and  in  the  latter  cafe,  we  cam  form  no  conjecture 
refpeding  the  poffible  number  of  thofe  different 
forts. 

Some  philofophers  have  fteadily  fupported  that 
there  is  one  fort  only  of  original  matter,  and  that 
the  variety  of  bodies  arifesfrom  the  various  arrange- 
ments of  that  primitive  matter;  like  pa  fie,  bread, 
and  bifeuits,  which  may  be  laid  to  confift  of  the 
fame  matter,  viz.  flour. 

Other  philofophers  have  believed  that  the  forts 
of  primitive  matter,  or  elements,  are  two.  Others, 
that  they  are  three.  Others  again,  that  they  are 
four  or  live,  or  fix  or  feven,  and  fo  on.  But  the 
hiftory  of  fuppofitions  mult  not  be  miftaken  for  the 
knowledge  of  fads*. 

The  truth  is,  that  the  prelent  date  of  knowledge 
does  not  furnifh  us  with  reafons  lufficient  to  deter- 
mine 

* Whoever  willies  to  examine  the  various  ideas  that 
have  been  entertained  concerning  original  matter,  and  the 
number  of  the  elements,  mult  conlult  the  works  of  the  fol- 
lowing authors;  but  his  labour  will  not  be  compenfatcd  by 
any  material  information:  Ariftotle  ; Plato ; Boyle,  on  the 
principles  of  natural  bodies  ; Newton’s  Optics  ; Wood- 
vvaru  s N at.  Hilt,  of  the  Earth,  p,  v.  ; Mullchenbroek’s 
Elements  of  Phyf.  § 6j,  83,  3S3  ; Keill  Introd.  to  Nat. 
Phil.  Led.  viii. ; Higgins  on  Light;  Chambers’s  Cyclop; 
and  Hutton’s  Mathem.  Did.  An.  Element. 
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mine  the  number  of  the  elements.  Modern  c'ne- 
linfts,  indeed,  find  from  therefult  of  their  numerous 
analytes,  that  all  the  bodies  which  have  been  lub- 
jedted  to  experiments,  arc  either  the  lubftanccs  that 
are  mentioned  in  the  following  lift,  or  they  arc  a 
combination  of  fome  of  them.  Yet  no  great  con- 
fidence fhould  be  placed  upon  their  number ; for 
betides  there  being  great  fufpicion  that  feveral  of 
them  are  (till  relolvable  into  fimpler  components ; 
new  fubftances  are  almoft  daily  difeovered  by  the 
prefent  rapid  progrefs  of  philosophical  inveftigation  ; 
and  fome  of  them  are  merely  hypothetical. 

The  following  life  contains  the  bare  names  of 
thofe  elementary  fubftances  which  are  at  prefent 


acknowledged  by  the  philofophical  chemifts,  or  fuch 
as  chemifts  have  not  yet  been  able  to  decom- 
pofe ; but  a full  explanation  of  the  fame  will  be 
found  in  other  chapters  of  this  work ; and  till 
then  the  reader  is  requested  not  to  endeavour 
to  inveftigate  the  meaning  of  their  names,  or  to 
take  any  farther  notice  of  them. 


Light, 

Calorific,  or  Caloric, 
The  Electric  Fluid, 
The  Magnetic  Fluid, 
Oxygen, 

Hydrogen, 

Azote, 

Carbon, 

Sulphur, 


Phofphorus, 

Radical  muriatic, 
Radical  boracic, 
Radical  fluoric, 
Radical  fuccinic, 
Radical  acetic, 
Radical  tartaric, 
Radical  pyro-tartaric. 
Radical  oxalic, 


Radical 
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Radical  gallic, 


Radical  cytric, 
Radical  malic. 
Radical  benzoic. 
Radical  pyro-lignic, 
Radical  pyro-mucic, 
Radical  camphoric, 
Radical  ladtic, 
Radical  fach-la£tic, 
Radical  formic. 
Radical  prufftc, 
Radical  febacic, 
Radical  bombic. 
Radical  laccic, 
Radical  fuberic, 
Radical  zoonic, 
Arfenic, 
Molybdenite, 
Tungften, 

Chrome, 

Titanite, 

Sylvanite, 

Uranite, 


I 

Nickel, 

Cobalt, 

Bifmuth, 

Antimony, 

Zinc, 

Irol^ 

Tin, 

Lead, 

Copper, 

Mercury, 

Silver, 

Platina, 

Gold, 

Silica, 

Argil  1, 

Birvt, 

Strontian, 

Lime, 

Magnefia, 

Jargonia, 

Vegetable  alkali, 
FolFil  alkali,  and 
Volatile  alkali. 


Manganefe,  i 

Though  moil  of  the  words  that  frequently  occur 
in  the  fubject  of  the  prefent  work,  are  generally 
ufed  in  common  language,  yet  the  accuracy  of 
philofophical  d'efcriptions  fuggefts  the  neceffity  of 
defining  their  meanings  with  a greater  degree  of 
precifion,  in  order  to  avoid,  as  much  as  poffible, 

any 
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any  ambiguity  of  fenfe,  or  any  uncertainty  of  ex- 
prefiion. 

Betides  thole  which  are  mentioned  in  the  prefen  t 
chapter,  there  are  feveral  other  words  which  deferve 
like  wife  to  be  particularly  defined  ; but  thofe  we 
fliall  explain  ^cafionally  in  the  courfe  of  the 
work,  and  when  the  mind  of  the  reader  may  be 
better  difpofed  to  comprehend  their  meanings. 

Space  (though  it  be  incapable  of  a proper  de- 
finition) may  be  faid  to  be  that  univerfal  and  un- 
limited expanfe  in  which  all  bodies  are  contained  j 
and  that  part  of  fpace,  which  is  occupied  by  any 
particular  body,  is  called  the  place  of  that  body. 

Space  is  diftingiiifiied  into  abfolute,  and  relative . 
Abfolute  fpace  is  that  which  is  referred  to  nothing, 

O7 

and  remains  always  fimilar  and  immoveable.  Rela- 
tive fpace  is  the  fame  with  abfolute  fpace  in  magni- 
tude and  figure,  but  not  in  lituation.  Suppoie, 
for  example,  that  a firip  flood  perfectly  immoveable 
in  the  univerfe,  the  fpace  which  is  contained  within 
its  cavity,  would  be  called  abfolute  fpace.  But  if 
the  firip  be  in  motion,  then  the  fame  fpace  within 
it  will  be  called  relative  fpace. 

Place  is  likewife  difli nguifhed  into  abfolute  and 
relative tire  former  being  immoveable  and  per- 
manent ; whereas  the  latter  refers  to  other  bodies, 
i hus  it  a man  be  feated  in  a corner  of  a firip  whilfl 
the  (hip  is  lading  along,  he  is  faid  to  remain  in  the 
fame  place  relatively  to  the  parts  of  the  firip  3 yet 
he  is  continually  changing  his  abfolute  place. 

Reft 
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Reft  is  tlie  permanence  of  any  body  in  the  fame 
place,  and  it  is  called  abfoluie  reft , or  relative  reft, 
as  the  place,  which  the  body  occupies,  i,s  cither 
abfolute  or  relative. 

Motion , on  the  contrary,  is  a continual  and  fuc- 
ceffive  change  of  place.  And  it  is  called  abfolute 
motion  or  relative  motion , according  as  the  change  of 
fituation  is  made  in  abfolute  or  in  relative  place. 

Thus,  if  a lhip  were  to  remain  immoveable  in 
the  univerfe,  a man  fitting  in  a comer  of  it,  would 
be  laid  to  be  abfolutely  at  reft ; but  if  the  fhip  be 
in  motion  vvhilft  the  man  remains  fitting:,  then  this 
man  will  be  faid  to  beat  reft  relatively  to  the  parts 
of  the  fhip,  though  he  is  actually  or  abfolutely' in 
motion.-  rarther,  iuppofe  that  the  fhip  were  to 
move  equably  forward  over  ad  iftance  equal  to  its 
length,  and  tnat  at  the  fame  time  the  man  in  his 
chan  were  drawn  from  the  fore  to  the  back  part  of 
the  fhip,  with  the  fame  equable  motion,  then  the 
man  would  be  in  motion  relatively  to  the  parts  of 
the  fhip ; yet  he  would  remain  in  the  fame  abfolute 
place. 

ith  refpect  to  the  words  matter  and  body , we 
fliah  toi  the  preient  only  remark  the  following  dif- 
ference between  them ; viz.  that  the  word  matter 
has  no  relation  to  any  determinate  figure;  whereas 
the  word  body  more  generally  means  fome  feparate 
and  determinate  quantity  of  matter.  Thus  we  fay 
Witn  propriety,  that  the  movements  of  the  celeftial 
bodies  are  difficultly  determined , and  the  matter  which 

forms 
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forms  the  atmofphere  is  heterogeneous ; whereas  it 
would  be  improper  to  change  the  places  of  the 
words  body  and  matter , by  laying  that  the  movements 
of  the  celjftial  matters  arc  difficultly  determined , and 
the  body  which  forms  the  atmofphere  is  heterogeneous. 

Time,  ftri&iy  (peaking,  is  incapable  of  definition, 
.and  the  only  thing  we  can  remark  with  refpedt  to 
it,  is  the  difference  between  abfolute  and  relative 
time.  Abfolute  time  flows  equably,  but  does  not 
refer  to  the  motion  of  bodies.  Relative  time  is  that 
portion  of  abfolute  time,  during  which  a certain 
movement  is  performed,  and  we  affume  fome  of 
thofe  movements,  when  they  are  equably  and 
fteadily  performed,  as  the  meafures  of  time.  Thus 
that  portion  of  abfolute  time  which  the  fun  em- 
ploys in  performing  its  apparent  revolution  round 
the  earth,  is  called  a day-,  the  24th  part  of  that 
day  is  called  an  hour-,  365  times  that  day  is  called 
a year , and  lo  on. 

The  properties  of  a thing  are  thofe  qualities  and 
operations  which  belong  to  that  thing,  and  by 
which  it  is  diftinguifhed  from  other  things  that  do 
not  poffefs  the  fame  properties.  It  is,  for  inftance, 
a property  of  the  fun  to  be  luminous,  ot  the  magnet 
to  attract  iron,  &c. 

The  hat  chiefs  of  a body  is  that  degree  of  refinance 
which  the  body  offers  to  any  power  that  may  be 
applied  for  the  purpofe  of  leparating  its  parts. 
Whereas  fluidity  is  the  want  of  that  refinance; 
fo  that  a perfect  fluid  is  that  body  whole  parts  may 

be 
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be  feparatcd  by  the  application  of  the  lead  force. 
It  will  appear  from  the  fequel  that  vvc  are  not  ac- 
quainted with  any  perfectly  hard,  or  any  perfectly 
fluid,  body ; to  that  we  can  only  examine  the  in- 
to mediate  gradations,  which  exift  between  thofe 
extremes ; but  thofe  gradations  which  are  exprefled 
by  the  words  hardnefs,  rigidity , britllenefs , tonghnejs , 
f°finefsy  clamminefs, fluidity,  &c.  are  incapable  of 
precife  definitions  or  limits. 

Cizv.J'e  and  effect,  are  relative  terms ; the  effect  be- 
ing that  which  is  produced  by  the  caufe,  and  the 
caffe  that  which  produces  the  efled.  ' 

Cautes  as  well  as  effeds  are  diftinguifhed  into 
primary,  fecondary,  &c.  or  into  immediate  and  remote . 
Thus  when  the  heat  of  the  fun  rarefies  the  air,  that 
rare  fad  ion  produces  wind,  and  that  wind  impels  a 
fhip  forward.  In  this  cafe  the  heat  of  the  fun  is 
the  caufe  of  the  wind  the  wind  is  the  efled  of  the 
raiefadion,  and  is  at  the  fame  time  the  caufe  of 
the  fhip’s  motion  ; the  motion  of  the  fhip  is  effed- 
ed  by  the  adion  of  the  wind,  fo  that  the  wind  is  the 
immediate,  and  the  heat  of  the  fun  is  ihe  remote, 
caufe  of  the  fhip’s  motion. 

A 1. aiv  of  nature,  or  mechanical  law,  is  a general 
effed,  which  has  been  conftantly  obferved  to  take 
place  under  certain  determinate  circumftances*. 

1 hus  we  know  from  conftant  and  univerfal  experi- 
ence, that  whenever  a body  is  left  to  itfelf,  it  al- 

. ways 

* Mechanical  means  fomething  that  idates  to,  or  is  regu- 
lated by,  the  nature  and  laws  of  motion. 

VOL.  I. 
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ways  falls  towards  the  centre  of  the  earth,  unlefs 
fome  other  body  prevents  it  ; we  therefore  affume 
this  obfervation  as  a law  of  nature,  and  exprefs  it 
by  faying,  that  the  various  bodies  of  the  earth  tend%  or 
gravitate , towards  the  centre  of  it. 

The  exiftence  or  non-exiftence  of  a vacuum , mean- 
ing an  extenfion  entirely  void  of  matter,  has  often 
been  difputed  amongft  philofophers ; their  argu- 
ments always  depending  upon  fome  affumed  hy- 
pothefis  concerning  the  intimate  nature  ot  matter 
or  of  its  ultimate  particles;  but  as  we  are  utterly 
ignorant  of  the  nature  and  properties  of  thofe  parti- 
cles, their  arguments  cannot  determine  the  queftion 
one  way  or  the  other. — The  only  conciufions  we 
can  make  with  refpedt  to  a vacuum , are  ift.  that 
the  polftbility  of  its  exiftence  can  be  eafily  ima- 
gined ; 2dly.  that  we  are  not  certain  whether  it 
really  exift  or  not ; and  laftly,  that  if  it  be  ad- 
mitted that  the  figure  of  the  leaft  particles  of  mat- 
ter is  unchangeable,  the  motions  of  bodies,  fuch  as 
continually  take  place  in  the  univerfe,  cannot  be 
underftood  without  admitting  the  exiftence  of  * 
vacuum. 

The  word  infinity  has  likewife  been  productive  of 
numerous  difputes.  Many  odd  politions  have  been 
affumed  for  the  fupport  of  fpecious  arguments, 
and  feveral  abiurd  confequences  have  been  deduced 
from  them.  Thofe  errors  have  principally  arifen 
from  the  idea  of  fomething  determinate,  which  has 
been  annexed  to  the  words  infinite , or  infinity , i li- 
ft ead 
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ft  cad  of  fomething  indefinite  or  indeterminate.  In 
confequence  ot  this  idea,  infinites  have  often  been 
compared  together,  and  one  infinite  has  been  laid 
to  be  the  double,  or  treble,  or  the  half,  &c.  of 
another  infinite;  whereas  infinites,  (in  the  true 
lenle  ot  the  word,  which  means  fomethins;  greater 
or  lei's  than  any  affignable  quantity,  but  not  deter- 
minate) are  incapable  of  companion ; fince  an 
'indeterminate  quantity  cannot  bear  any  aftignable 
proportion  to  another  indeterminate  quantity;  and 
of  courie  one  infinite  cannot  be  laid  to  be  greater 
than,  equal  to,  or  lei's  than,  another  infinite. 

It  has  been  ufually  alledged,  that  if  a line  be 
infinitely  extended  one  way  only,  and  another  line 
be  infinitely  extended  both  ways ; the  latter  in- 
finite line  muft  be  double  the  former  infinite  line, 
which  evidently  implies  a limited  or  determinate 
length ; namely,  that  the  latter  line  has  been  ex- 
tended on  either  fide  as  much  as  the  former  line 
has  been  extended  one  way  only. 

Again;  take  the  length  of  one  inch,  and  fup- 
pole  it  to  be  divided  into  an  infinite  number  of 
parts.  Take  alfo  the  length  of  a foot,  and  fuppofe 
this  to  be  divided  into  an  infinite  number  of  parts. 
Here,  they  fay,  it  is  evident  that  the  latter  infinite 
is  exactly  equal  to  twelve  times  the  former.  But 
this,  in  my  humble  opinion,  teems  to  be  a miftaken 
conclufion;  for  the  expreftions  ot  infinity  do  not  re- 
fer to  the  extenfions  of  one  foot  and  one  inch  ; but 
10  the  numbers  ot  the  parts  into  which  thofe  exten- 
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fions  have  been  divided ; and  thofe  numbers  can  bear 
no  affignable  proportion  to  each  other ; juft  bccaul'c 
they  are  infinite. 

The  fadt  then  is,  that  one  foot  is  equal  to  twelve 
times  one  inch ; and  if  each  of  thole  exteniions  be 
divided  into  any  number  of  parts  equal  to  each  other 
in  length,  the  number  of  parts  in  the  extenlion  of 
one  foot  will  be  equal  to  twelve  times  the  number 
of  the  parts  that  are  contained  in  the  extenfion  of 
one  inch ; but  this  is  not  the  meaning  of  dividing 
a foot  or  an  inch  into  an  infinite  number  of  parts ; 
therefore  when  the  foot  and  the  inch,  are  each 
divided  into  an  infinite  number  of  parts,  thofe 
numbers  have  no  affignable  proportion  to  each 
other;  though  the  fum  of  the  former  is  undoubt- 
edly equal  to  twelve  times  the  fum  of  the  latter*. 


* Numerous  inftances  of  an  infinite  number  of  quan- 
tities having  a finite  or  determinate  fum,  occur  both  in 
arithmetic  and  in  geometry.  In  geometry  it  is  fhewn,  that 
a finite  line  may  be  divided  into  an  infinite  number  of 
parts  ; and  it  is  evident  that  the  fum  of  all  thofe  parts  mud 
be  equal  to  the  line  itfelf ; viz.  a finite  quantity.  In  arith- 
metic it  is  fhewn,  befides  many  other  inihuices,  that  if  you 
take  one  half,  and  one  half  of  that  half,  and  one  half  of  the 
laft  half,  and  fo  on  without  end,  the  fum  of  them  all  is 
equal  to  one ; that  is  \ + | + £ + T'6  + fi  + -t'+,  &c.  I . 
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CHAPTER  III. 

CF  THE  GENERAL,  OR  COMMON,  PROPERTIES 
OF  MATTER. 

IT  has  been  already  remarked,  that  a body  Is 
diftinguifhed  from  other  bodies  by  means  of 
its  peculiar  properties.  Thus  we  know  water  by 
its  fluidity,  and  by  its  want  of  tafte,  fmell,  and 
colour;  gold  is  known  by  its  great  weight  and 
peculiar  colour;  fait  is  known  by  its  particular 
tafte;  and  fo  forth.  But  there  are  certain  pro- 
perties, which  belong  equally  to  water,  to  gold,  to 
fait,  and  to  all  other  bodies.  Extenfion  for  inflance 
is  a property  which  belongs  to  them  all  ; for  they 
all  are  extended.  So  likewife  is  weight  ; for  they 
all  are  more  or  lefs  heavy.  Such  then  are  called 
General,  or  Common,  Properties  of  Matter  ; and,  as 
far  as  we  know,  they  are  fix  in  number;  viz.  ex- 
tenfion, divifibility,  impenetrability,  inolnlit  v,  vis  iner- 
tia, or  paffwenefs,  and  gravitation. 

We  have  laid  above,  as  far  as  we  know,  becaufe 
matter  in  general  may  poflefs  other  properties, 
that  are  not  yet  come  to  our  knowledge.  And  the 
fame  obfervation  may  be  made  with  refpect  to  the 
univerfality  or  thofe  properties;  viz.  that  they  are 
laid  to  dc  general,  becaufe  no  body  was  ever  found 
wanting  any  one  of  them.  But  mankind  is  not 
acquainted  with  all  the  bodies  of  the  univerfe,  and 
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even  feveral  of  thofe  which  arc  known  to  exid, 
cannot  be  fubjeded  to  experiments. 

Extension  of  a body  is  the  quantity  of  fpacc  which 
a body  occupies;  the  extremities  of  which,  limit 
or  circumfcribe  the  matter  of  that  body.  It  is 
otherwife  called  the  magnitude , or  fize , or  bulk  of 
a body. 

A certain  quantity  of  matter  may  indeed  be  very 
final!,  or  fo  fine  as  to  penetrate  the  pores  of  mod 
other  bodies;  but  yet  fome  exteniion  it  muft  have; 
and  it  is  by  the  comparifon  of  this  property  that 
one  body  is  faid  to  be  larger  than,  equal  to,  or 
fmaller  than,  another  bodv.  The  meafurement  of 
n body  confids  in  the  comparifon  of  the  extenfion 
of  that  body  with  a certain  determinate  extenfion, 
which  is  all'll med  for  the  dandard,  fuch  as  an 
inch,  a foot,  a yard,  a mile  ; and  lienee  we  fay  that 
a.  certain  body  is  three  feet  long,  another  bod)'  is 
the  hundredth  part  of  an  inch  in  length,  and 
fo  on*. 

A body  is  not  only  extended,  but  it  is  extended 
three  different  ways.  viz.  it  has  length , breadth , and 
thicknefs.  Thus  an  ordinal  y fheet  of  writing  paper 
is  about  fixteen  inches  long,  fourteen  inches  broad, 

and 

'*  The  attempts,  which  have  been  made  for  the  purpole 
of  eftablifhing  an  invariable  ftandard  of  meafnre,  together 
with  the  difficulties  which  ohflruct  the  perfect  accomplifh- 
ment  ol  that  object  ; as  alfo  the  principal  ineafures  which 
are  now  in  ufe,  will  be  mentioned  in  another  part  of  this 
work. 
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and  one  hundredth  part  of  an  inch  thick,  Eithei 
of  thofe  dimenfions  might  be  called  the  length,  oi 
the  breadth,  or  the  thicknefs ; but,  by  general 
cufloni,  the  longeft  extension  is  called  the  length, 
the  next  is  called  the  breadth,  and  the  Iborteft  is 
called  the  thicknefs. 

The  outfide  of  a body ; the  boundary,  or  that 
which  lies  contiguous  to  other  bodies  that  are  in 
contaft  with  it,  is  called  the  furface  of  that  body, 
and  it  has  two  di mentions  only,  viz.  length  and 
breadth  ; but  it  cannot  have  any  thicknels,  for  if 
it  had  thicknefs,  it  would  not  be  the  outfide  oi  the 
body;  yet  a furface  by  itfelf  cannot  exift.  We 
indeed  talk  of  lurtaces  independent  of  matter,  as 
when  we  compare  one  luriace  with  another,  or 
deferibe  the  methods  of  meafuring  and  dividing 
furfaces.  In  thole  cales,  however,  the  lurtaces 
exift  in  our  imagination  only,  and  even  then  our 
ideas  have  a reference  to  body.  In  fhort,  our  fenl'cs 
cannot  perceive  a furface  without  the  exiftence  of 
a body;  or,  more  properly  fpeaking,  the  outfide  of 
a body  cannot  exift  without  the  body  itfelf. 

As  the  furface  is  the  outfide  or  boundary  of  a 
body,  fo  a line  is  the  boundary  of  a furface;  lup- 
pofe,  for  inftance,  that  a luriace  is  divided  into  two 
parts,  the  common  boundary  of  the  two  parts  is 
called  a line , which  has  one  extenfion,  viz.  length 
only. 

A point  is  the  beginning,  or  the  end,  of  a line, 
and  of  courie  it  has  no  extenfion;  it  being  defined 
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by  the  mathematicians,  that  which  has  no  parts 
nor  magnitude.  Thus  if  you  divide  a line  into 
two  parts,  the  divifion  or  boundary  between  the 
two  parts  is  a point. 

Having  ihewn  above  that  there  cannot  exift,  or 
that  our  ienfes  cannot  perceive,  a furface  without  a 
body,  it  evidently  follows  that  neither  a line  nor  a 
point  can  be  perceived  without  a body.  We  fpeak 
ot  the  line  or  path  of  a planet ; we  alfo  fay  that  a 
flone  thrown  horizontally  defcribes  a curve  line; 
but  in  thole  cafes  the  meaning  is,  that  the  planet* 
or  the  flone,  has  palled  through  certain  places ; 
not  that  thole  lines  do  actually  exift  as  any  thing 
fubtlantial.  When  we  look  on  a fheet  of  paper, 
we  fee  its  furface,  the  edge  of  which  is  a line,  and 
the  extremity  of  the  line,  or  corner,  of  the  paper, 
is  a point.  But  if  you  remove  the  paper  ; the  lur- 
face,  the  line,  and  the  point,  vanilh  from  our  light, 
and  they  can  only  remain  in  our  imagination. 

Divifbility  of  matter  is  the  property  of  its  being 
divifible  into  parts.  Some  philofophical  writers 
have  confidered  it  as  a diftindt  property  of  matter 
itfelf;  but  it  may  with  more  propriety  be  con- 
fidered as  a property  of  extenfion ; for  we  can 
eafily  conceive  that  a given  extenfion  may  be 
divided  into  any  number  of  parts,  let  it  be  ever* 
fo  great  ; but  it  is  by  no  means  known  whether 
matter  is,  or  is  not,  capable  of  being  divided  ad 
infinitum , that  is,  without  any  limit. 

That  a certain  extenfion,  as  an  inch,  or  any 
other  length,  be  it  ever  lo  fmalj,  is  capable  of  in- 
6 finite 
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finite  divifion,  may  be  rendered  evident  by  means 
of  arithmetic  or  of  geometry.  We  may  take,  for 
inftance,  the  halves  of  the  propofed  extenlion,  then 
the  halves  of  thofe  parts,  then  the  halves  ot  thole 
halves,  and  fo  on  without  end;  for  if  you  proceed 
in  this  manner  ever  fo  far,  there  will  after  all  fliil 
remain  the  halves  of  the  la  ft  parts,  which  may  be 
alfo  divided  into  other  halves,  be.  Again,  fup- 
pofethe  line  AB  in  fig.  iff.  plate  1.  to  be  the  pro- 
pofed extenlion.  Through  the  extreme  points  of 
this  line  draw  two  indefinite  lines  Eh',  and  CD, 
parallel  to  each  other.  In  one  of  thofe  tines,  as 
EF,  take  a point  L,  and  from  this  point  draw 
straight  lines  to  any  parts  of  the  line  BD,  every 
one  of  which  lines  will  evidently  cut  the  propofed 
extenlion  A.B  into  a different  point.  Now  as  the 
line  BD  may  be  produced  towards  D without 
limitation,  and  ftraight  lines  may  be  drawn  from 

7 O J 

L to  an  infinite  number  of  points  in  the  extended 
line  BD ; therefore  the  extenlion  AB  may  be  di- 
vided without  end,  or  beyond  any  aflignable  num- 
ber of  parts. 

Thus  far  we  have  fhewn  that  extenlion  may  be 
divifible  into  an  unlimited  number  of  parts;  but 
with  refpecl  to  the  limits  of  the  divifibility  ot  mat- 
ter itfelf  we  arc  perfectly  in  the  dark.  We  can 
indeed  divide  certain  bodies  into  furprtfing'y  fine 
and  numerous  particles,  and  the  works  of  nature 
offer  many  fluids  and  folids  of  wonderful  tenuity  ; 
but  both  our  efforts,  and  thofe  naturally  iir  ..l 
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objects,  advance  a very  fhort  way  towards  infinity, 
ignorant  ot  the  intimate  nature  of  matter,  we  can- 
not afiert  whether  it  may  be  capable  of  infinite 
divifion,  or  whether  it  ultimately  confifls  of  parti- 
cles  of  a certain  fize,  and  of  perfect  hardnefs. 

I final!  now  add  l'ome  inftances  of  the  wonderful 
tenuity  of  certain  bodies,  that  has  been  produced 
cither  by  art,  or  that  has  been  difeovered  by  means 
of  microfcopical  oblervations  amongft:  the  ftupen- 
dous  works  of  nature. 

The  fpi lining  of  wool,  filk,  cotton,  and  fuch  like 
fub fiances,  affords  no  bad  fpecimens  of  this  fort  ; 
fince  the  thread  which  has  been  produced  by  this 
means,  has  often  been  fo  very  fine  as  almofi  to 
exceed  the  bounds  of  credibility,  had  it  not  been 
jfufficiently  well  authenticated.  Mr.  Boyle  men- 
tions, that  two  grains  and  a halt  of  lilk  was  Ipun  into 
a thread  300  yards  long. 

A few  years  ago  a lady  of  Lincolnfliirc  fpun  a 
finglc  pound  of  woollen-yarn  into  a thread  168000 
yards  long,  which  is  equal  to  95  Englifh  miles*. 
Alfo  a tingle  pound  weight  of  fine  cotton-yarn  was 
lately  fpun,  in  the  neighbourhood  of  Manchefter, 
into  a thread  134400  yards  long. 

The  ductility  of  gold  likewife  turnifiies  a ftriking 
example  of  the  great  tenuity  of  matter  amongft 
the  productions  of  human  ingenuity.  A tingle 
grain  weight  of  gold  has  been  otten  extended  into 

a fur  face 

* This  lady’s  name  at  that  time  was  Mil's  Ives.  It  is 
now  Mrs.  Ay  re. 
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a furface  equal  to  50  fquare  inches.  If  every 
fquare  inch  of  it  be  divided  into  fquare  particles  of 
the  hundredth  part  of  an  inch,  which  will  be  plainly 
vifible  to  the  naked  eye,  the  number  of  thofe  parti- 
cles in  one  inch  fquare  will  be  10000 ; and,  mul- 
tiplying this  number  by  the  50  inches,  the  product 
is  ^coooo ; that  is,  the  grain  of  gold  may  be 
aft u ally  divided  into  at  leaft  halt  a million  of  pai  ti- 
des, each  of  which  is  perfectly  a]) parent  to  the 
naked  eye.  Yet  if  one  of  thofe  particles  be  viewed 
in  a good  microfcope,  it  will  appear  like  a large 
furface,  the  ten-thoufandth  part  of  which  might 
by  this  means  be  eafily  difeerned. 

An  ingenious  artift  in  London  has  been  able  to 
draw  parallel  lines  upon  a glafs  plate,  as  alfo  upon 
fiver,  fo  near  one  another,  that  10000  of  them 
occupy  the  (pace  of  one  inch. — Thofe  lines  can  be 
feen  only  by  the  affiltance  of  a very  good  micro- 
fcope. 

Another  workman  lias  drawn  a hirer  wire,  the 
diameter  of  which  does  not  exceed  the  7 ^oth  part 
of  an  inch. 

But  thofe  prodigies  of  human  ingenuity  will 
appear  extremely  grofs  and  rude,  if  they  be  com- 
pared with  the  immenfe  fubtility  of  matter  which 
may  every  where  be  obferved  amongft  the  works  of 
nature.  The  animal,  the  vegetable,  and  even  the 
mineral,  kingdom,  furnifh  numerous  examples  of 
this  fort. 

W hat  muff  be  the  tenuity  of  the  odoriferous  parts 
®-  mufk,  when  we  find  that  a piece  of  it  will  feent 

a whole 
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a whole  room  in  a Abort  time,  and  yet  it  'will 
hardly  lofe  any  fenfible  part  of  its  weight.  But 
luppofing  it  to  have  loft  one  hundredth  part  of  a 
grain  weight,  when  this  fmall  quantity  is  divided 
and  difperfed  through  the  whole  room,  it  muft  fo 
expand  itfell  as  not  to  leave  an  inch  fquare  of 
fpace  where  the  fenfe  of  fmell  may  not  be  affect- 
ed by  l'ome  of  its  particles.  How  fmall  muft 
then  be  the  weight  and  fize  of  one  of  thofe  par- 
ticles ? 

The  human  eye,  unaftifted  by  glaffes,  can  fre- 
quently perceive  infefts  fo  fmall  as  to  be  barely  dif- 
cernible.  The  leaft  reflection  muft  fhew  him,  that 
the  limbs,  the  veffels,  and  other  neceffary  parts  of 
fuch  animals, muft  infinitely  exceed  in  finenefs  every 
endeavour  of  human  art.  But  the  microfcope  has 
difcovered  wonders,  that  are  vaftly  fuperior,  and4’ 
fuch  indeed  as  were  utterly  unknown  to  our  fore- 
fathers, before  the  invention  of  that  noble  in- 
ftrument. 

Infedts  have  been  difcovered,  fo  fmall  as  not  to 
exceed  the  10000th  part  of  an  inch:  fo  that 
ioooooococooo  of  them  might  be  contained  with- 
in the  fpace  of  one  cubic  inch;  yet  each  animalcule 
muft  confift  of  parts  connected  with  each  other  ; 
with  veffels,  with  fluids,  and  with  organs  neceffary 
for  its  motions,  for  its  increafe,  for  its  propagation, 
&c.  How  inconceivably  fmall  muft  thofe  organs 
be  ? and  yet  they,  are  unqueftionably  compofed  of 
other  parts  Hill  fmaller,  and  ftill  farther  removed 
from  the  perception  of  our  fenfes. 

We 
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w e might  eafily  fill  a great  many  pages  with 
examples  and  calculations  relative  to  this  lubjedt  ; 
but  as  the  pleating  narration  of  fuch  wonderful 
fadts  is  not  likely  to  give  any  real  information  con- 
cerning the  general  properties  of  matter,  which 
form  the  fubjedt  of  this  part  of  the  book,  I mutt 
refer  the  inquifitive  reader  to  other  works*.  The 
confideration  of  this  divifibility  does  alfo  lead  the 
mind  to  certain  curious  fpeculations.  (1) 

The 


* Boyle’s  bock  of  Effluvia  ; Kelli's  Introdudfion  to 
Nat.  Phil.  ; Rohault’s  Phyficks  ; Phil.  Tranf.  N.  194; 
s’Gravefand’s  Phil. ; Muffchenbroek’s  Phil.  dec. 

(1.)  Several  writers,  when  treating  of  the  divifibility 
of  matter,  have  mentioned  two  curious  theorem?,  which  I 
fhall  fubjoin  in  this  note,  as  they  may  be  of  ufe  to  the  fpe- 
culative  philofopher.  Thofe  theorems  are  eftablifhed  on 
the  fuppofition  that  matter  is  divifible  without  end. 

Theorem  I.  .<f  quantity  of  matter  however  fmall , and 
any  finite  fpace  however  large,  being  given-,  it  is  poffibie  that 
that  matter  may  he  dijfufed  through  all  that  fpace , and  fo  fill 
it , as  not  to  leave  in  it  a pore , whofe  diameter  will  exceed  a 
given  right  line. 

Let  the  given  fpace  be  a cube,  whofe  fide  is  AD, 

2d.  P.  1.  fo  that  the  cube  be  equal  to  Ab,l3  and  let  the 
quantity  of  matter  be  reprefented  by  b3 alfo  let  the  line 
D be  the  limit  of  the  diameter  of  the  pores. 

The  fide  AB  being  a finite  quantity,  may  be  conceived 
to  be  divifible  into  parts  equal  to  the  line  D.  Let  the  num- 
ber of  thofe  parts  be  reprefented  by  »,  fo  that  «D~  AB,  and 
«3D*  = aBJ3.  Conceive  the  given  fpace  to  be  divided 
into  cubes,  each  of  whofe  Tides  be  equal  to  the  right  line 

D,  and 
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1 he  contemplation  of  thofc  wonders  of  nature, 
cannot  tail  of  imprefllng  on  our  minds  a flrong 
idea  of  humility  as  well  as  of  aftonilhment. — A vafl 
gradation  of  animals  perfect  in  their  kind,  but 
fmaller  than  the  human  being  in  fizeand  duration, 
defcends  as  far  down  as  our  eyes  can  poflibly 
difcern,  even  when  they  are  atTifled  by  the  mod 
powerful  microfcopes.  This  vaft  gradation,  in  (lead 
of  exhaufting  the  powers  of  nature,  fhews  the  pro- 
bable 


D,  and  the  number  of  thole  cubes  will  be  n 3,  which  cubes 
ate  reprefented  in  the  fig.  by  E,  F,  G,  H.  Again,  let  the 
particle  b3  be  fuppoled  to  be  divided  into  parts  whole  num- 
ber be  ;;3 ; and  in  each  cubic  Ipace  let  there  be  placed  one 
of  thofe  particles ; by  which  means  the  matter  bl  will  be 
diffuled  through  all  the  given  Ipace.  Befides  each  particle 
being  placed  in  its  cell,  may  be  formed  into  a concave 
Iphere,  whofe  diameter  may  be  equal  to  the  given  line  D ; 
whence  it  will  follow,  that  each  fphere  will  touch  that 
which  is  next  to  it  ; and  thus  the  quantity  of  matter  L3,  be 
it  ever  lo  fmall,  will  fill  the  given  finite  Ipace,  however 
large,  in  fuch  a manner  as  not  to  leave  in  it  a pore  larger 
in  diameter  than  the  given  line  D. 

Corollary.  » here  may  be  a given  body,  whofe  matter  it 
it  be  reduced  into  a Ipace  abfolutely  full ; that  fpace  may  be 
any  given  part  of  the  former  magnitude. 

1 heorem  II.  There  may  be  two  bourn  equal  in  l u lhy 
•whofe  quantities  of  matter  may  be  very  unequal , and  though 
they  have  any  given  ratio  to  each  other , yet  the  funis  of  the 
pores  or  empty  /paces  in  thofe  todies  may  almoft  approach  the 
ratio  of  equality. 
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bable  exigence  of  animated  beings  vaftly  fmaller 
than  thole ; nor  have  we-  the  lead  reafon  to  fix  a 
limit  to  the  f'eries. 

It  we  contemplate  the  ftate  of  exiflence  of  thole 
animals ; of  one,  for  inftance,  out  of  a large  num- 
ber of  the  fame  fpecies,  that  has  been  bom  in  a 
glais  of  dirty  water ; whofe  life  lafts  but  a few  hours, 
and  whofe  fize  is  lets  than  the  5000th  part  of  an 
inch;  for  fuch  animals  have  been  actually  feem. 
If  we  indulge  our  fancy  by  confidering  what  know- 
ledge, or  what  ideas,  can  he  poffibly  entertain  of 
man, — ot  the  earth,  — of  the  univerfe ; we  mav 

J 

without  difficulty  conclude,  that,  far  from  having 
any  precife  notions  of  our  exiflence,  he  may  in  all 

probability 

The  demon ftration  of  this  theorem  is  eafily  derived  from 
the  foregoing,  for  fince  the  matter  of  a body  may  be  con- 
ceived to  be  condenfable  into  any  part  of  the  original  bulk  ; 
therefore  fuppofmg  two  bodies,  A and  B of  equal  bulk,  to 
be  fuch  that  the  matter  of  A be  xoo  times  the  matter  of  B , 
the  matter  of  B may  be  conceived  to  be  condenfed  into  one 
1 ooooooth  part  of  its  original  bulk,  and  of  courfe  the 
matter  of  A will  be  condenfed  in  one  hundred  1 ooooooth 
parts  of  the  fame  bulk;  in  which  cafe  the  fpaces  left  in  the 
original  bulk  of  B will  be  to  the  ('paces  left  in  the  original 
bulk  of  A as  999999  to  999900,  which  numbers  are 
nearly  equal  to  each  other. 

Inflead  of  the  above-mentioned  numbers  the  pro  portion 
of  the  quantities  of  matter  may  be  increafed  at  pleafure, 
and  fo  may  the  proportion  of  the  original  bulks  of  the 
bodies  to  the  fpaces  into  which  they  may  be  conceived  to 
fee  condenfable. 
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probability  look  upon  the  glafs  of  dirty  water  as 
the  boundary  of  the  habitable  world.  Out  of  that 
watci,  tradition  or  his  own  experience,  thews  him 
nothing  but  the  inevitable  deftrudtion  of  hi  fpecies, 
and  a confuted  allemblage  of  immenfe  objects, 
whole  nature  and  whole  motions  are  utterly  inex- 
plicable to  him.  Yet  he  may  poffibly  lufpedt  that 
thole  very  objects  liave  powers  infinitely  fuperior 
to  thofe  of  his  own  fpecies. 

Let  us  now  follow  the  analogy,  and  let  us  briefly 
apply  the  fame  contemplation  to  ourlelves.  The 
planets,  the  ftars,  the  comets,  and  perhaps  an  in- 
finity oi  other  bodies  that  are  far  beyond  the  reach 
of  our  knowledge,  manifeft  the  exiftence  cf  powers 
infinitely  above  us,  and  perhaps  even  lets  compre- 
henfible  to  us  than  we  are  to  the  above-mentioned 
animalcule.  Confined  to  the  globe  of  this  earth, 
which  is  only  a fpeck  in  the  univerfe;  and,  with 
refpedt  to  us,  not  much  better  nor  worfe  than  the 
glafs  of  dirty  water  is  with  refpedt  to  thole  infedts; 
how  infgnificant  are  our  powers,  and  how  imper- 
fect is  our  knowledge  of  nature  ! How  little  likely 
are  we  to  comprehend  the  real  order  of  things,  and 
the  Great  Wifdom  that  regulates  the  whole  ! In 
this  lubiime,  inquiry  the  afliftance  of  our  reafoning 
faculty  is  trilling  indeed ; the  clew  of  analogy  is 
fnort  and  imperfect ; and  our  imagination  loon 
loles  rtfelf  in  the  boundlefs  extent  of  immenfity. 

U ■ Impenetrability  is  that  property,  by  which  a body 
excludes  e\ery  other  body  from  the  place  which 
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itfelf  occupies.  Thus  one  cannot  drive  a cubic 
inch  of  gold  into  a cubic  inch  of  filvcr.  You  may 
indeed  melt  and  incorporate  the  two  metals  into 
one  lump;  but  then  the  lump  will#meafure  two 
cubic  inches ; which  proves  not  that  the  gold  oc- 
cupies the  fame  cubic  inch  of  1'pace  which  is  occu- 
pied by  the  filver  ; but  that  the  particles  of  the 
two  metals  are  placed  contiguous  to  each  other. 
Thus  alfo,  if  a quantity  of  water  be  put  into  a 
flrong  veflel,  for  inflance,  ©f  iron,  and  the  veflel 
be  accurately  fhut  up,  it  will  not  be  poflible  to 
prefs  the  Tides  of  the  veflel  towards  each  other;  the 
matter  which  fills  the  cavity  of  it  being  fufficient 
to  refill  any  degree  of  preflu  re. 

Though  impenetrability  be  admitted  as  a ge- 
neral property  of  matter,  it  mull,  however,  be  ob- 
ferved,  that  in  certain  mixtures  of  two  or  more 
bodies  of  different  natures,  a lofs  of  bulk  does  ac- 
tually take  place  ; thus  if  a cubic  inch  of  fpirit  of 
wine  be  mixed  with  a cubic  inch  of  water,  the  bulk 
of  the  mixture  will  be  fomewhat  lefs  than  two  cu- 
bic inches  ; yet  the  weight  of  the  mixture  (pro- 
vided no  evaporation  be  allowed  to  take  place) 
will  be  equal  to  the  lum  of  the  weights  of  the  two 
fluids;  which  indicates  that  one  of  the  fluids  mufl 
have  filled  up  Tome  of  the  pores  or  vacuities  of  the 
other  fluid.  It  is  befides  not  unlikely  that  Tome 
other  finer  fluid  may  have  efcaped  in  the  aft  of 
mixing  the  two  bodies. 

In  other  parts  of  this  w'ork  we  fliall  take  notice 
vol.  r.  t)  of 
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of  the  lofs  of  weight  and  other  phenomena,  that 
take  place  in  many  cafes  of  mixture;  but  with  re- 
fpeft  to  impenetrability  itfelf,  we  may  rather  coafi- 
der  it  abftradbiy  as  a property  of  the  real  quantity  of 
matter  which  exifts  in  bodies,  independently  of 
pores  and  vacuities,  than  as  a general  property, 
without  exception,  of  bodies  in  their  ufual  ftate  of 
exiftence. 

Mobility  of  matter  is  that  efiential  and  general 
property,  whereby  any  body  is  capable  of  being 
moved  from  one  part  of  abfolute  fpace  to  another 
part  of  it.  Experience  contiantly  thews,  that  the 
force,  which  is  required  to  move  a body,  is  propor- 
tionate to  its  weight ; therefore  we  conclude  with 
faying,  that  all  bodies  are  capable  ot  being  mo\ed  ; 
provided  an  adequate  force  be  employed  to  put 
them  in  motion. 

It  is  a faft  proved  by  conftant  and  univerfal  ex- 
perience, that  the  progrefs  of  a body  in  motion  is 
retarded  precifely  in  proportion  to  the  obftruttion 
which  the  body  meets  with  in  its  way.  Thus  if 
twobodies,  A and  B,  exactly  alike  in  fhape,  weight, 
and  fubftance,  be  put  in  motion  by  equal  impulfes„ 
and  meet  with  equal  obftrudions  ; by  moving,  for 
in  (lance,  through  the  lame  medium,  or  by  rolling 
over  the  fame  fort  of  plain  furface,  thofe  two  bodies 
will  run  over  equal  fpaces  in  equal  times ; but  if  the 
body  A meets  with  half  the  obflruftion  that  the 
body  B meets  with,  then  A will  go  as  far  again  as 
the  body  B ; when  A meets  with  a quarter  of  the 
c obflnnftion, 
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obd rucftion,  it  will  go  four  times  as  far  as  B ; and 
in  fhort,  A will  percur  a fpace  longer  than  B,  by 
as  much  as  its  obftrudtion  is  diminilhed  ; and  con- 
fequently  when  the  obftrudtion  to  A’s  motion  is  en- 
tirely removed,  A will  go  infinitely  farther  than  B ; 
that  is,  it  will  continue  to  move  for  ever.  It  there- 
fore appears,  that  a body  once  put  in  motion  has  no 
power  to  flop  itfelf ; nor  can  its  motion  ceafe, 
unlefs  fome  force  is  exerted  by  fome  external  power 
againft  it. 

By  the  fame  fort  of  reafoning,  we  prove  that  a 
body  at  reft  has  no  power  to  put  itfelf  in  motion, 
and  of  courfe  that  it  will  continue  for  ever  at  reft, 
unlefs  it  be  impelled  by  fome  external  power ; for 
fince  we  find  that  a certain  impulfe  is  required  to 
move  a body  with  a certain  quicknefs,  viz.  fo  as  to 
let  it  run  over  the  fpace  of  a mile  in  one  minute  ; 
that  with  half  that  impulfe  it  will  percur  half  a mile; 
with  the  hundredth  part  of  the  original  impulfe  it 
will  percur  the  hundredth  part  of  a mile;  it  will 
naturally  follow,  that  without  any  impulfe  at  all,  it 
will  not  move  in  the  lead  : a body  therefore  has  no 
power  either  to  put  itfelf  in  motion  if  it  be  at  reft, 
or  to  ftop  itfelf  if  it  be  in  motion  : and  this  paffive- 
nefs  of  matter  is  called  the  vis  inertia: , or  want  of 
aftivity , of  bodies. 

A novice  in  philofophy  may  perhaps  be  induced 
to  fulpeCt  the  truth  or  generality  of  this  property  of 
matter,  by  obferving  that  a man,  or  other  animal, 
can  eafily  move  himfelf  from  reft,  or  ftop  his 
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motion  : but  in  this  cafe  it  mu  ft  be  remarked,  that 
tire  animal  receives  a general  impulfe  at  the  com- 
mencement of  his  life,  and  that  all  his  actions,  as 
long  as  he  cxifts,  arc  the  conlcquence  of  that  ori- 
ginal impulfe.  1 (hall  endeavour  to  illuftrate  this 
matter  by  an  inftance  of  a much  let's  complicated 
nature. 

It  is  very  well  known  that  a common  eight-day 
clock,  when  it  is  once  wound  up,  will  continue  to 
move  its  pendulum  for  a whole  week,  and  ac  the 
end  of  every  hour  it  will  ftrike  a number  of  ftrokes 
on  the  bell.  It  is  evident  likewile  that  thofe  mo- 
tions ot  the  pendulum,  the  hammer,  See.  are  owing 
to  the  original  power  or  impulfe  which  was  com- 
municated to  the  machine  by  the  perfon  who  wound, 
it  up;  yet  an  ignorant  man  might  fay,  if  bodies  can- 
not put  themfelves  in  motion,  nor  can  they  flop 
themfelves  when  they  are  actually  in  motion  ; how 
does  it  happen  that  the  ftriking  part  of  the  clock 
puts  itfelf  in  motion,  and  then  flops  itfelf  at  the  end 
ot  every  hour  ? The  antwer  is,  that  the  power  which 
was  communicated  to  the  fpring  or  weight  of  the 
clock,  is  fo  regulated  by  the  mechanifm,  as  to  ad 
by  little  and  little,  lufficiently  to  keep  the  pendu- 
lum and  the  wheels  in  motion  ; and  that  when  a 
particular  part  of  one  of  thole  wheels  comes  againft 
a certain  machinery,  it  then  ditengages  a portion 
of  the  other  power,  viz.  of  the  fpring  or  weight 
ot  the  ftriking  part,  which  puts  the  hammer  in 
adion. 
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What  has  been  faid  of  the  clock  will  perhaps  be 
fufficient  to  remove  the  difficulty  refpcCting  the  ap- 
parent felf-moving  power  of  more  complicated  me- 
chanilms,  fuch  as  that  of  an  animal  or  vegetable 
body.  But  though  we  are  led  by  the  analogy  of 
much  fun  pier  movements,  to  admit  the  dependence 
of  animal  and  vegetable  motion  on  an  original  im- 
pulfe  ; we  do  not,  however,  prefume  to  explain  the 
origin,  dependence,  and  poffibie  modifications  of 
that  impulfe;  our  underftandings,  and  our  know- 
ledge, being  as  yet  infufficient  to  explain  the  nature 
and  the  laws  of  that  original  energy. 

Attraction  is  that  property  whereby  one  body  or 
part  of  matter  attracts,  or  endeavours  to  get  near, 
another  body.  There  are  feveral  forts  of  attraction  ; 
fuch  as  the  magnetic  attraction,  which  takes  place 
between  magnets  and  iron  ; the  eleCtric  attraction, 
which  is  obferved  amongft  bodies  in  certain  circum- 
ftances,  &c.  Thele  attractions,  however,  belong 
to  certain  bodies  only,  and  of  courfe  they  mult  be 
examined  in  other  parts  of  this  work.  But  there  is 
a fort  of  attraction  which  belongs  to  bodies  of  every 
kind  ; it  is  mutual  among  them,  and  it  feems  to 
pervade  the  univerfe.  It  is  that  property  whereby 
bodies  tend,  or  fall,  towards  the  centre  of  the  earth, 
and  it  has  been  called  gravitation,  becaufe  the 
quantity  of  that  tendency  in  different  bodies,  is  the 
meafure  of  their  voeight  or  gravity . 

Experience,  reafoning,  and  analogy,  fhew  that 
this  gravitation  exifts  not  only  between  the  globe  of 
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the  earth  and  the  furrounding  bodies,  but  between 
all  parts  of  matter.  One  terreftrial  body  gravitates 
or  tends  towards  another  terreftrial  body  ; the 
moon  gravitates  towards  the  earth  3 the  moon, 
the  earth,  and  all  the  planets,  gravitate  towards 
each  other,  and  towards  the  fun 3 and  probably 
the  fun,  with  all  its  planetary  fyftem,  may  gravitate 
towards  fome  other  objedt. 

The  motion  of  certain  bodies  which  feem  to  fly 
away  from  the  earth,  rnuft  not  be  confidered  as  an 
exception  of  this  general  law 3 for  in  thole  cafes  the 
bodies  only  give  way  to  other  furrounding  bodies  of 
a heavier  nature,  viz.  that  have  a greater  tendency 
towards  the  earth.  Thus  fmoke,  when  extricated 
from  burning  bodies,  goes  upwards,  or  from  the 
centre  or  the  earth,  becaule  the  furrounding  air, 
which  is  heavier  than  fmoke,  takes  its  place  : but 
it  the  air  be  removed,  or  at  leaft  it  be  fo  far  rarefied 
as  to  become  lighter  than  tmoke,  then  the  fmoke 
will  defeend  like  a ftone  or  other  heavier  body. 
Thus  alfo  if  you  drop  a piece  of  cork  into  an  empty 
veflel,  the  cork  will  go  downwards  or  to  the  bottom 
of  the  veflel  3 but  if  afterwards  you  pour  water  into 
the  veflel,  the  cork  will  alcend  in  order  to  make  way 
for  the  water,  which  has  a greater  tendency  towards 
the  centre  of  the  earth  than  an  equal  bulk  of  cork. 

Daily  and  conftant  experience  fhews  to  every 
perfon,  that  near  the  furface  of  the  earth,  all  bodies 
tend  towards  the  centre  of  it,  unlels  they  are  hin- 
dered by  other  bodies.  But  the  reader  may  na- 
turally 
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turally  afk,  how  is  it  known  that  the  planets  and 
the  earth  gravitate  towards  the  fun  ? The  anfwer  is, 
that  from  the  accurate  meafurements  of  the  mo- 
tions of  thofe  planets,  they  are  found  to  follow  the 
fame  laws  that  bodies  do,  which  are  projected  in  a 
certain  manner  near  the  iurtacc  of  the  earth,  and 
whole  motion  is  undoubtedly  determined  by  the 
power  of  gravitation ; we  therefore,  according  to 
the  rules  of  philofophizing,  attribute  fimilar  caufes 
to  fimilar  effects,  and  conclude  that  the  planets  gra- 
vitate towards  the  fun,  in  the  fame  manner  as 
(tones,  water,  and  other  terreftnal  bodies,  gravitate 
towards  the  earth. 

What  is  the  caufe  of  gravitation,  or  how  can  a 
body  act  upon  another  body  through  a certain 
fpace  ? is  a queftion  which  naturally  prelents  itfelf 
to  the  inquifitive  mind  ; but  which  we  are  utterly 
incapable  to  anfwer. 

A variety  of  conjectures  have  been  formed,  and 
many  hypothetical  iuppofitions  have  been  offered, 
for  the  elucidation  of  this  queftion  ; but  as  they  are 
all  involved  in  abfurdity  and  obteurity,  I (hall  not 
detain  my  reader  with  any  account  of  them.  All 
we  can  fry  is,  that  the  effeft  is  certain,  the  know- 
ledge of  its  laws  is  highly  ufeful  to  mankind  t but 
its  caufe  is  hidden  amongft  the  myfteries  of  nature. 
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CHAPTER  IV. 


OF  MOTION  Iff  GENERAL;  THE  LAWS  OF  MO- 
TION, AND  THE  PROPERTIES  OF  SIMPLE  MO- 
TION. 


F the  general  properties  of  matter,  the  firft 


three  may  be  prefumed  to  have  been  fuffici- 
ently  illuflrated  in  the  preceding  chapter;  but  the 
other  three,  viz.  mobility,  vis  inertia , and  gravita- 
tion, are  the  foundation  of  the  extenfive  dodtrine  of 
motion,  or  of  mechanics ; and  are  therefore  deferv- 
ing  of  a full  and  particular  examination. 

Almofl  all  the  phenomena  of  nature  are  owing  to 
motion.  The  appearance  and  difappearance  of  the 
coeleflial  bodies ; the  increafe  of  animals  and  vege- 
tables  ; the  compofition  and  decompofition  of  com- 
plex fubftances,  fire,  &c.  are  all  effected  by  motion. 
Therefore  the  laws  of  motion  mull  be  looked  upon 
as  the  foundation  of  natural  philol'ophy  ; fo  that 
without  a clear  comprehenfion  of  thofe  laws,  it  will 
be  impollible  to  make  any  proficiency  in  the  ftudy 
of  nature. 

The  importance  and  extent  of  the  fubjeft,  render 
.it  necefiary  to  divide  the  materials  into  feveral 
chapters,  in  each  of  which  fuch  particulars  will  be 
arranged,  as  are  more  immediately  conne&ed  with 
each  other,  and  more  conducive  to  concifencfs  and 
perfpicuity. 
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It  is  a natural  confequence  of  the  vis  inertia  of 
matter,  that  whatever  body  is  in  motion,  mufl  be 
iuppofed  to  have  been  put  in'  motion  by  fome 
adive  force ; viz.  fome  external  impulfe. 

This  impelling  force  may  be  of  two  forts.  It 
may  either  communicate  the  impulfe  at  firft,  and 
then  ceafe  to  ad,  like  the  impulfe  which  is  given 
to  a bullet  by  the  difeharge  of  a gun  ; or  it  may 
ad  irremittedly  on  the  body  in  motion,  like  the 
force  of  gravity  on  a ftone  that  is  dropped  from 
anv  height.  For  dillindion  lake  we  fhall  call  the 
firft  limply  an  impulfe , and  the  latter  an  accelerative 
force. 

A body  may  be  put  in  motion  by  one,  two,  or 
more  forces  at  the  fame  time,  and  thofe  forces 
may  be  either  all  fimple,  or  all  accelerative,  or  fome 
may  be  of  one  fort,  and  others  of  the  other  fort. 

Mod  of  the  movements  that  commonly  take 
place  in  the  world,  are  the  effed  of  more  than  one 
impulfe ; and  they  are  never  performed  with  per- 
fed  freedom,  fnce  they  are  always  performed  in 
refilling  mediums.  However,  in  order  to  preferve 
perfpicuity  as  much  as  it  lies  in  our  power,  we 
fhall  in  the  firlt  place  examine  the  motions  arifing 
from  a fimple  impulfe  in  a non-refilling  medium, 
and  (hall  then  proceed  in  the  examination  of  the 
more  intricate  caufes  of  motion. 

Three  general  laws  of  motion  have  been  deduced 
from  innumerable  experiments  and  obfervations, 

by 
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by  means  of  the  ftridteft  philofophical  reafoning.— 
They  are  as  follows : 

J.  Every  body  will  continue  in  its  (late  of  reft, 
or  of  moving  uniformly  in  a ftraight  line ; unlefs 
it  be  compelled  to  change  that  ftate  by  forces  im- 
prefled. 

II.  The  change  of  motion  is  always  proportional 
to  the  moving  force  imprefled,  and  is  always  made 
according  to  the  right  line,  in  which  that  force  is 
imprefled. 

III.  Adtion  and  re-adtion  are  always  equal  and 
contrary  to  each  other ; or  the  adtions  of  two 
bodies  mutually  upon  each  other,  are  always  equal, 
and  directed  towards  contrary  parts. 

The  ftrfx  of  thole  laws  is  evidently  nothing  more 
than  the  vis  inertia  of  matter,  announced  in  a dif- 
ferent manner;  excepting  only  the  aflertion  of  the 
body  moving  in  a ftraight,  and  not  in  a curve, 
line,  which  particular  may  perhaps  be  deferving 
of  fome  explanation. 

The  proof  of  this  particular  property  has  like- 
wife  been  deduced  from  conftant  experience ; for 
we  find  that  whenever  a body  moves  in  a curve 
line,  there  always  is  fome  fecondary  power  which 
forces  it  to  deviate  from  the  redtilinear  courfe  ; 
and  that  deviation  is  exactly  proportional  to  that 
fecondary  power.  Thus  a ftone  which  is  thrown 
horizontally  would  proceed  horizontally  in  a 
ftraight  line,  were  it  not  drawn  downwards  by  the 
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force  of  gravity  ; and  we  find  by  computation, 
that  the  deviation  from  the  horizontal  direction  is 
exactly  proportional  to  the  force  of  gravity. 

Hence  the  fecond  law  has  been  deduced,  in 
which  it  is  afferted  that  the  change  of  motion  is 
always  proportional  to  the  moving  force  impreffed, 
and  is  made  according  to  the  right  line  in  which 
that  force  is  impreffed ; for  it  it  were  made  in  a 
crooked  line,  it  would  imply  the  action  of  a third 
force  j and  if  it  were  not  proportional  to  the  moving 
force,  the  effedt  would  not  be  adequate  to  the 
caufe. 

The  third  law  may  be  eafily  illuftrated  by  means 
of  examples ; and  the  lead  reflection  on  the  phe- 
nomena, which  commonly  occur,  will  be  fufficient 
to  manifeft  the  truth  and  univerfality  of  it. 

When  a man  ftrikes  one  ot  his  hands  againft  the 
other,  the  blow  is  felt  equally  by  both  hands.  If 
you  ftrike  a glafs  bottle  with  a fteel  hammer,  the 
blow  will  be  received  equally  by  the  hammer  and 
by  the  gials  bottle ; and  it  is  immaterial  whether 
the  hammer  be  moved  againft  the  bottle  at  reft, 
or  the  bottle  be  moved  againft  the  hammer  at  reft  ; 
yet  the  bottle  will  be  broken,  whereas  the  hammer 
will  not,  becaufe  the  fame  blow,  which  is  fuffi- 
cient to  break  glafs,  is  not  fufficient  to  break  a 
lump  of  fteel. — It  is  for  the  fame  reafon,  that  if  a 
man  ftrike  his  fift  againft  another  man’s  face,  the 
blow,  which  is  equally  received  by  the  fift  and  by 
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the  face,  Will  produce  a material  hurt  on  the  latter, 
but  not  upon  the  former. 

If  a done  be  tied  to  a horfc  by  means  of  a rope, 
the  horle  in  dragging  the  {tone  will  exert  a de- 
gree of  force  equal  to  the  refiftance  of  the  (tone  ; 
for  the  rope  which  is  ftretched  both  ways  will 
equally  pull  the  horfe  towards  the  {tone,  and  the 
{tone  towards  the  horfe.  And,  in  fad,  the  ftone 
will  not  follow  the  horle,  unlefs  the  power  of 
the  horfe  be  greater  than  the  refidance  of  the 
{tone. 

Experience  Iikewife  fhews,  that  if  a loaditone 
and  a piece  of  iron  be  placed  on  feparate  pieces  of 
cork,  and  be  fufFered  to  float  on  the  furface  of 
water,  the  attraction  between  them  will  be  mutual, 
and  they  will  move  towards  each  other  fo  as  to 
meet  in  a place  between  their  two  original  fltua- 
tions.  If  the  loadflone  only  be  held  fad  in  its 
place,  the  iron  will  come  all  the  way  to  meet 
it ; and  if  the  iron  only  be  held  fall  in  its  place, 
the  magnet  will  advance  towards  the  iron  until  it 
comes  in  contad  with  it. 

The  motion  given  to  a boat  by  oars  is  Iikewife  a 
convincing  illuftration  of  the  third  law  ; for  by 
the  adion  ot  one  extremity  of  each  oar  againd  the 
water  one  way,  its  other  end  re-ads  upon  the  boat, 
and  impels  it  the  contrary  way. 

We  lhall  now  examine  the  motion  which  is  pro- 
duced by  a Angle  impulfe,  which  ads  at  firft  only, 

and 


and  its  Laws. 


and  then  leaves  the  body  to  proceed  by  itfelf,  in 
an  unrefifting  medium. 

It  has  been  already  Ihewn,  that  in  this  cafe  the 
body  will  continue  to  move  uniformly ; that  is,  it 
would  run  over  equal  fpaces  in  equal  portions  of 
time ; and  fuch  would  be  the  cafe  of  a bullet  Ihot 
out  of  a gun,  or  of  a {lone  thrown  out  by  a man’s 
hand,  were  they  not  impeded  by  the  refinance  of 
the  air,  and  wrere  they  not  adted  upon  by  the 
force  of  gravity.  But  it  is  now  necellary  to  take 
notice  of  feveral  particulars  relative  to  this  fort  of 
motion. 

In  the  firft  place  it  may  be  afked,  how  does  the 
impelling  force  put  the  body  in  motion,  or  what 
does  it  communicate  to  the  body  ? The  anfwer 
is,  that  the  moving  force  does  not  communicate 
any  thing  to  the  bodyj  but  it  only  moves  the 
body  through  a certain  fpace  ill  a certain  time, 
after  which  the  body,  being  left  to  itfelf,  will  con- 
tinue to  move  at  the  fame  rate,  viz.  will  continue 
to  run  over  like  fpaces  in  the  like  portions  of 
time  i and  that  merely  in  confequence  of  its  vis 
inertia ; of  which  vis  inertia,  however,  we  do  not 
pretend  to  know  any  thing  more,  than  that  it  has 
been  found  to  be  a general  property  of  matter. 

All  the  particulars  which  can  be  remarked  with 
refpect  to  the  above-mentioned  fimple  motion,  are 
the  relations  between  the  time,  in  which  a certain 
lpace  is  deferibedj  the  fpace  which  is  percurred 
m a certain  time,  the  quantity  of  which  fhews 

the 
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the  velocity ; the  quantity  of  matter  in  motion  ; 
and  laftly,  the  momentum , by  which  word  we  mean 
the  force  of  the  body  in  motion,  and  reckon  it 
equivalent  to  the  impreffion  that  the  body  in 
motion  would  make  on  another  body  at  reft, 
that  fhould  be  prefented  to  it  precifcly  in  the  di- 
rection of  its  motion. 

The  momentum  has  been  often  called  the  quantity 
of  motion , or  limply  the  motion  ; but  we  fhall  not 
make  ufe  ot  the  laft  word  in  this  fenfe,  left  it 
fhould  be  miftaken  for  the  velocity,  in  which 
i'enfe  it  has  been  likewife  ufed.  We  fhall  alfo 
exprefs  the  above-mentioned  four  particulars  by 
their  initial  letters,  viz.  T for  the  time,  S for  the 
fpace,  V for  the  velocity,  Q for  the  quantity  of 
matter,  and  M for  the  momentum. 

By  the  word  velocity  we  mean  nothing  more  than 
the  ratio  of  the  quantity  of  fpace  which  is  run 
over  in  a certain  portion  ot  time.  Thus  it  is 
faid  that  a body  moves  with  the  velocity  of  three 
ieet  per  fecend  ; alfo  that  the  velocity  of  a body 
A is  to  the  velocity  of  another  body  B,  as  two  to 
three ; meaning  that  if  A goes  over  a certain  fpace, 
as  for  inftance,  four  miles,  in  a certain  time,  the 
body  B will  percur  fix  miles  in  the  fame  time ; 
lince  two  is  to  three  as  tour  is  to  fix. 

It  is  therefore  evident,  that  in  equal  times  the 
velocities  are  as  the  fpaces ; but  if  the  times  be 
unequal,  then  the  velocities  are  as  the  quotients  of 
the  fpaces  divided  by  the  times  refpeCtively.  Thus 

fupp-  Ik 


iuppofe  that  a body  A pafles  over  ten  feet  in  tw0 
minutes,  and  another  body  B pafles  over  eight 
feet  in  four  minutes,  the  velocity  of  A will  be  to 

the  velocity  of  B as  ~ to  ° ; that  is  as  five  to 

2 4 

two ; for  by  dividing  the  ten  feet  by  the  two  mi- 
nutes, we  find  how  many  feet  the  body  A runs 
over  in  one  Minute,  and  likewii'e  by  dividing  the 
eight  feet  by  four  minutes,  we  find  how  many 
feet  the  body  B runs  over  in  the  fame  time ; viz. 
one  minute  ; fo  that  by  the  operation  of  dividing  the 
fpaces  by  the  times  refpeftively,  we  do  nothing 
more  than  find  out  the  fpaces  that  are  percurred 
by  the  two  bodies  in  equal  times,  and  then  compare 
them  together. 

Before  we  proceed  any  farther,  it  is  neceflary  to 
obferve,  that  whenever  it  is  faid  that  certain  things 
are  as  certain  other  things,  we  only  affert  the  ratio 
of  the  former  to  the  latter ; viz.  that  the  former 
increafe  or  decreafe  according  as  the  latter  do  in- 
creale  or  decreale;  but  from  iuch  aflertions  no- 
thing real  and  determinate  can  be  deduced,  unlefs 
we  have  recourfe  to  experiments,  in  order  to  af- 
certam  tome  of  thofe  particular  things  with  which 
others  are  compared.  Thus  in  the  preceding  pa- 
ragraph,  it  has  been  afTerted  that  the  velocities  are 
as  the  quotients  of  the  fpaces  divided  by  the  times ; 
yet  this  afiertion  will  not  enable  us  to  determine 
the  velocity,  or  the  lpace  run  over,  or  the  time, 
which  is  employed  by  a ccrta  n body  in  mo  .on, 
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unlefs  fonie  of  thofe  particulars  be  previoufly 
known.  Hence  if  we  learn  from  actual  experi- 
ment (viz.  by  meafuring  the  fpace  with  a ruler 
and  the  time  by  a watch),  or  are  otherwife  in- 
formed, that  a body  lias  been  moving  through 
ten  feet  in  two  feconds ; then  dividing  the  ten  by 
two,  the  quotient  five  gives  the  velocity  ; which 
means  that  the  body  moves  at  the  rate  of,  or 
percurs,  five  feet  per  fecond.  If  by  the  above- 
mentioned  proportional  expreffion  we  wifh  to  find 
the  fpace,  we  mull  previoufly  know  the  velocity 
and  the  time  ; and  if  we  wifh  to  afeertain  the  time, 
we  mufl  previoufly  know  the  velocity  and  the 
fpace.  Therefore,  in  general,  the  ufe  of  luch  pro- 
portional expreffions  is  to  render  certain  particulars 
deducible,  by  computation,  from  other  particulars 
which  belong  to  the  fame  expreffion,  and  which 
have  been  previoufly  afeertained  by  means  of 
actual  experiments.  We  fhall  now  proceed  to 
explain  the  other  particulars  which  relate  to  the 
above-mentioned  fimple  or  equable  motion. 

The  fpace  is  as  the  velocity  multiplied  by  the  time  ; 
(that  is,  S is  as  V T)  for  if  a body  move  with  the 
velocity  of  three  feet  per  minute,  it  is  evident 
that  it  mull  pafs  over  twice  three,  or  fix,  feet,  in  two 
minutes ; three  times  three,  or  nine,  feet,  in  three 
minutes ; four  times  three,  or  twelve  feet,  in  four 
minutes ; and,  in  Ihort,  the  fpace  is  as  the  produft 
of  the  velocity,  or  rate  of  going,  multiplied  by 

the  time. 
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The  time  is  as  the  fpace  divided  by  the  velocity; 
S 

(viz.  T is  as  y)  for  it  a body,  for  inftance,  runs 

over  12  feet  when  its  velocity  is  three  feet  per  mi- 
nute, it  is  evident  that  in  order  to  find  the  number 
of  minutes,  that  the  body  has  employed  in  palling 
over  1 2 feet  of  fpace,  we  mufl  fay,  by  the  common 
rule  of  three,  if  the  body  pafTes  over  three  feet  in 
one  minute,  how  many  minutes  will  it  employ  in 
paffing  over  12  feet;  which  proportion  is  dated 
thus;  3 : 1 : : 12  :,  and  as  the  fecond  term  is  unity, 
we  need  only  divide  the  12  by  3;  (viz.  the 
fpace  by  the  velocity)  and  the  quotient  4 is  the 
time  fought. 

The  momentum , and  the  quantity  of  matter , are  the 
two  laft  particulars  which  remain  to  be  examined 
with  refped  to  this  tort  of  motion.  It  has  already 
been  mentioned,  that  the  momentum  is  the  force  of 
the  body  in  motion,  and  is  equivalent  to  the  im- 
prefiion  it  would  make  on  another  body  that  fhould 
be  placed  at  reft  di redly  before  it. 

According  to  the  fourth  axiom,  every  effed  muft 
be  produced  by  an  adequate  caule;  therefore  if  a 
ouay  be  caufed  to  move  with  a certain  velocity  by 
means  of  a certain  impulfe,  the  double  of  that 
impulfe  will  be  required  to  make  it  move  with  the 
double  of  that  velocity ; three  times  that  impulfe 
to  let  it  move  with  three  times  the  original  velo- 
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city  i and,  in  fhort,  the  moving  force  or  impulfe 
mull  be  proportionate  to  the  velocity.  And  for 
the  fame  reafon,  the  refiflance,  which  mud  be  op- 
poi'ed  to  the  laid  body  in  order  to  flop  it,  mufl 
Jikewife  be  proportionate  to  the  velocity  of  the 
body. 

Now  let  two  diflinct  bodies,  A and  B,  move 
with  equal  velocities  j but  let  the  quantity  of 
matter  in  B be  the  double  of  the  quantity  of 
matter  in  A;  and  it  is  evident  that  the  momentum 
of  B muff  be  double  the  momentum  of  A ; for 
if  we  imagine  B to  be  divided  into  two  equal  parts, 
each  of  thofe  parts  mufl  have  a momentum  equal 
to  the  momentum  of  A;  (A  being  equal  to  the 
half  of  B)  and  of  courfe  both  halves  together  mufl 
have  a momentum  double  of  the  momentum 
of  A. 

If  the  body  B be  fuppofed  to  move  as  fafl 
again  as  A,  or  with  the  double  of  its  former  ve- 
locity,  it  follows,  from  what  has  been  mentioned 
above,  that  its  momentum  mufl  be  double  of  its 
former  momentum ; but  before  its  momentum 
was  double  the  momentum  of  A,  therefore  now 
its  momentum  mufl  be  quadruple  the  momentum 
of  A j that  is,  it  mufl  be  multiplied  by  two  on 
account  of  its  double  quantity  of  matter,  and  again 
by  two  on  account  of  its  double  velocity  j which 
is  as  much  as  to  lay  that  the  momentum  is  as  the 
product  of  the  quantity  of  matter  multiplied  by 

the 
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the  velocity;  (viz.  MisasQV.) — Or  we  may 
confider  it  as  a definition,  and  lay  that  by  the  mo- 
mentum we  mean  the  product  of  the  quantity  of 
matter  by  the  velocity  *. 

If  the  quantity  of  matter  in  B,  inftead  of  being 
double,  be  fuppofed  to  be  treble.,  or  quadruple,  or 
the  half,  or  other  multiple,  of  the  quantity  of 
matter  in  A ; the  fame  mode  of  reafoning  will 
fliew  that  its  momentum  muft  be  treble,  or  qua- 
druple, or  the  half,  or  any  other  multiple  refpec- 
tively  of  the  momentum  of  A,  when  the  velo- 
cities of  A and  B are  equal ; but  that  thofe  mo- 
mentums  muft  be  multiplied  by  the  velocities 
when  the  velocities  of  the  bodies  A and  B are 
unequal ; which  proves  that  the  propofition  is 
univerfally  true. 


* meafure  of  the  momentums  of  bodies,  under  the 
title  of  vis  matrix,  or  vis  viva , when  moving  with  differ- 
ent velocities,  produced  fome  years  ago  a long  and  loud 
di/pute  amongft  the  learned  in  Europe.  The  intricacy  of 
the  arguments  would  render  a ftatement  of  the  queftion 
too  long  for  this  work,  and  it  would  befides  be  attended 
with  little  or  no  profit  to  the  beginner  j I fhall  therefore 
refer  fuch  of  my  readers  as  are  defirous  of  being  informed 
relatively  to  this  queftion,  to  two  excellent  trafts;  the 
fir  ft  Oi  which  is  entitled  /. in  Ejjhy  cn  Quantity,  by  the  Re- 
verend Mr.  Reid,  in  the  45th  vol.  of  the  Phil.  Tranf.  the 
fecond  is  An  Inquiry  into  the  Meafure  of  the  Force  of  Bodies 
in  Motion , by  Dr,  Irwin,  Phil,  7 rsnf,  for  1745, 
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Laftly,  the  quantity  of  matter  is  as  the  momen* 

M 

turn  divided  by  the  velocity  ; (viz.  Q is  as  — ) } 

for  let  V in  the  preceding  proportional  expreffion 
(M  as  V Q)  be  reprefented  by  the  number 
2 ; then  that  proportional  expreffion  will  be- 
come M as  2 Q 5 meaning  that  the  momentum 
is  as  twice  the  quantity  of  matter ; but  if  the  mo- 
mentum is  as  twice  the  quantity  of  matter,  there- 
fore, taking  the  halves  of  thofe  quantities,  (for  the 
halves,  or  the  quarters,  or  any  other  like  parts, 
or  multiples  of  two  quantities,  have  the  fame 
proportion  to  each  other  as  the  quantities  them- 
felves.  Euclid.  Elem.  B.  v.  prop.  15.)  half  the 
momentum  will  be  as  the  quantity  of  matter, 

which  is  exprefied  thus  Q is  as  ~ . Again,  if  the 

2 

velocity  be  reprefented  by  any  other  number,  as 
by  12,  the  proportion  M as  V Q,  will  become 
M as  12  Q,  and,  taking  the  12th  part  of  thole 
two  quantities,  we  fay,  that  fince  the  momentum 
is  as  12  times  the  quantity  of  matter,  therefore 
the  1 2th  part  of  the  momemtum  is  as  the  quan- 
tity of  matter,  which  is  exprefied  thus ; Q as 

— ; but  the  velocity  is  reprefented  by  the  number 

12  in  the  laft  fuppofition ; by  the  number  2 in 
the  preceding  fuppofition,  and  may  be  reprefented 
by  any  other  number ; therefore,  univerfally,  the 
quantity  of  matter  is  as  the  quotient  of  the  mo- 
mentum divided  by  the  velocity. 

I Avail 
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I (hall  now  colled  all  the  proportions,  or  laws, 
which  belong  to  fimple  motion,  under  one  point 
of  view,  and,  for  the  fake  of  perfpicuity,  ] fliall 
exprefs  them  both  in  the  concife  way,  by  ufing  the 
initial  letters,  and  in  words. 

V is  as  A ; S is  as  V T ; T is  as  — ; M is  as 
i V 

M 

"V  Q ; and  Q is  as  — . 

The  fame  expreffed  in  words. — In  fimple  motion , 
.viz.  tv  hen  a body  is  put  in  motion  by  a Jingle  impulfe , 
which  ails  at  firft , and  then  leaves  the  body  to  proceed 
by  itfe/f  in  a non-r  effing  medium  or  when  fever aji 
bodies  are  thus  feparately  put-  in  motion  ; the  velocities 
a)  e as  the  f paces  divided  ay  the  times  j the  fpa.ces  are 
as  the  velocities  multiplied  by  the  times  ; the  times  are 
as  the  Jpaces  divided  by  the  velocities  ; the  momentiims 
are  as  the  velocities  multiplied  by  the  quantities  of 
matter ; and , lafly}  the  quantities  cf  matter  are  as  the 
momentum s divided  by  the  velocities. 

Thus,  confidering  the  importance  of  the  fubjed, 
J have  endeavoured  to  demonftrate  the  particulars 
relative  to  fimple  motion,  in  as  familiar  a manner, 
and  as  little  encumbered  with  mathematical  ex- 
prefhons,  as  the  fubjed  feemed  to  admit,  pur- 
pofely  to  adapt  them  to  the  capacity  of  beginners. 
And  I muff  earneftly  entreat  the  reader  to  make 
himfelf  mafter  of  the  contents  of  tfris  chapter  be- 
fore he  proceeds  to  the  next. 
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CHAPTER  V. 


OF  THE  MOTION  ARISING  FROM  CENTRIPETAL, 

AND  CENTRIFUGAL,  FORCES  ; AND  OF  THE 

. , . . •**;*;,  A 

i CtN^fRE  OF  GRAVITY". 

Centripetal  -force , is  that  power  which  com- 
pels  bodies  to  move,  or  to  tend  towards  a 
point,  which  is  called  the  centre  of  attraction.  A 
centrifugal  force , on  the  contrary,  is  that  power 
which  compels  bodies  to  recede  from  a point, 
which  is  called  the  centre  of  repulfion.  Gravitation , 
or  that  power,  by  which  bodies  are  forced  to  fall 
towards  the  centre  of  the  earth,  is  a centripetal 
force,  and  will  ferve  us  as  an  example  for  the  il- 
ludration  of  the  general  theory. 

But  though  bodies  dired  their  courfe  towards 
the  centre  of  the  earth,  yet  the  attractive  power 
mud  not  be  confidered  as  a peculiar  property  of 
that  centre,  or  of  any  particular  body  near  it. 

i 

Attraction  is  a property  which  belongs  to  matter  in 
general,  and  is  proportionate  to  the  quantity  of  it. 
The  parts  of  the  earth  mutually  gravitate  towards,  or 
attrad,  each  other  ; — a done  attracts  another  done, 
or  any  other  body  ; the  earth  attracts  a done,  as 
well  as  the  latter  attracts  the  former,  and  all  bodies, 
in  fhort,  mutually  at  trad  each  other  ; nor  are  we 
acquainted  with  any  particle  of  matter  which  may 

be 
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be  j to  be  deftitute  of  attradion  towards  the 

\\  ulemblage  of  terreftrial  bodies.  That,  cateris 

:.s,  the  at  trad/ve  force  is  proportionate  to  the 
tit)'-  of  matter,  may  be  eafily  proved  ; for  let 
zv,  B,  and  C be  three  bodies  equal  in  every  refped ; 
and  it  A attract  C with  a certain  force,  (for  in- 
ftance,  a force  equal  to  one  ounce)  it  is  evident 
that  B,  its  equal,  mult  likewife  attract  C with  the 
force  of  one  ounce ; and,-  of  courle,  A and  B to- 
gether, or  a body  equal  to  thofe  two,  muft  at- 
trad  C with  the  force  of  two  ounces.  Again,  if 
we  take  ten  equal  bodies,  it  is  evident,  that  two 
of  them  will  attrad  another  diftind  body  with 
twice  the  force  of  one  of  them  only,  as  alfo  that 
four,  or  five,  or  fix  of  thole  equal  bodies  will  at- 
trad the  other  body  with  four,  or  five,  or  fix  times 
refpedively  the  force  of  one  of  them  only,  and  fo 
forth;  which  evidently  thews  the  generality  of  the 
propofition. 

It  is  in  confequence  of  this  truth,  that  when  a 
body  A prevents  another  body  B from  failing  to- 
wards the  centre  of  the  earth,  the  former  is  prefied 
by  the  latter,  and  that  preflure  is  proportionate 
to  the  quantity  of  matter  in  B.  Now,  that 
preflure  is  called  the  weight  of  the  body  B,  and 
the  quantity  of  it  is  exprefled  by  comparing  it  with 
a certain  arbitrary  ftandard  weight,  which  may 
be  called  an  ounce,  a pound,  a grain,  &c.  So 
that  when  a certain  body  A is  faid  to  wreigh  three 
poupds,  whilll  another  body  B weighs  one  pound, 
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the  meaning  is,  that  the  quantity  of  matter  in  A, 
and  of  courfe  its  attraction  towards  the  earth,  is 
treble  the  quantity  of  matter  in  B,  or  the  attrac- 
tion of  B towards  the  earth. 

Since  attraction  is  a general  property  of  matter, 
it  may  be  atked,  why  do  we  not  perceive  any  at- 
traction between  the  bodies  which  ufuallv  fur- 

j 

round  us,  as  for  inftance  between  two  flints,  or 
two  pieces  of  lead  ? The  anfwer  is,  that  the  at- 
tractive force  of  matter  in  general  is  too  fmall  to 
become  perceptible,  excepting  when  the  bodies, 
or  one  of  them,  is  very  large,  as  is  the  cafe  between 
the  earth  and  a flint,  or  other  body;  for  if  you 
iuppofe  that  a flint  ftone  A be  equal  to  the 
looooooooooooooth  part  of  the  whole  earth, 
and  likewife  fuppofe  that  another  body  B is  at- 
tracted by  the  earth  with  a force  equivalent  to  one 
pound  ; then  it  follows  that  the  body  B muft  be 
attracted  by  the  flint  ftone  A with  a force  equiva- 
lent to  the  looooooooooooooth  part  of  a pound  ; 
which  is  too  fmall  to  produce  any  fenfible  effeCt. 
Yet,  notwithftanding  this,  the  accuracy  and  im- 
provements of  theprefent  age,  have  found  means  of 
rendering  the  attraction  between  bodies  of  no  great 
fize,  fufficiently  fenfible ; but  the  account  of  fuch 
experiments  will  be  found  in  another  part  of  this 
work. 

Confidering  that  the  attraction  is  mutual  be- 
tween bodies,  as  between  a ftone  and  the  earth,  it 
may  be  afkcd,  why  does  not  the  earth  move  to- 

* wards 
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wards  the  done  at  the  dune  time  that  thedoncmovcs 
towards  the  earth  ? The  anfwer  is,  that  the  earth, 
agreeably  to  the  theory,  mud  actually  move  to- 
wards the  (lone,  but  its  motion  is  too  (mail  to  be 
perceived  by  our  fenfes ; for  if  we  fuppofe  that  the 
earth  is  at  lead  100000000000000000000000 

to  . 

times  larger  than  the  (lone,  the  attradhon  of  the 
earth  for  the  (lone,  mud  be  to  the  attraction  of  the 
latter  for  the  former,  as  that  immenfe  number  is 
to  unity.  Now  fince  the  effeCls  are  alwa3rs  pro- 
portionate to  their  caufes,  it  follows,  that  if  in  a 
certain  time  the  done  moves  through  1000  feet  in 
its  defeent  towards  the  earth,  the  earth  mud  in  the 
fame  time  move  towards  the  done  through 

- — - — — °— parts  of  a foot ; 

1 ococoocoooooooocooooooo 

or  (which  is  the  fame  thing)  through  the 

icooocoGococoooooooooth  part  of  a foot;  a 

quantity  vadly  too  fmall  for  our  perception. 

Were  the  two  bodies  not  fo  difproportionate, 
they  would  both  be  feen  to  move  towards  each 
other.  Thus  if  two  equal  bodies,  as  A and  B fig. 
3.  Plate  I.  be  placed  at  a certain  didance  of  each 
other,  and  be  then  left  at  liberty^,  viz.  free  from 
any  obdruftion,  they  will  move  towards  each 
other,  and  will  meet  at  a point  C midway  between 
their  original  fituations.  But  if  the  bodies  be 
unequal ; for  indance  A in  fig.  4.  Plate  I.  be 
three  times  as  big  as  B,  then  they  will  meet  at  a 
point  C,  which  is  as  much  nearer  the  original 
lituation  of  A,  than  that  of  B,  as  the  body  A is 

bigger 
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bigger  than  the  body  B ; viz-  AC  will  be  equal  to 
one  third  part  of  BC ; for  tince  the  quantity  of 
matter  in  A is  equal  to  three  times  the  quan- 
tity of  matter  in  B,  the  attraction  of  the  former 
mu  ft  be  three  times  as  great  as  the  attraction  of 
the  iatter,  confequently  the  fpace  run  over  by  the 
body  B rauft  be  three  times  as  great  as  the  fpace 
run  over  by  the  body  A,  in  the  fame  time. 

It  is  evident  that  the  like  reafontng  may  be 
applied  to  bodies  that  bear  any  proportion  to 
each  other  ; hence  we  conclude  that  the  difiances 
of  the  original  fit  nations  of  the  bodies  from 
the  point  C,  where  if  left  at  liberty  they  zvill  meet  in 
conference  of  their  mutual  attraction , are  iuverfely  as 
their  quantities  of  matter ; viz.  as  the  quantity  of 
matter  in  A,  is  to  the  quantity  of  matter  in  B,  fo 
is  the  diilance  BC,  to  the  di fiance  AC. 

The  point  C is  called  the  centre  of  gravity  of 
thofe  two  bodies ; being  in  faCl  the  point,  or 
centre,  towards  which  they  gravitate,  and  where 
they  will  aClually  meet,  if  not  difturbed  by  any 
external  force  or  impediment. 

What  has  been  obferved  with  refpeCl  to  the  two 
bodies,  may  be  eafily  applied  to  the  mutual  at- 
traction of  three,  or  four,  or,  in  fhort,  of  any  num- 
ber of  bodies ; there  being  always  a centre  of 
gravity  which  is  common  to  them  all.  Such  alio 
' is  the  cafe  with  a finglc  body  i viz.  there  is  a point 
in  any  fingle  body,  which  is  its  centre  of  gravity, 
towards  which,  if  the  body  wrere  divided  into  dif- 
ferent 
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ferent  parts,  thofc  parts  would  gravitate.  The  na- 
ture and  properties  of  the  centre  of  gravity  will 
be  farther  noticed  in  the  next  chapter. 

Since  the  attra&ive  power  is  proportionate  to  the 
quantity  of  matter,  it  follows,  that  all  forts  of  bodies, 
however  different  they  may  be  in  iheir  zt)  eights,  if 
they  begin  to  move  towards  the  earth  from  the  fame 
height,  at  the  fame  time ; they  mujl  be  equally  accele- 
rated -,  that  is,  they  mujl  all  defend  through  the  like 
fpace  in  the  fame  portion  of  time  -,  tor  though  a body  A 
be  twice  as  heavy  as  another  body  B,  if  you  imagine 
that  the  former  is  divided  into  two  equal  parts,  each 
of  thofe  parts  muft  be  equal  to  B,  and  of  courfe  it 
muft  move  through  an  equal  fpace,  as  B,  in  the  fame 
time.  Now  it  is  evident,  that  when  the  two  parts 
of  A are  joined  together,  the  effect  muft  be  the 
lame.  The  like  reafoning  may  be  extended  to 
bodies,  whofe  quantities  of  matter  bear  any  other 
proportion  to  each  other.  Hence  all  forts  of 
bodies,  when  left  at  liberty,  would  fall  from  the 
fame  height  to  the  ground  precilely  in  the  fame 
time,  were  they  not  unequally  refilled  by  the  air 
through  which  they  move.  J lay  unequally  re- 
filled, becaufe  that  refiftance  is  in  proportion  not 
to  the  quantity  of  matter,  but  to  the  furface,  when 
the  quantities  of  matter  are  equal.  This  may  be 
fatisfaclorily  proved  by  a variety  of  experiments. 
Take,  for  inllance,  a fmall  quantity  of  cotton, 
fpread  it  as  much  as  you  can,  then  let  it  fall  from 
your  hand  to  the  ground,  and  you  will  find  that 

the 
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the  cotton  will  employ  three,  four,  or  more,  feconds 
ol  time  in  that  delcent.  But  if  you  take  up  that 
cotton  and  comprels  it  into  a very  fmall  compafs, 
you  will  lind  that  on  repeating  the  experiment,  the 
fame  quantity  of  cotton  will  defcend  to  the  ground 
in  lefs  than  a fecond.  Thus  allb  if  you  drop  from 
the  fame  height  at  the  fame  time  a guinea  and 
a common  gold  leaf,  the  guinea  will  come  to  the 
ground  incomparably  quicker  than  the  gold  leaf. 
But  if  you  comprefs  the  leaf  fo  as  to  form  it  into 
a fmall  lump,  and  repeat  the  experiment  with  this 
lump  and  the  guinea,  they  will  be  found  to  touch 
the  ground  nearly  at  the  lame  moment  *. 

The  converfe  of  the  lafl  proportion  is  likewife 
evident  ; namely,  that  if  bodies , in  falling  from  the 
fame  height  tozvards  the  centre  of  the  earth , deferibe 
equal  f pace's  in  the  fame  portion  of  time , the  attraction 


* This  propofition  is  confirmed  in  a manner  lefs  eafy 
indeed,  but  more  evident  and  conclufive,  by  means  of  a 
tall  glafs  receiver,  having  a mechanifm  at  its  upper  end, 
from  which  a guinea  and  a feather,  or  other  light  body, 
may  be  dropped  at  the  fame  time.  When  this  glafs  re- 
ceiver is  fet  flraight  up,  and  is  exhauRed  of  air,  in  the 
manner  which  will  be  dsferibed  hereafter,  the  above-men- 
tioned guinea  and  feather,  will,  on  being  difengaged,  ar- 
rive at  the  bottom  of  the  receiver  at  the  fame  moment  pre- 
cifely.  But  if  the  receiver  be  not  well  exhausted  of  air, 
then  the  feather  will  arrive  at  the  bottom  later  than  the 
guinea ; and  much  more  fo  when  the  receiver  is  quite  full 
©f  air. 
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iHiiJl  be  proportionate  to  their  quantities  of  matter  \ 
otherwife  the  fpaces,  &c.  would  not  he  equal. 

Hitherto  we  have  taken  notice  of  the  properties 
which  naturally  arife  from  the  attraction  being 
proportionate  to  the  quantity  of  matter.  It  is  now 
neceffary  to  examine  the  actual  motion  of  bodies 
which  move  towards  a centre  of  attraction. 

The  great  difference  between  the  Ample  impulfe, 
mentioned  in  the  preceding  chapter,  and  a centri- 
petal, or  centrifugal,  force,  is  that  the  former 
produces  equable  motion  ; that  is,  fuch  as  tom- 
pels  bodies  to  deferibe  equal  fpaces  in  equal  por- 
tions of  time  ; whilft  the  latter  produces  unequable 
motion ; viz.  it  compels  bodies  to  deferibe  une- 
qual fpaces  in  equal  portions  of  time. 

This  inequality  arifes  from  the  continual  action, 
of  the  latter  power  ; for  a centripetal,  -or  centri- 
fugal, force,  does  not  act  at  firft  only ; but  it 
does  continually  act  upon,  and  impel,  the  bodies 
in  motion  ; that  is,  the  centripetal,  towards  the 
centre  of  attraction,  and  the  centrifugal,  from  the 
centre  of  repulfion. 

The  attraction  of  the  earth,  or  gravitating 
power,  has  been  found,  from  a variety  of  facts, 
which  will  be  mentioned  hereafter,  to  decreafe  in 
proportion  as  the  fquares  of  the  diftances  from  the 
centre  of  the  earth,  increafe  ; or,  in  other  words, 
the  force  of  gravity  at  different  heights  is  inverfely 
as  the  fquares  of  the  diftances  from  the  centre  of 
the  earth.  At  a height,  for  inftance,  as  far  from 

the 
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the  furface  of  the  earth  as  the  furface  is  from  the 
centre,  the  force  of  gravity  is  a quarter  of  what 
it  is  at  the  furface ; for  the  diftanccs  being  as  one 
to  two,  their  fquares  are  one  and  four ; therefore, 
as  one  is  to  four,  fo  is  the  force  of  gravity  at  the 
above-mentioned  height,  to  the  force  of  gravity  at 
the  furface. 

This  diminution  of  intenfity  in  the  proportion 
of  the  fquares  of  the  diftances  from  the  centre  of 
emanation,  feems  to  take  place  not  only  with  the 
force  of  gravity,  but  likewife  with  all  forts  of 
emanations  from  a centre,  fuch  as  light,  found, 
<kc.  as  far  however  as  we  are  able  to  judge  from 
the  prefent  flate  of  knowledge  ; for  with  the  de- 
creafe  either  of  found  or  of  light,  this  law  has  not 
been  afeertained  to  any  great  degree  of  accuracy. 

But,  independently  of  actual  experiments,  it 
may  be  ftrictly  demonflrated,  that  emanations % 
which  proceed  in  jlraiglit  lines  from  a centre , and  do 
not  meet  with  any  objlruftion , mujl  decreafs  in  intenfity 
inverfely  as  the  fquares  of  the  diftances  from  the 
centre,  (i) 

Bodies 


(i)  Let  A,  fig.  5.  Plate  I.  be  the  centre  of  emanation 
(for  inffance  the  flame  of  a candle.)  Let  OPBif  be  a 
fquare  hole,  and  drawing  lfraight  lines  from  A to  the 
corners  of  this  fquare,  produce  them  indefinitely  towards 
J,  H,  E,  r. 

In  the  firft  place  it  is  evident  that  the  light  which  paffes 
through  the  fquare  hole  OPBf,  will  fill  ail  the  fpacc  be- 
tween 
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Bodies  that  are  left  to  fall  from  any  height,  will 
move  falter  and  falter  the  nearer  they  come  to  the 
furface  of  the  earth ; for  if  the  force  of  gravity 
noted  upon  a body  only  at  the  commencement  of 


tween  the  four  ftraight  lines  AH,  AI,  A r,  and  AE.  Se- 
condly, it  is  alfo  evident  that  if  a plane  furface  be  placed  at 
E,  parallel  to  the  fquare  OPBn,  all  that  part  of  it  which 
lies  between  the  aforefaid  ftraight  lines;  viz.  IHEr,  will 
be  illuminated  by  the  light  which  pafies  through  OPBi; ; 
but  as  the  plane  IKE?-  is  larger  than  OPBt;,  the  light  upon 
it  cannot  be  fo  denfe  as  at  OPB-y;  and  for  the  fame  reafon, 
if  a plane  be  fituated  at  D,  parallel  to  OPBv,  the  light 
upon  it  will  be  lefs  denfe  than  at  OPBiq  but  more  denfe 
than  at  IHEr,  &c.  Thirdly,  it  is  alfo  evident  that  the 
planes  IHEr,  KGDr,  LFCar,  are  fquare  figures,  fince 
the  hole  OPBv  has  been  fuppofed  to  be  a fquare.  There- 
fore, the  only  thing  which  remains  to  be  proved,  is,  that  if 
the  diftance  AC  be  equal  to  twice  the  diftance  AB,  the 
area  of  the  fquare  LFC*  is  four  times  as  large  as  the  area 
OPBt?;  that  if  AD  be  equal  to  three  times  AB,  the  area 
KG  Dr  is  nine  times  as  large  as  OPBt; ; or,  in  fnort,  that 
the  areas  OB,  LC,  KD,  &c.  are  as  the  fquares  of  the 
diftances  from  A,  which  is  eafdy  done  ; for  ABP,  ACF, 
being  equiangular  triangles  (Each  p.  29.  B,  1.)  we  have 
(Eucl.  p.  4.  B.  v I.)  AB  : AC  : : PB  : FC ; but  PB  and 
I' C are  the  homologous  Tides  of  the  fimilar  plane  figures 
Oi  Bt?,  LFCar ; and  ^Eucl.  p.  20.  B.  \ I . } thoie  figures 
are  as  the  fquares,  or  in  the  duplicate  proportion,  of  their 
homologous  Tides;  therefore  OPBt?:  LFC*::PBb:  FCP  : : 

AB:*:  AC  \ And  the  like  reafoning  may  be  appl'ed  fo 
the  other  fquares  KGDr,  &c. 


its 
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its  defeent,  the  body  would,  (according  to  the 
laws  of  fimple  motion,  Chap.  IV.)  continue  to  de- 
feribe  equal  fpaces  in  equal  portions  of  time.  But 
the  very  next  moment  the  force  of  gravity  impels 
the  body  again,  in  conlequence  of  which  the 
body  s velocity  muff  be  doubled ; tince  the  lecond 
impulfe  is  equal  to  the  firft,  and  the  fir fb  remains 
unaltered.  For  the  fame  realon  on  the  third  mo- 
ment the  body’s  velocity  will  be  trebled,  and  fo  on. 
Or,  fpeaking  more  properly,  the  velocity  will  in- 
creafe  as  the  time  increafes,  viz.  the  velocity  will 
be  as  the  time  ; the  meaning  of  which  is,  that  the 
velocity  at  the  end  of  two  feconds  is  to  the  velocity 
at  the  end  of  three  feconds,  as  two  to  three  ; or 
the  velocity  at  the  end  of  one  minute  is  to  the 
velocity  at  the  end  of  one  hour,  as  one  is  to 
fixty,  &c.  *. 

The  fpaces  delcribed  by  fuch  defeending  bodies 
cannot  be  proportionate  limply  to  the  times  of 
defeent  j for  that  would  be  the  cate  it  the  velocity 
remained  unaltered  ; but,  the  velocity  increafing 

* The  velocities  are  as  the  times  when  the  gravitating 
poweri  remains  unaltered,  or  with  the  fame  gravitating 
power;  but  if  two  diftindf  gravitating  powers  be  com- 
pared together,  then  the  velocities  will  be  as  the  products 
of  the  times  multiplied  by  the  gravitating  forces  reflec- 
tively ; it  being  evident  that  a double  force  will  produce  a 
double  effedt*,  a treble  force  will  produce  a treble  effect, 
&c.  Hence  when  the  times  ate  equal,  or  in  the  fame  time, 
the  velocities  are  as  the  gravitating,  or  the  impelling, 
forces. 


continually, 
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Continually,  it  is  evident  that  the  j 'paces  nmji 
be  as  the  times  multiplied  by  the  velocities ; for  a 
double  velocity  will  force  the  body  to  move 
through  a double  fpace  in  an  equal  portion  of 
time,  and  through  a quadruple  fpace  in  twice  that 
time ; alfo  a quadruple  velocity  will  force  the 
body  to  move  through  a quadruple  lpace  in  an 
equal  portion  of  time,  and  through  eight  times 
that  fpace  in  twice  that  time  ; and  fo  on  in  any 
proportion.  But  it  has  been  (hewn  above  that  the 
velocities  are  as  the  times ; therefore  to  fay  that 
the  fpaces  are  as  the  times  multiplied  by  the  velo- 
cities, is  the  fame  thing  as  to  fay  that  the  fpaces 
are  as  the  times  multiplied  by  the  times,  or  as  the 
fquares  of  the  times ; and  for  the  fame  reafon  it  is 
the  fame  thing  as  to  fay  that  the  fpaces  are  as  the 
velocities  multiplied  by  the  velocities,  or  as  the 
fquares  of  the  velocities  *. 

1 his  property  of  defeending  bodies,  (viz.  that 
they  run  through  fpaces  which  are  as  the  fquares 
of  the  times)  has  been  ufually  demonftrated  in  a 
different  way  by  the  philofophical  writers.  Their 
demonftration  may,  perhaps,  appear  more  fatisfac- 
tory  than  that  of  the  preceding  paragraphs  to  fome 
of  my  readers;  I (hall  therefore  fubjoin  it,  efpe- 
cially  aa  it  proves  at  the  fame  time  another  law  re- 
lative to  the  velocity  of  defeending  bodies. 


Therefore  in  equal  times  the  fpaces  are  as  the  im- 
pelling, or  gravitating,  forces.  See  the  laft  note. 

VOL.  I. 
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Let  AB,  fig.  6.  Plate  I.  reprcfent  the  time,  dur- 
ing which  a body  is  defcending,  and  let  BC  re- 
prefent  the  velocity  acquired  at  the  end  of  that 
time.  Complete  the  triangle  ABC,  and  the 
parallelogram  ABCD.  Alfo  luppofe  the  time  to  be 
divided  into  innumerable  particles,  ei,  im , mp,  po, 
&c.  and  draw  ef  ik,  mn , &c.  all  parallel  to  the 
bafe  BC.  Then,  fince  the  velocity  of  the  defcend- 
ing body  has  been  gradually  increafing  from  the 
commencement  of  the  motion,  and  BC  reprefents 
the  ultimate  velocity ; therefore  the  parallel  lines 
ef,  ik , mn,  &c.  will  reprefent  the  velocities  at  the 
ends  of  the  refpedive  times  Ac,  At,  Am,  See. 
Moreover,  fince  the  velocity  during  an  indefinitely 
fmall  particle  of  time,  may  be  confidered  as  uni- 
form ; therefore  the  right  line  ef  w ill  be  as  the  ve- 
locity of  the  body  in  the  indefinitely  fmall  particle 
of  time  ei ; ik  will  be  as  the  velocity  in  the  particle 
of  time  im,  and  fo  forth.  Now  the  fpace  patfed 
over  in  any  time  with  any  velocity  is  as  the  ve- 
locity multiplied  by  the  time;  viz.  as  the  redangle 
under  that  time  and  velocity;  hence  the  fpace 
palled  over  in  the  time  ei  with  the  velocity  ef, 
will  be  as  the  redangle  if ; the  fpace  paflfed  over  in 
the  time  im  with  the  velocity  ik,  will  be  as  the 
redangle  mk  ; the  fpace  pafifed  over  in  the  time 
mp  with  the  velocity  mn,  will  be  as  the  redangle 
pn,  and  fo  on.  Therefore  the  fpace  palled  over 
in  the  fum  of  all  thofe  times,  will  be  as  the  turn 
of  all  thofe  redangles.  But  fince  the  particles  of 

time 
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time  are  infinitely  fmall,  the  fum  of  all  the  rec- 
tangles will  Be  equal  to  the  triangle  ABC.  Now 
fince  the  fpace  patted  over  by  a moving  body  in 
the  time  AB  with  a uniform  velocity  BC,  is  as  the 
redtangle  ABCD,  (viz.  as  the  time  multiplied  by 
the  velocity)  and  this  rectangle  is  equal  to  twice 
the  triangle  ABC  (Eucl.  p.  31.  B.  I.)  therefore  the 
fpace  pafifed  over  in  a given  time  by  a body 
falling  from  relr,  is  equal  to  half  the  fpace  paffed 
over  in  the  fame  time  with  an  uniform  velocitv, 
equal  to  that  which  is  acquired  by  the  defeending 
body  at  the  end  of  its  fall. 

Since  the  fpace  run  over  by  a falling  body  in 
the  time  reprefented  by  AB,  fig.  7.  Plate  I.  with 
the  velocity  BC  is  as  the  triangular  ABC,  and  the 
fpace  run  over  in  any  other  time  AD,  and  velocity 
DE,  is  reprefented  by  the  triangle  ADE ; thofe 
fpaces  mull  be  as  the  fquares  of  the  times  AB, 
AD;  for  the  fimilar  triangles  ABC,  and  ADE,  are 
as  the  fquares  of  their  homologous  tides,  viz.  ABC 
is  to  ADE  as  the  fquare  of  AB  is  to  the  fquare  of 
AD,  (Eucl.  p.  29.  B.  VI.) 

. In  fig.  the  3th.  Plate  I.  the  fpaces,  which  are 
defcribed  by  defeending  bodies  in  fucceffive  equal 
portions  of  time,  are  reprefented,  for  the  purpofe  of 
imprefling  with  greater  efficacy  on  the  mind  of  the 
reader,  the  principal  law  of  gravitation.  The  line 
AB  reprefents  the  path  of  a body,  which  is  let  fall 
from  A,  and  defeends  towards  the  ground  at  B. 
The  divifions  on  the  line  AB  denote  the  places  of 
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the  body  at  the  end  of  one  fecond,  two  feconds, 
&c.  which  equal  portions  of  time  are  marked  on  the 
left  hand  fide  ; whilft  the  numbers  on  the  right  ex- 
prefs  the  feet  percurred,  or  real  di (lances  from  A to 
the  firfl  divifion,  from  A to  the  fecond  divifion, 
and  fo  on.  Jt  appears,  therefore,  that  in  one  fecond 
the  body  has  defeended  through  16,087  feefi  that 
in  two  feconds  it  has  defeended  through  four  times 
16,087,  or  64,348  feet,  See. 

It  may  all'o  be  obierved,  that  the  fpaces  run 
through  during  each  fingle  fecond,  are  as  the  odd 
numbers  t,  3,  5,  7.  &c. ; that  is,  if  the  fpace  per- 
curred in  the  firfl  fecond  be  called  one,  the  lpace 
percurred  during  the  fecond  fecond  only  will  be 
three  times  as  great,  the  fpace  percurred  in  the 
third  fecond  will  be  five  times  as  great,  and  fo  on. 
In  faft,  if  we  tub t raft  16,087  from  64,348,  the 
remainder,  48,261,  is  equal  to  three  times  16,087  ; 
if  we  fubtraft  64,348  from  144,783,  the  remainder, 
80,435,  is  equal  to  five  times  16,087,  &c. 

It  has  been  (hewn  above  that  the  force  of  gravity 
at  equal  difiances  from  the  centre  of  the  earth  is  pro- 
portionate to  the  quantity  of  matter;  but  it  mull 
be  obferved,  that  when  the  difiances  are  unequal, 
then  the  gravitating  forces,  or  weights,  of  bodies, 
are  as  the  quotients  of  the  quantities  of  matter  di- 
vided by  the  fquares  of  the  di fiances  refpeftively, 
or,  which  is  the  fame  thing,  the  weights  of  bodies 
are  laid  to  be  as  the  refpeftive  quantities  of  matter 
direftly,  and  the  fquares  of  the  refpeftive  difiances 
> 4 inverlely  ; 
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ifiverfely  ; fince  the  gravitating  force  has  been  ("hewn 
to  decreafe  inverlely  as  the  fquares  of  the  diftances 
from  the  centre  of  attraction.  Thus  if  a body  A, 
which  is  five  times  as  big  as  another  body  B,  is 
■fituated  at  the  di  fiance  of  4000  miles  from  the 
centre  of  the  earth,  whilfi  B is  fituated  at  6000 
miles  difiance,  then  the  weight  of  A will  be  to 
the  weight  of  B as  the  quotient  of  five  divided  by 
the  fquare  of  4000,  is  to  the  quotient  of  one  di- 
vided by  the  fquare  of  6000  j viz.  as is  to 

I 6000000 
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* Suppofe  it  be  required  to  find  how  much  a leaden  ball, 
which  on  the  furface  of  the  earth  weighs  twenty  pounds, 
will  weigh  at  the  top  of  a mountain  which  is  three  miles 
high. 

T he  femidiameter  of  the  earth  is  known  to  be  about  3985 
miles,  to  which  we  add  the  height  of  the  mountain,  viz. 
three  miles,  and  v/e  have  the  two  diftances  j that  is  from 
the  centre  of  the  earth  to  the  furface,  39^5  miles,  and  from 
that  centre  to  the  top  of  the  mountain  3988  miles.  The 
fquares  ot  thofe  numbers  are  15880225  and  15904144. 
Then  fay  as  15904x44  is  to  15880225,  fo  is  twenty 
pounds  to  a fourth  proportional,  which  by  the  common 
rule  of  three  (viz.  by  multiplying  15880225  by  20,  and 
dividing  the  product  by  15904144)  will  be  found  to  b- 
1 9,9^9 » or  l9  pounds  and  15^  ounces,  which  is  the 
weight  of  the  leaden  ball  at  the  top  of  the  mountain  viz. 
nearly  half  an  ounce  lefs  than  on  the  furface  of  th^  earth. 

It  muft  not,  however,  be  imagined  that  the  leaden  ball, 
which  is  balanced  by  a counterpoife  of  twenty  pounds  in 
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In  the  preceding  explanations  and  examples, 
the  (paces  and  velocities  of  defcending  bodies  have 
been  calculated  on  the  luppofition  that  the  force  acts 
uniformly;  viz.  that  during  the  defeent  of  the  body 
from  A,  fig.  8.  Plate  I.  towards  the  ground,  the  attrac- 
tion of  the  earth  does  not  increafe;  which  fuppofi- 
tion,  ftridtly  fpeaking,  is  not  true ; for  it  has  already 
been  (hewn,  that  the  force  of  gravity  decreafes  in- 
verfely  as  the  fquares  of  the  diftances  from  the  centre 
of  the  earth ; fo  that  the  nearer  the  body  comes  to 
the  ground,  the  ftronger  its  gravitation  will  be. 
However,  in  lhort  diftances  from  the  furface  of  the 
earth,  that  increafe  of  gravity  is  fo  very  trifling,  that 
for  common  purpofes  it  may  be  lafely  negle&ed. 
But  as  the  fame  theory  is  applicable  to  all  forts  of 
gravitating  powers,  and  as  very  great  diftances  may 
fometimes  enter  the  calculation,  it  will  be  proper  to 
fubjoin  the  method  of  calculating  the  velocities 
which  are  acquired  by  bodies  defeending  towards  a 

centre 


a pair  of  feales  on  the  furface  of  the  earth,  will  appear 
lighter  at  the  top  of  the  mountain  ; for  this  will  not  be  the 
cafe,  becaufe  the  counterpoife  itfelf  will  lofe  an  equal 
portion  of  its  weight  by  being  fituated  on  the  top  of  the 
mountain  ; and  of  courfe  the  equilibrium  of  the  feales  will 
J'<t  be  difturbed.  But  if  the  leaden  ball  in  queftion  be 
weig\eJ  :n  one  of  thofe  weighing  inftruments  which  are 
made  wrh  a fpiral  fteel  fpring,  then  indeed  the  decreafe  of 
its  weight  u the  top  of  the  mountain  will  be  clearly  per- 
ceived, provided  the  weighing  iuftrumeot  be  fufficiemly 
accurate. 
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centre  of  attra&ion,  when  the  increafe  of  the  attrac- 
tive power  is  taken  into  the  account  (2). 

It  is  evident  that,  fince  the  continual  a&ion  of 
the  force  of  gravity  accelerates  the  motion  of  a 
defending  body,  it  mud  continually  retard  the 

motion 


(2)  This  problem  is  taken  from  Dr.  Saunderfon’s 
Method  of  Fluxions. 

PROBLEM. 

\ 

Let  S.  fig.  g.  Plate  I.  be  the  centre  of  the  earth,  B any 
point  in  its  furface,  and  let  the  force  of  gravity  in  all 
places  be  reciprocally  as  the  fquares  of  their  diftances  from 
the  centre  of  the  earth  : it  is  required  to  determine  the  velo- 
city of  a heavy  body  at  the  furface  of  the  earth , ivhich  it  ac- 
quires in  falling  from  any  given  altitude  AB. 

Let  x be  any  indeterminate  diftance  from  the  centre  of 
the  earth,  and  let  v be  the  velocity  of  the  falling  body  at 

that  diftance.  Let  reprefent  the  force  of  gravity  at 
SB* 

B,  and  confequently  — its  force  at  the  diftance  x.  Firft 

XX 

then  it  is  plain,  that  after  the  falling  body  is  arrived  at  the 
diftance  r,  and  then  defeends  further  through  any  infinitely 
fmal!  fpace  as  x , the  time  of  that  infinitely  fmall  defeent 
will  be  as  ^ ; that  is,  it  will  be  as  the  fpace  dire&ly,  and 

as  the  velocity  inverfely ; and  the  infinitely  fmall  acqui- 
fition  made  by  the  velocity  in  that  defeent  will  be  as  the 
time  _ and  the  accelerating  force  — jointly  } that  is,  <v 

v XX 

will  be  as  -d~  • therefore  vi>  will  be  as  therefore  the 
vxx  XX 

fluents  of  thefe  fluxions,  which  are  generated  in  equal 

F 4 times, 
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motion  of  an  afeending  body.  A ball,  for  inftance, 
which  is  projeded  upwards,  will  be  gradually  re- 
tarded by  the  gravitating  force,  which  ads  in  a 
contrary  diredion. 

The  foregoing  explanations  relatively  to  the  laws 
of  gravity,  or  of  a centripetal  force,  may  be  eafily 
applied  to  the  explanation  of  the  properties  of  a 
repulfive,  or  centrifugal,  force ; for  in  fad  the  fame 

reafoning 


times,  will  be  proportionable  -}  that  is,  \vv  will  be  as 
i i SA  — SB  AB 


i 

, — or  as 


cd  n a»  c i > c a ■>  or  as  rr-5 — rr-r : therefore,  fince 

SB  SA  BBxSA’  SBxSA  ’ 

the  quantities  2 and  SB  are  conflant,  vv  will  be  as 

AB. 

AS 

This  being  difeovered,  let  DB  be  the  height  from 
which  a body  will  fall  to  the  furface  of  the  earth  in  one 
fecornl  of  time  and  fnce  during  fo  lmall  a defeent,  the 
force  of  gravity  may  be  looked  upon  as  uniform,  it  is  evi- 
dent that  a body  falling  from  D to  B will  acquire  a velocity 
which  will  carry  it  uniformly  through  the  fpace  2BD  in 
a fecond  of  time.  Let  2BD  reprefent  this  velocity  ; then 
muft  every  other  velocity  be  reprefented  by  the  fpace 
through  which  it  will  carry  a body  in  a fecond  of  time. 
Now  to  find  the  velocity  acquired  in  falling  from  A to  B, 

] fay  as  1^2  B to  fo  is  4DB~  (the  fquare  of  the  velo- 
■'  DS  Ah 

AB 

city  acquired  in  falling  from  D to  Bj  to  4k)B  xDS  X 

(the  fquare  of  the  velocity  acquired  in  falling  from  A to  B) 
AB 

— Ajjitn  x — — fuppofing  //z  to  be  a mean  proportional  between 

DB  and  DS.  Therefore  a body  falling  from  A to  B acquires  a 

velocity 
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reafoning  will  do  for  the  one  as  for  the  other, 
changing  only  the  word  attraction  for  repuljion,  and 
the  word  acceleration  for  retardation.  Thus  the 
velocity  of  a body  which  is  receding  from  a centre 
of  repulfion,  is  retarded  in  proportion  as  the  time 
increafes  ; or  the  velocities  are  laid  to  be  inverfely 
as  the  times.  Alfo  the  fpaces  decreafe,  or  are,  in- 
verfely, as  the  fquares  of  the  times. 

If  a body  be  thrown  perpendicularly  upwards, 
that  is,  in  a direction  from  the  centre  of  the  earth, 
with  the  velocity  which  it  acquired  by  falling  in  a 
given  time,  it  will  arrive  at  the  fame  height  from 


velocity  that  would  carry  it 


aFU 


in  afecond  of  time. 


through  the  fpace  2 m X 


Scholium.  DB  and  DS  having  been  afeertained  by 
means  of  experiments,  2 m is  thereby  found  to  be  about 
feven  Englifh  miles. 


Corollary  1. 


• AB  , 

If  AB  be  infinite,  the  quantity  — be- 


comes equal  to  one,  hence  it  goes  out  of  the  queftion  ; 
and  therefore  a body  falling  from  an  infinite  height,  will 
acquire  at  the  furface  of  the  earth  but  a finite  velocity ; 
viz.  fuch  a velocity  as  will  carry  it  uniformly  through 
feven  miles  in  one  fecond  of  time. 

Coroll.  2.  Therefore,  e converfo,  if  a body  be  thrown 
upwards  with  fuch  a velocity,  it  will  never  return,  but  it 
will  afeend  for  ever. 

Coroll.  3.  After  the  fame  manner  we  may  determine 
the  velocity  of  a falling  body,  whatever  be  the  law  of 
gravity. 


which 
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which  it  fell,  in  the  fame  time;  and  will  lofe  ail 
its  momentum.  And  when  bodies  are  thrown  per- 
pendicularly upwards,  the  heights  of  their  afeents 
are  as  the  fquares  of  their  velocities,  or  as  the  fquares 
of  the  times  of  their  afeending. 

N.  B.  i broughout  this  chapter  no  notice  has 
been  taken  of  the  refiftance,  which  the  air  offers  to 
the  motion  of  bodies. 


CHAPTER  VI. 


THE  METHOD  OF  ASCERTAINING  THE  SITUA- 
TION OF  THE  CENTRE  OF  GRAVITY,  AND 
AN  ENUMERATION  OF  ITS  FRINCIPAL  PRO- 
PERTIES. 

HE  definition  and  the  nature  of  the  centre  of 


-S-  gravity  having  been  fhcvvn  in  the  preceding 
pages,  we  fliall  in  the  prefent  chapter  fliew  the 
method  of  finding  its  fituat’ion  in  a fyftem  of  bodies, 
as  well  as  in  a fingle  body  or  figure ; after  which 
we  fliall  Rate  its  various  properties,  the  knowledge 
of  which  is  of  the  utmoft  importance  in  the  ftudy 
of  natural  philofophy,  and  efpecially  in  mechanics. 

When  the  common  centre  of  gravity  of  two 
bodies  is  to  be  determined,  their  quantities  of  mat- 
ter and  diftance  from  each  other  being  known ; 

5 draw 
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draw  a ftraight  line  from  the  centre  of  gravity  of 
one  of  the  bodies,  as  A,  fig.  10.  Plate  I.  to  the 
centre  of  gravity  of  the  other,  B.  (which  centres  we 
iliall,  for  the  prefent,  fuppofe  to  be  known;  for  it 
v/ill  prefently  be  fhewn  how  to  find  the  centre  of 
gravity  of  a fingle  body.)  Then  divide  this  line 
in  E,  fo  that  its  parts  BE,  AE  may  be  to  each  other 
in  the  proportion  of  A to  B,  and  E is  the' centre 
fought.  For  example,  let  A weigh  3 pounds, 
B 2 pounds,  and  let  the  diftance  AB  be  20 
feet.  Say  as  3 is  to  2,  fo  is  BE  to  AE ; then  by 
compofition  (Eucl.  p.  iS.  B.  V.)  fay  as  3 plus  2, 
viz.  5,  is  to  2 fo  is  BE  plus  AE,  viz.  20  feet,  to  a 
fourth  proportional,  which,  by  the  common  rule  of 
three,  is  found  to  be  8,  and  is  equal  to  AE ; fo  that 
the  centre  of  gravity  E is  8 feet  diftant  from  A. 

When  the  centre  of  gravity  of  three  bodies,  as 
A,  B,  and  D,  fig.  it.  Plate  I.  is  to  be  determined, 
their  quantities  of  matter  and  diftances  being 
known;  you  mult  in  the  firft  place  find  the  centre 
of  gravity  E between  any  two  of  thole  bodies,  as 
of  A and  B,  after  the  manner  mentioned  above. 
Then  imagine  that  the  two  bodies  A and  B are 
both  collected  in  the  point  E,  and  laftly  find  the 
centre  of  gravity  between  E and  D,  which  will  be 
the  common  centre  of  gravity  of  the  three  bodies ; 
viz.  draw  the  ftraight  line  DE,  then  as  the  lum  of 
the  matter  in  A and  B,  is  to  the  matter  in  D,  fo  is 
DC  to  CE;  and,  by  compofition,  fay  as  the  fum  of 
the  matter  in  A,  B and  D,  is  to  D,  fo  isDE  toCE; 

which 


7*5  jT h?  ^Iet/tod  of  afcertain'in?  tie 

^hicli  gives  C,  the  common  centre  of  gravity  of  the 
three  bodies. 

In  the  fame  manner  the  centre  of  gravity  of  four, 
or  more,  bodies  may  be  determined;  viz.  by  con- 
ceiving the  matter  of  three  of  thofe  bodies  to  be 
collected  in  the  common  centre  of  gravity  of  thofe 
three  bodies,  and  then  finding  the  common  centre 
of  gravity  of  the  lail  mentioned  centre  and  the 
fourth  bodv,  txc. 

The  centre  of  gravity  of  a tingle  body  may  be 
eafily  determined  by  the  following  general  method, 
viz.  by  luppofing  the  body  to  be  divided  into  two 
or  more  parts,  and  then  finding  the  common  centre 
of  gravity  of  thofe  parts,  which  will  be  the  centre 
of  gravity  of  the  body  itfelf.  But  in  certain  regular 
figures,  luch  as  a circular  lurface,  a fphere,  a cube, 
<kc.  it  is  evident  that  the  centre  of  the  figure  mull: 
coincide  with  the  centre  of  gravity ; for  if  in  the 
circle,  for  inftance,  fig.  12.  Plate  I.  you  divide  the 
area  into  two  equal  parts  ADB  and  AEB,  it  is 
evident  that  the  common  centre  of  gravity  of  thofe 
two  equal  parts  muff  be  fomewhere  in  the  line  AB ; 
and  if,  by  cutting  the  circle  in  any  other  direction 
ED,  you  divide  the  area  into  two  other  equal  parts 
IiAD,  and  DBE,  it  is  evident  that  the  common 
centre  of  gravity  of  thofe  two  parts  muff  be  fome- 
where in  the  diameter  ED ; therefore  the  centre  of 
gravity  of  the  circle  mufl  be  in  the  interjection  of 
the  two  diameters  AB,  ED  ; viz.  at  C,  which  is  the 
centre  oi  the  circle. 


In 
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tn  a right  lined  plane  triangle,  as  ABD,  fig.  13. 
Plate  I.  the  centre  of  gravity  may  be  eafily  found 
by  dividing  any  two  of  its  tides,  as  AD  and  BD, 
each  into  two  equal  parts  at  F and  Pi,  and  by 
drawing  ftraight  lines  from  thole  points  of  divifion 
to  the  oppofite  angles  ; the  interfeftion  C of  thofe 
two  lines  being  the  centre  of  gravity  of  the  triangle  i 
for  fince  the  line  AE  divides  the  triangle  into  two 
equal  parts,  (Eucl.  p.  1.  B.  VI.)  the  common 
centre  of  gravity  of  thofe  two  parts  muft  be  foms- 
where  in  the  line  AE,  and  for  the  fame  reafon  the 
common  centre  of  gravity  of  the  two  parts  ABF, 
and  FBD  muff  be  fomewhere  in  the  line  BF;  there- 
fore the  centre  of  gravity  of  the  whole  triangle  mull 
be  at  C,  the  interfeftion  of  the  two  lines  AE,  BF. 

If  the  figure  be  terminated  by  more  than  three 
ftraight  lines,  as  ABCDPi,  fig.  14.  Ifiatel.  its  centre 
of  gravity  may  be  found  by  dividing  it  into  any 
convenient  number  of  triangles,  as  ABC,  BCF, 
DFE,  then  by  finding  the  centre  of  gravity  of 
each  triangle,  and  laftly  by  finding  the  common 
centre  of  gravity  of  all  the  triangles,  which  is  to 
be  done  in  the  fame  manner  as  the  centre  of  gra- 
vity between  three  or  more  bodies  was  determined 
above.  In  a fimilar  manner  the  centre  of  gravity 
of  irregular  folids  may  frequently  be  found. 

1 here  are  however  feveral  figures  in  which  the 
centre  of  gravity  cannot  be  eafily  found  by  the 
above  defcribed  methods,  at  lead  not  with  great 
accuracy.  But  a more  general,  and  accurate 

met  hod 
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method  of  finding  the  centre  of  gravity,  is  derived 
from  the  dodfrine  of  fluxions,  which  will  be  found 
explained  in  the  note  (i). 

The 


( i ) Imagine  that  at  D,  E,  F,  G,  H,  fig.  1 5.  of  Plate  I. 
there  are  fo  many  weights  affixed  to  the  inflexible  line 
AB  ; and  let  C be  the  centre  of  gravity  of  the  faid  line 
and  weights  together  j fo  that  when  the  point  C refls  upon 
a fulcrum,  neither  end  will  preponderate,  and  of  courfe  the 
whole  loaded  line  will  remain  perfc&ly  balanced. 

It  has  been  {hewn  in  the  preceding  pages  that  the  mo- 
mentum or  force  of  any  weight,  as  H,  (viz.  the  body  fuf- 
pended  at  II)  to  raife  the  oppofite  end  A of  the  line,  or 
lever,  is  exprefled  by  the  product  of  its  quantity  of  matter 
multiplied  by  its  diftance  from  the  fulcrum,  or  centre  of 
gravity  C;  viz.  by  HxHC  (for  by  the  letters  D,  E,  F, 
&c.  we  exprefs  the  weights  of  the  refpective  bodies). 
Therefore,  fince  the  line  with  all  the  weights  is  perfeftly 
balanced,  it  follows  that  the  fum  of  the  momenta  of  all  the 
weights  which  lie  on  one  fide  of  C,  muft  be  equal  to  the 
fum  of  all  the  momenta,  which  lie  on  the  other  fide  of  C • 

viz.  HxHC-f  G xGC  + FxFC  = D xDC  + £ xEC  ; 

that  is  H x BC  — uti  + G x bU^BG  + F x BC^BF  = 
ExEB  — BC-fDx DB  — BC ; or  HxBC  — HxBH  + 

GxBC  — GxBG  + F xBC  — F xBFtnE  xEB E x 

LC  + D x KB—  D x BC.  Then  by  tranfpofition 
we  have  H x BC  -f  G x BC  + F x BC  + E x BC  + D x 
BC  r H xBH  + Gx  BG  -t-FxBF  + ExEB-fDx 
DB  ; which  equation  by  divifion  becomes  BC  = 
H x P>H  + G x BG  + F x BF  + E x EB  + D xDB 

H + Gf  F + E + D whlch 

(hews  that  the  didance  of  the  centre  of  gravity,  C,  from 

the 
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The  principal  properties  of  the  centre  of  gravity 
are  as  follow  s : 

I.  If  two  bodies  be  connected  together  by  means  of 

an 


the  extremity  B,  is  equal  to  the  quotient  of  the  fum  of  the 
produds  of  all  the  weights  multiplied  each  by  its  diftance 
from  B,  divided  by  the  fum  of  all  the  weights. 

Hence  we  derive  the  following  general  rule  for  finding 
the  centre  of  gravity  in  a fyftem  of  bodies  ; viz.  Affume  a 
point  at  one  extremity  of  the  fyftem  ; multiply  the  weight  of 
each  body  by  its  dijiance  from  that  point  ; divide  the  fum  of 
the  products  by  the  fum  of  the  weights , and  the  quotient  zuill 

exprefs  the  dijiance  of  the  centre  of  gra  vity  from  the  affumed 
point. 

Take  notice  that  if  the  above-mentioned  point  be  affumed 
not  at  the  extremity  of  the  fyftem,  but  any  where  between 
the  bodies,  Tis  between  D and  H,  fig.  15.  plate  I ; then  the 
products  by  their  refpedtive  diftances,  of  the  bodies  on  one 
iide  of  the  affumed  point,  muff:  be  conndered  as  negative, 
■Cvhuft  the  other  are  confidered  as  pofitiye  : and  they  muff 
be  all  added  together  agreeably  to  the  common  algebraical 
rule  for  adding  pofitive  and  negative  quantities  together. 
The  reiult  then,  according  as  it  turns  out  pofitive  or  nega- 
tive, will  fhew  the  diftance  of  the  centre  of  gravity  from 

the  affumed  point,  either  on  the  pofitive  or  on  the  negative 
fide  of  that  point. 


The  rule  maybe  applied  to  the  cafes  offingle  bodies,  as 
for  mftance,  for  finding  the  centre  of  gravity  of  a triangle, 
of  a cone,  of  a fphere,  &c.  by  imagining  the  faid  figure  to 
be  refolved  into  an  infinite  number  of  parts;  for  by  the 
method  of  fluxions,  the  fum  of  the  momenta,  as  alfo  of  the 
weights  of  all  thofe  parts,  may  beeafily  afeertained. 


Thus 
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an  inflexible  line  or  rod,  as  A and  B,  fig.  22.  Plate  /. 
and  the  line  or  rod  be  fupported  by  a prop,  or  (as  it  is 

commonly 

Thus  let  the  figure  be  a plane,  as  A D C,  fig.  i6« 
Plate  I.  whofe  axis  is  A B,  and  whole  parts  are  fuppofed 
to  be  endued  with  gravity.  Imagine  this  figure  to  be  re- 
folved  into  an  infinite  number  of  weights  F G,  f g,  &c. 
all  perpendicular,  or  all  alike  inclined,  to  the  axis  A B, 
and  let  * reprefen  t the  diftance  A E of  the  little  weight 
F G from  A.  Then  the  breadth  of  one  of  thofe  weights 
is  denoted  by  .v  (the  fluxion  of  the  axis  A E)  ; therefore 
one  of  thofe  infinitely  fmall  weights  is  exprefl'ed  by  FG  x x ; 
the  fluent  of  which,  when  x becomes  equal  to  the  whole 
axis  A B,  is  the  fum  of  all  the  weights.  Farther,  if  one 
ol  thofe  weights  be  multiplied  by  its  diflance  from  A,  the 
product,  t G XxXx,  will  exprefs  its  momentum  ; and  the 
fluent  of  this  expreflion,  when  x becomes  equal  to  the 
whole  axis  A B,  is  the  fum  of  all  the  momenta.  There- 
fore, agreeably  to  the  general  rule,  if  the  fluent  of  FG  x xx 
be  divided  by  the  fluent  of  FGxx,  the  quotient  will  ex- 
prefs the  diftance  of  the  centre  of  gravity  from  A on  the 
axis  A B. 

It  the  figure  be  a folid,  imagine  it  to  be  divided  into  an 
infinite  number  of  fedions,  or  fmall  weights,  all  perpen- 
dicular, or  all  alike  inclined,  to  the  axis  ; put  the  expreflion 
which  denotes  one  of  thofe  fections,  inftead  of  F G in  the 
above  fluxional  expreflions  ; then  proceed  as  above  di- 
rected. Or,  which  is  the  fame  thing,  call  one  of  thofe 
fedions  S ; then  divide  the  fluent  of  S .v  x,  by  the  fluent 
of  S x,  and  the  quotient  will  exprefs  the  diftance  of  the 
centre  of  gravity. 

The  only  practical  difficulty  confifts  in  finding  the  value 
of  F G ; or  of  the  above  mentioned  lection  S in  a folid  figure, 

which 
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commonly  called)  a fulcrum , placed  under  the  centre 
of  v'raviiy  C ; the  bodies  will  remain  motionlefs. 

In 


-which  value  muft,  by  means  of  the  equation  of  the  figure, 
be  expreffcd  in  terms  wherein  x is  the  only  variable  letter. 
But  the  following  examples  will  point  out  the  mode  of 
proceeding. 

Example  I.  To  find  the  centre  of  gravity  of  a fraight 
line,  or  very  fender  cylinder,  AB,fig.  17.  plate  I.  whofe  parts 
may  he  fuppofed  to  he  endued  with  gravity. 

Let  its  length  AB  be  called  e,  and  fuppofing  the  line  to 
be  divided  into  an  infinite  number  -T  little  parts  or  weights. 
One  cf  thofe  parts  is  denoted  (imply  by  x ; (for  the  breadth 
EG  is  nothing)  and  the  fluent  of  x is  x.  Alfo  the  mo- 
mentum of  one  of  thofe  particles  is  exprefled  by  xxt  whofe 
fluent  is  f x*.  Therefore,  dividing  the  latter  fluent  by  the 

—■x2  . \^1‘  * 

former,  we  have  which  when  x—e,  becomes  — or  — * 
5 x e 2 

and  fhews  that  the  centre  of  gravity  is  at  C in  the  middle  of 
the  line  viz.  its  diftance  from  cither  extremity  is  equal 
to  half  the  length  of  the  line.. 

Example  If.  To  find  the  centre  of  gravity  in  a triangle 
ABC , fig.  18.  PI.  I.  where  the  axis  AD  ax  a,  bafe  BC~b  ; 
EF  is  parallel  to  the  bafe , and  —y  ; and  let  AO  be  called  x. 
From  the  fimilarlty  of  the  triangles  we  have  AD  : BC  :: 

AO : EF  ; viz.  a : b : : x : — ary.  Therefore  the  infinitely  fmall 

a J 


> • Lxx  bx*  • 

weight  EF  is  denoted  by  yx,  or  by , whofe  fiuentis  — ' 

1 ' a 'ia 

which  (when  at  is  equal  the  whole  axis  AD)  becomes 


ha  ba 

or—  . 
2 a 2 


Alfo  the 


momentum  of  the 


little  weight 


b xx 
a 


r. 
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la  this  fituation  no  one  of  the  bodies  will  have 
more  tendency  towards  the  earth  than  the  other  ; 

for 


9 7 l) X \)  V3 

is  denoted  by  - — ; the  fluent  of  which  is—,  or  ( when  x 

a 3a 

is  equal  AD)  — . Then- — divided  by~*,  quotes — * 

3 3  l  2 3 

which  is  the  diftance  of  the  centre  of  gravity  from  the 
vertex  A ; viz.  J of  the  axis  AD. 

It  needs  hardly  be  mentioned  that  the  centre  of  gravity 
muft  necefiarily  be  in  the  axis. 

Example  III.  To  find  the  centre  of  gravity  in  a parabolic 
figure  ABC,  fig.  ig.  Plate  I. 

Put  the  axis  ADzr a-,  abfeifs  AF  — and  ordinate 
EF  —y.  By  conics  we  know  that  the  fquare  of  the  ordi- 
nate EF  is  equal  to  the  produdt  of  the  parameter  multiplied 

i x 

by  theabfeifs,  viz. yz—px,  hencey==p  *xz,  and  EG  = sy ~ 

i i t _ ,..ii 

opzxz  ; which  being  multiplied  by  x,  viz.  op  zxzx,  repre- 
fents  one  of  the  infinitely  fmall  weights,  into  which  the 
parabola  is  fuppofed  to  be  refolved  ; and  its  fluent 

I 3.  i l 

op  zx % or  | pz  x z reprefents  the  fum  of  all  the  weights. 

3 

a 

1 I I 3. 

Farther  Zpz  x z xx  ; or  op~  x 1 x is  the  momentum  of  the 
little  weight ; whofe  fluent,  which  reprefents  the  fum  of 

I 5 i s. 

all  the  momenta,  is  op  zxz,  or  -f  p2x  Then  dividing  the 

l 5_  i 3 

latter  fluent  by  the  former,  we  have  j p zx  z \pzx^  — ex, 
or  (when  .v  is  equal  to  the  whole  axis  AD)  — * a ; fo  that 
the  centre  of  gravity  is  diilant  from  the  vertex  A,  l of-the 
whole  axis  AD. 


Example 
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for  fince  C is  their  common  centre  of  gravity,  the 
diftances  AC  and  CB,  are  inverfely  as  the  weights 

of 


Example  IYr.  To  find  the  centre  of  gravity  of  a right 
cone  ABC,  fig.  20.  Plate  I. 

Put  the  axis  or  altitude  AD  —a,  diameter  of  the  bate 
BC ~b  abfeifs  AO^r  and  ordinate  EOrry. 

Then  from  the  flmilarity  of  the  triangles  AOE,  ADB, 

we  have  AD  : DB  : : AO  : EOj  viz.  a : - and, 

2 2a' 

putting  c for  the  circumference  of  a circle  whofe  dia- 
meter is  unity,  the  circumference  of  a circle  whofe  diame- 
ter is  EF,  or  2 y,  will  be  2cy,  whofe  area  is  eryxfy;  viz. 


cy~,  or  (by  fubftituting  — for  its  equaly)  • Therefore 

2 a A.Q 

cb'-X *•  r . 

^ai  x reprefents  one  of  the  infinitely  fmall  weights  into 

which  the  cone  is  fuppofed  to  be  refolved,  and  its  fluent* 


, is  the  fum  of  all  thofe  weights.  Alfo  C^-L.  xx  is 


1 2a~ 


4“ 


the  momentum  of  the  little  weight,  and  its  fluent  1C 

, 16a2’ 

l.-c  ium  of  all  the  momenta.  Then  dividing  the  latter 
fluent  by  the  former  we  have  ~ + = * x.  or  (when 

a-  becomes  equal  to  the  whole  axis  AD)  ia  5 which  fhews 
that  the  diftance  of  the  centre  of  gravity  from  A on  the 
axis  AD  is  equal  to  * of  the  whole  axis  AD. 


Example  V.  lo  find  the  centre  of  gravity  of  an  hemif- 
phere  ABO, fig.  2l.  piaU  /. 

Put  the  axis  or  radius  ADers;  DP— x;  and  MP, 
•which  is  parallel  to  the  bafe,  ~y.  Then  PMD  being  a 
right  angled  triangle,  we  have  ftlPl2=MD)a— DP)*i  viz. 

G 2 yy=. 
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of  thofe  bodies;  viz.  AC  is  to  CB  as  the  body 
B is  to  the  body  A.  Now  fhould  the  rod  be 
moved  from  its  fituation  AB  into  the  fituation 
F Ej?  the  body  B would  defcribe  the  arch  B E,  and 
the  body  A would  defcribe  the  arch  AF,  which 
arches  reprefent  the  velocities  of  thofe  bodies  ; tor 
they  are  the  fpaces  through  which  they  move  in 


yy  = a 1 — x\  And,  putting  c for  the  circumference  of  a 
circle  whofe  diameter  is  unity,  the  circumference  of  a 
circle  whofe  diameter  is  ME,  or  2 .y,  will  be  2 cyt  and  its 
area  will  be  zcy  X £y  ; viz.  ry*,  or  (by  fubftituting  for  yy  its 
value  as  found  above,  viz.  a*—~x1)  ca1 — ex1" ; and  this  is  a 
fe£tion  of  the  hemifphere  parallel  to  the  bafe.  Then 


ca1 — cxzxx  is  one  of  the  infinitely  fmall  weights  into 
which  the  hemifphere  is  fuppofed  to  be  divided;  and  its 

fluent  ca'x — — is  the  fum  of  all  thofe  weights.  Alfo 

.3 

ea* — ex"' X xx  is  the  fluxion  of  the  momentum  of  the  fmall 


weight ; the  fluent  of  which,  viz. 


caLx% 


ex' 


, is  the  fum 


of  all  the  momenta.  And,  when  * is  equal  to  the  whole 


axis  AD,  thofe  two  fluents  become 


or 


3 ca1 — ca'1 


or 


\ 2 caz  , /ca*  ca 
- — ; and  ( — — — 

J 3 V a 4 


2 ca* 


or 


-ca' 


or) 


l£.  . Then,  dividing  the  latter  fluent  by  the  former,  we 
4 

have—  zcai  — — \a  ; fo  that  the  centre  of  gra- 

4 3 v«3 

vity  is  diflant  from  the  point  D,  * of  the  axis,  or  ol  the 
radius,  AD. 


tlir 


*5 
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the  fame  time.  But  it  has  been  demonftrated  by 
the  geometricians,  that  thofe  arches  bear  the  fame 
proportion  to  each  other  as  the  radii  or  diftances 
C B,  C A;  viz.  B E is  to  A F as  B C is  to  A C ; 
and  it  has  been  fhewn  above,  that  BC  is  to  AC 
as  the  body  A is  to  the  body  B ; therefore  it  fol- 
lows, that  the  arch  BE  is  to  the  arch  AF  as  the 
body  A is  to  the  body  B.  But  of  four  proportional 
quantities,  the  product  of  the  extremes  is  equal  to 
rhe  produtft  of  the  means ; therefore  the  product 
of  the  body  B,  multiplied  by  the  arch  B E (which 
conftitutes  the  momentum  of  B)  is  equal  to  the 
product  of  the  body  A multiplied  by  the  arch  AF 
(which  conftitutes  the  momentum  of  A)  ; fo  that 
their  momentums  being  equal,  thofe  bodies  will 
balance  each  other,  and  of  courfe  they  will  remain 
at  reft.  It  is  evident  that  the  fame  reafoning  is 
applicable  to  the  common  centre  of  gravity  of  any 
number  of  bodies,  as  alfo  to  the  centre  of  gravity  of 
a tingle  body ; viz.  that  if  a fyftem  of  bodies, 
that  are  connefted  together,  or  a fingle  body,  be 
placed  with  the  centre  of  gravity  on  a fulcrum, 
that  fyftem,  or  tingle  body,  will  remain  perfectly 
balanced  thereon,  and  as  fteady  as  if  it  were  placed 
upon  a flat  horizontal  furface. 

II.  7 he  fate,  whether  of  reft  or  mot  ion , of  the 
common  centre  of  gravity  of  two  bodies , will  not  be 
altered  by  the  mutual  action  of  thofe  bodies  upon  each 
other. 

For,  in  the  firft  place,  fuppofe  that  the  centre  oi 

g 3 gravity 
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gravity  is  at  reft ; and  that  the  two  bodies,  in  con- 
Icquence  of  their  mutual  attraction,  approach  each 
other  in  a certain  time  it  follows  from  the  fore- 
going theory,  that  the  fpaces  through  which  they 
move  muft  be  inverftly  as  their  weights,  and  of 
courfe,  the  remaining  fpaces  between  their  laft 
fituations  and  the  centre  of  gravity,  will  remain  in 
the  fame  proportion  to  each  other  as  the  original 
diflances  ; therefore  the  centre  of  gravity  will  not 
be  moved  from  its  Original  place, — An  example 
will  render  this  explanation  more  evident. 

Let  the  body  A,  fig.  23,  Plate  I.  weigh  2 
pounds,  and  B,  6 pounds.  The  difcances  of  thofe 
bodies  from  the  centre  of  gravity  C,  are  inverfely 
as  the  weights  of  thofe  bodies ; viz.  BC,  is  10  feet, 
and  AC,  30  feet  ; (that  is,  as  one  to  three)  becaufe 
the  weights  are  as  three  to  one.  Now  fuppofe  that 
in  confequence  of  their  mutual  attraction,  thofe 
bodies  begin  to  move  towards  each  other  ; and  if  in 
one  minute  B comes  to  the  place  D,  having  palled 
over  the  diftance  BD,  equal  to  one  foot  j the  body 
A muff  in  the  fame  time  have  paffed  over  3 feet, 
and  muff  have  arrived  at  E ; then  taking  away  BD 
from  BC  ; viz.  one  foot  from  10  feet,  there  re- 
mains D C,  equal  to  9 feet ; alfo  taking  away  A E 
from  AC ; viz.  3 feet  from  30,  there  remains  C E, 
equal  to  27  feet.  Now  thofe  two  remaining  dif- 
tances;  viz.  9,  and  27,  are  the  one  to  the  other 
as  one  to  three  ; therefore,  <kc. 

In  the  fecond  place,  if  the  two  bodies,  together 

with 
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with  their  common  centre  of  gravity,  be  in  motion, 
the  peculiar  motion,  which  arifes  from  their  mutual 
attraction,  cannot  alter  the  courfe  of  their  common, 
centre  of  gravity  ; becaule,  as  has  been  laid  above., 
they  muft  move  towards  the  centre  C in  the  inverfe 
ratio  of  their  weights. 

III.  The  fame  reafoning  may  be  evidently  ap- 
plied to  the  cafe  of  three,  or  four,  or,  in  fhort,  of 
any  number  ot  bodies ; as  alfo  to  the  cafe  of  repul- 
fion  ; changing,  in  the  latter  cafe  only,  the  name 
of  centre  of  attraction,  for  centre  of  repuljion ; and 
reckoning  the  motion  of  the  bodies  not  towards, 
but  from  that  centre.  Hence  it  may  in  general  be 
concluded,  that  the  ft  ate  of  the  common  centre  of 
gravity  of  different  bodies  will  not  be  altered  by  the 
mutual  action  of  thofe  bodies  upon  each  other. 

Tv7’.  If  any  two  bodies  be  carried  tozvards  the  fame 
parts  with  equal  or  unequal  velocities,  the  Jum  of  the 
momentums  of  both  the  bodies  will  be  equal  to  the  mo- 
mentum that  would  arife  if  both  the  bodies  moved  with 
the  velocity  of  their  common  centre  of  gravity. 

When  the  velocities  of  the  bodies  A and  B are 
equal,  the  propofition  is  felt-evident  ; for  then  their 
common  centre  of  gravity  muft  move  with  the  like 
velocity.  But  whether  the  velocities  be  equal  or 
unequal,  the  propofition  may  be  eafily  demon- 
ftrated  (2). 

V.  If 

(2)  Let  A and  B,  fig.  1.  Plate  II.  be  two  bodies 
moving  towards  D.  Let  G be  their  common  centre  of 

c 4 gravity, 
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V . If  two  bodies  be  carried  towards  contrary  parts , 
the  difference  of  their  momentums  toivards  ihofe  contrary 

parts 


gravity,  and  whilfl:  A moves  as  far  as  a , let  B move  as  far 
as  by  and  C as  far  as  c.  Since  the  fpaces  A <7,  B£,  and 
Cr,  exprefs  the  refpe&ive  velocities  of  the  two  bodies,  and 
of  their  centre  of  gravity,  all  we  have  to  prove  is,  that  the 
fum  of  the  produdls  of  A multiplied  by  A a,  and  of  B mul- 
tiplied by  B by  is  equal  to  the  product  of  A plus  B,  multi- 
plied by  Cc  ; viz.  that  A x Aa  + B xBirA  + B xC  c. 

Since  C is  the  centre  of  gravity,  A is  to  B as  B C is  to 
AC,  and  as  be  is  »o  a c.  Then  alternately  BC  : be  : : 
AC  : a Cy  and  converfely  BC  : BC  — if  : : AC  : AC 
— a c.  But  B C — b c is  equal  to  C c — B b j and  AC  — 
a c is  eq ual  to  A a — . C c ; therefore  BC  : AC  : : Cf — 
B b : A a *—  C c.  But  it  has  been  fhewn  above,  that  A : 
B : : B C : A C ; therefore  A :B  : : C < — BZ>:  A a — 
C c.  Now,  fince  cf  four  proportional  quantities,  the  pro- 
duct of  the  extremes  is  equal  to  the  produdt  of  the  means, 
vve  have  A x A a — A x CctrBxCc  — B x B and 
by  tranfpofition  A x A a + BxBi  — A -f  B x Cf. 

When  the  bodies  do  not  move  in  the  fame  ftraight  line, 
the  demonftration  is  the  fame  ; excepting  only  that  in  this 
cafe  the  velocity  is  to  be  reckoned  not  upon  the  path  which 
is  aftually  deferibed  by  the  bodies,  but  upon  the  path  of 
their  common  centre  of  gravity.  Suppofe,  for  inftance, 
that  the  bodies  A and  B,  fig.  2.  Plate  II.  move  towards 
D,  whilft  their  common  centre  of  gravity  C moves  in  the 
line  CD  j alfo  that  in  a certain  time  thofe  bodies  have 
moved  as  far  as  the  places  a and  b refpeftively,  at  the  fame 
time  that  their  common  centre  of  gravity  has  moved  from 
C to  c. 


From 
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parts  (which  is  equivalent  to  the  fum  of  their  tnomen- 
ttuns  towards  the  fame  part)  will  be  equal  to  the  momen- 
tum that  would  arife  if  both  the  bodies  were  carried  to- 
wards the  fame  part  with  the  velocity  of  their  common 
centre  of  gravity  (3). 

VI.  What 


From  A,  B,  a,  and  A,  drop  B H,  AF,  and  bK, 
all  perpendicular  to  H D,  the  direction  of  the  centre  of 
gravity.  Then  F g will  reprefent  the  velocity  of  A;  and 
H K,  the  velocity  ot  B ; for  thofe  are  the  real  advances 
the  bodies  have  made  towards  D.  Now  from  the  property 
ef  the  centre  of  gravity  we  have  A : B : : BC  : AC  : ; 
(fines  the  right  angled  triangles  ACF,  BCH,  are  equi- 
angular, and  confequently  fimilar,  by  Eucl.  p.  15,  B.  I.  and 
p.  4,  B.  VI.)  H C : C F : : K c : c g.  Then  the  demon- 
ftration  proceeds  in  the  fame  manner  as  for  the  preceding 
cafe. 

(3)  Suppofe  that  the  body  A,  fig.  3.  Plate  IT.  moves 
from  A to  <7,  at  the  fame  time  that  the  body  B moves  in  a 
contrary  dire£Vton  from  B to  b , whilft  their  common  centre 
of  gravity  moves  from  C toe.  Then  their  refpedbive  ve- 
locities are  reprefented  by  A a,  B b,  and  Cc.  Now,  in 
order  to  demonftrate  the  propofition,  we  mull:  prove  that 
A multiplied  by  A a,  minus  B,  multiplied  by  B b,  is  equal 
to  A multiplied  by  C c,  plus  B multiplied  by  C c ; or, 
A X A a — BxBZiazA  + B x C c. 

I rom  the  nature  of  the  centre  of  gravity,  we  have  A : 
B::  BC  : AC  : : be  : ac ; hence  alternately  B C : be 
: : A C : a c,  and  converfely  BC:  BC  — be:  : AC  : 
AC  — ac.  But  it  has  been  (hewn  that  A : B : : B C : 
A C j therefore  by  fubftitution  and  alternation,  we  have 

A:B;:BC  — ^:AC  — a c. 


Farther, 


9 o ft  let  hod  of.  after  t, airing  the  Centre  of  G ravit  v. 

^ b U JuL  lias  been  faid  in  the  preceding  para- 
graphs with  refped-  to  the  centre  oh  gravity  of  two 
Jodies,  may  be  applied  to  the  centre  of  gravity  of 
* llee>  01  loin,  or,  in  fliort,  of  any  number  of  bodies ; 
or  it  follows  from  the  preceding  propofitions,  that 

*°  01  morc  °‘  tbe  bodies  may  be  conceived  to  be 
concentrated  into  their  common  centre  of  gravity; 
hence  the  cafe  may  always  be  reduced  to  that  of 

two  bodies  only. 

f*  it  be  afhed  why,  in  the  computation  of  the 
cei.tic  of  gravity,  we  took  no  notice  of  the  decreafe 
of  the  attractive  force  according  to  the  fquares  of 
the  d: fiances;  the  anfvver  is,  that  in  that  cafe  the 
diftance  being  one  and  the  fame;  viz.  (the  diftance 

01  tbe  bod>r  A bfom  the  body  B,  Fig.  22.  Plate  I.  is 
tne  lame  as  the  diftance  of  B from  A,)  the  compu- 
tation is  not  altered  by  it*. 


h arther,  B C — be  is  equal  to  B b + C e,  and  A C — 
a c 13  ecjual  to  A a — Ce ; therefore  A : B : : B h + C r : 
c 5 °f  which  four  proportional  quantities  the  pro- 
of  the  extremes  muft  be  equal  to  the  product  of  the 
means  ; viz.  A x A * — A x Ce~2xB£  + Bx 

C <r  ; and,  by  tranfpofition,  AxAa-BxB  b 

x Cr. 

^ * f or  inftance,  if  we  fay  that  the  attra&ion  of  A towards 
B is  as  the  weight  divided  by  the  fquare  of  the  diftance;  viz. 

^ArB]2’  and  that  the  attra61ion  of  B towards  A is  as  the 
weight  of  B divided  by  the  fquare  of  the  diftance  ; viz 

ATT]’  i thofe  two  fraftions  have  the  fame  denomina- 


tor, 
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CHAPTER  VII. 

THE  THEORY  OF  PERCUTIENT  BODIES,  THAT 
MOVE  WITH  EQUABLE  MOTION. 

THROUGH  the  prefent  part  of  this  work  treats 
exprefsly  of  fuch  properties  as  belong  to  all 
bodies,  without  noticing  the  particular  qualities 
which  difnnp'uilli  one  body  from  another  ; yet  m 
this  chapter  it  will  be  neceffary  to  take  notice  ot 
one  peculiarity  only  namely,  of  the  different 
effects  which,  in  the  collifion  or  bodies,  are  pro- 
duced by  their  being  elqftic  or  non- daft icm,  the  mean- 
ins  of  which  words  will  be  explained  in  the  follow- 
ins:  definitions. 

O 

i.  A body  perfectly  hard  is  that  whofe  figure  is 
not  in  the  lead  altered  by  the  flroke,  or  collifion,  of 
another  body. 

2.  A body  perfectly  foft  is  that  whofe  figure  is 
altered  by  the  lead  impreffion,  and  which  is 
deditute  of  the  power  of  recovering  its  original 
figure. 

3.  An  elqftic  body  is  that  which  yields  to  the 
impreffion  of  another  body,  but  afterwards  recovers 
its  figure.  And, 


tor,  A B l1 ; confequentlr,  to  fay  that  AC  : B C : : 
B A 

- s y : TT,  is  the  fame  thing  as  to  fay,  that  A C : 
A b / A b 1 ° 

BC  ; : 13  . A. 

4.  It 
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4.  It  is  called  perfeElly  elajiic  when  it  recovers  its 
original  figure  entirely,  and  with  the  fame  force  with 
which  if  loft  it  ; otherwife  it  is  called  imperfectly 
elajYic. 

5.  One  body  is  faid  to  ftrike  direElly  on  another 
body,  when  the  right  line,  in  which  it  moves, 
pa  ties  through  the  centre  of  gravity  of  the  other 
body,  and  is  perpendicular  to  the  furface  of  that 
other  body. 

Though  there  are  innumerable  gradations  from  a 
body  perfectly  hard,  to  one  perfectly  foft ; or  be- 
tween the  latter  and  a body  perfedly  elaftic  ; yet 
we  cannot  fay  with  certainty  that  a body  perfectly 
po  lie  fled  of  any  of  the  above  mentioned  qualities 
does  actually  ex.ft.  It  is  however  certain  that  our 
endeavours  have  not  been  able  to  deprive  certain 
bodies  of  the  leaft  degree  of  their  elafticity,  by  me- 
chanical means. 

The  objeCt  of  the  theory  of  percutient  bodies  is 
to  determine  the  momentums,  the  velocities,  and 
the  directions  of  bodies  after  their  meeting ; which 
we  fhall  lay  down,  and  explain,  in  the  following 
propofitions.  But  it  mult  be  obferved,  that 
throughout  this  chapter  we  only  fpeak  of  bodies 
which  move  with  equable  motion,  that  is,  of  fuch 
as  deferibe  equal  l'paces  in  equal  portions  of  time 
and  we  do  likewife  fuppofe  that  the  bodies  move  in 
a non-refifting  medium,  and  that  they  are  not  in- 
fluenced by  any  other  adtion,  excepting  the  tingle 
impulfe,  which  puts  them  in  motion : for  though 

fuch 
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i'u-ch  fimple  and  regular  movements  never  take  place 
in  nature  ; yet  when  their  theory  is  once  eftablifhed, 
the  complicated  cafes,  wherein  the  refinances  of 
mediums  and  other  interfering  caufes,  are  compre- 
hended, may  be  more  commodioudy  examined-; 
and  proper  allowances  may  be  made  agreeably  to  the 
nature  of  thole  caufes. 

I.  If  bodies  moving  in  the  fame  ftr  night  line,  fir  ike 
againji  each  other,  the  ftate  of  their  common  centre  of 
gravity  will  not  thereby  be  altered ; viz.  it  will  either 
remain  at  reft,  or  it  zvill  continue  to  move  in  the  fame 
firaight  line , exaftly  as  it  did  before  the  meeting  of  the 
bodies. 

This  proportion  is  fo  evidently  deduced  from 
the  properties  of  the  centre  of  gravity,  as  men- 
tioned at  N°  II  and  III.  in  the  preceding  chap- 
ter, that  nothing  more  needs  be  laid  about  it  in 
this  place. 

II.  Let  there  be  two  non-el aft ic  bodies ; and  if  one  of 
them  move  in  a firaight  line , wh'dft  the  other-is  at  reft 
in  that  line , or  is  moving  in  the  fame  direction,  but  at  a 
flower  rate , or  is  moving  in  the  contrary  direction ; viz. 
iowards  the  body  firft  mentioned ; then  thofe.  bodies  mift 
neceffarily  meet  orftrike  diredily  againji  each  other , and 
after  the  firoke  they  zvill  either  remain  at  reft , or  they 
zvill  move  on  together , conjointly  with  their  common 
centre  of  gravity. — ft  heir  momentum  after  the  ftroke 
will  be  equal  to  the  [urn  of  their  momentums  before  the 
P.roke,  if  they  both  moved  in  the  fane  direction,  but  it 
zvill  be  equal  to  the  difference  of  their  momentums  if  they 

moved 
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moved  in  contrary  directions. — Their  velocity  after  the 
Jh  oke  will  be  equal  to  the  quotient  ill  at  arifes  from  di- 
viding the  Jum  of  their  moment  urns,  if  they  both  moved 
the  fame  way,  or  the  difference  of  their  moment  urns,  if 
they  moved-  in  contrary  directions , by  the  fun  of  their 
quantities  of  matter. 

That  in  any  of  the  above  mentioned  cafes  the  two 
bodies  mutt  meet,  and  ftrike  againfl  each  other,  is 
fo  very  evident  as  not  to  require  any  farther  illus- 
tration. 

That  after  the  ftroke  thofe  two  bodies  mu  Pc  either 
remain  at  reft,  or  they  muft  move  together,  con- 
jointly  with  their  common  centre  of  gravity,  is 
likewile  evident  ; for  as  the  bodies  are  not  elaftic, 
tlieie  exifts  no  power  that  can  occafion  their  lcpa- 
ration. 

With  refpeeft  to  the  momentum,  it  may  be  ob- 
ferved,  that  when  the  two  bodies  meet,  whatever 
portion  of  momentum  is  loft  by  one  of  them  muft 
be  acquired  by  the  other;  fince,  according  to  the 
third  law  of  motion,  action  and  re-aftion  are  always 
equal  and  contrary  to  each  other;  therefore,  if  be- 
fore the  ftroke  the  bodies  moved  the  fame  way, 
their  joint  momentum  after  the  ftroke  will  be  equal 
to  the  fum  of  their  momentums  before  the  ftroke. 

If  one  of  the  bodies  was  at  reft,  then,  as  its  momen- 
turn  is  equal  to  nothing,  the  joint  momentum  will 
be  equal  to  the  momentum  of  the  other  body  be- 
fore the  meeting.  If  the  bodies  moved  towards 
each  other,  then  their  momentum  after  the  meet- 
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ing  will  be  equal  to  the  difference  of  their  former 
mompntums ; and  if  in  this  cafe  their  momentums 
are  equal,  then  their  difference  vani fires ; hence  the 
bodies  will  remain  motionlefs  after  their  meeting. 

The  laft  part  of  the  proportion  is  likewife  evi- 
dent ; hnce  it  has  already  been  fnewn,  that  in 
equable  motion,  the  velocity  is  equal  to  the  quo- 
tient of  the  momentum  divided  by  the  quantity 
of  matter. 

When  the  weights  and  velocities  of  the  two  bo- 
dies before  their  meeting  are  known,  their  velocity 
after  the  meeting  may  be  determined  by  the  fol- 
lowing general  method. 

Let  A and  B,  in  fig.  4,  5,  6,  and  7,  of  Plate  If. 
which  repreient  the  above  mentioned  cafes,  be  the 
two  bodies ; let  C be  their  common  centre  of  gra- 
vity, and  D the  place  of  their  meeting.  Make  DE 
equal  to  DC;  fo  that  the  point  D may  be  be- 
tween C and  E;  then  DE  will  reprefent  the- ve- 
locity of  the  two  bodies  after  their  meeting  ; for, 
fince  the  bodies  after  the  concurfe  move  together 
conjointly  with  their  common  centre  of  gravity ; 
and  fince  it  has  been  proved  in  the  preceding  pro- 
•pofition,  and  at  N°  II.  of  the  preceding  chapter, 

1 that  the  date  of  the  common  centre  of  gravity  of 
the  two  bodies  is  not  altered  by  their  mutual  action 
upon  each  other;  therefore  the  velocity  of  their 
.common  centre  of  gravity  after  their  meeting,  muft 
.be  equal  to  its  velocity  before  the  meeting  ; viz. 
:de  muf.  be  equal  to  C D,  and  is  the  fame  as  the 

velocity 
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velocity  of  the  two  bodies  after  their  meeting,  be- 
caufe  then  they  move  together  with  their  common 
centre  of  gravity. 

Of  the  above  mentioned  figures,  it  may  be  eafiljr 
perceived,  that  the  4th  lliews  when  both  the  bo- 
dies move  the  fame  way  ; the  5th  reprefents  the 
cafe  in  which  B is  at  reft  before  tire  Broke,  and  of 
courle  the  two  points  B and  D coincide  ; the  6th 
fhews  when  the  two  bodies  move  towards  eacli 
other;  and  the  7th  fhews  when  the  two  bodies 
move  towards  each  other  with  equal  momentums, 
in  which  cafe,  after  their  meeting,  they  will  remain 
at  reft.  The  refpeftive  velocities  of  thofe  two 
bodies  are  reprefented  in  all  the  four  figures,  by 
AD  and  BD  ; for  they  run  over  thofe  diftanccs 
in  the  fame  time  ; and  A B is  the  difference  of 
thofe  velocities.  Alfo  their  refpetftive  momentums 
are  reprefented  by  the  produft  of  the  weight  of  A 
multiplied  by  A D,  and  the  produft  of  the  weight 
of  B multiplied  by  B D.  The  momentum  of 
both  the  bodies  together  after  their  meeting,  is  re- 
prefented by  the  prod uft  to  their  joint  weight  mul- 
tiplied by  D E ( 1 ). 

Since 

" • 

(l)  The  following  is  an  example  of  the  numerical 
computation  of  the  Rift  cafe,  fig.  4,  which  will  be  fufft- 
cient  to  indicate  the  manner  of  calculating  the  other 
cafes. 

Let  A weigh  10  pounds,  and  move  at  the  rate  of  4.  feet 
per  minute. 


Let 
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Since  when  one  of  the  bodies  is  at  reft,  the  ve- 
locity after  the  meeting  is  equal  to  the  quotient  of 
the  velocity  of  the  moving  body,  divided  by  the 
fum  of  the  quantities  of  matter  of  both  the  bodies ; 
it  follows  that  the  larger  the  body  at  reft  is,  the 
fmaller  will  the  velocity  be  after  the  meeting.  For 


Let  B weigh  6 pounds,  and  move  at  the  rate  of  2 feet 
per  minute. 

And  Jet  the  diftance  AB  be  32  feet. 

The  centre  of  gravity  is  found  by  faying  16  : 32  : : 10  : 

BC  = 20  feet  j hence  AC  = 12 feet.  .(See 


page  75.) 

Put  BD  = .v,  and  AD  will  be  equal  to  32 + Then  the 
time  employed  by  A in  moving  from  A to  D,  is  equal  to 
the  quotient  of  the  fpace  32  + *•,  divided  by  its  velocity; 


. . . 32  + .V 

viz.  it  is  — — — 


4 

ing  from  B to  D, 


And  the  time  employed  by  B in  mov- 
is  equal  to  the  quotient  of  the  fpace  x, 


X 

divided  by  the  velocity  of  B ; viz.  it  is  But  fince  the 

2 

bodies  meet  at  D,  thofe  times  mull;  be  equal  ; that  is, 

o 2 — J-  x X 

-•  ■ - - rr  — ; hence  64  4 2\  ~\x  ; and  at  = 32  = BD. 

Then  DE  = DB  + BC:=  32  + 20  = 52  feet;  that  is,  af- 
ter the  meeting,  the  two  bodies  will  move  from  D to  it ; 
(viz.  over  52  feet)  in  as  much  time  as  each  of  them  employ- 
ed in  going  to  D ; that  i?,  16  minutes.  Therefore,  to  find 
’how  many  feet  per  minute  the  bodies  will  run  over  after 
the  meeting,  divide  52  by  16,  and  the  quotient  3 2 
fhews  that  they  will  move  at  the  rate  of  3 \ feet  per 
tminute. 

VOL.  I. 


H 


inftance, 
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inftance,  ii  the  moving  body  A weigh  one  pound, 
and  move  at  the  rate  of  one  foot  per  minute,  whilft 
the  body  B at  reft  weigh  one  pound  alfo,  the  ve- 
locity after  the  concurfe  will  be  half  a foot  per 
minute  ; half  a foot  being  the  quotient  of  one  foot, 
divided  by  the  fum  of  their  quantities  of  matter; 
viz.  i pounds.  It  c ceteris  paribus  B weigh  io 
pounds,  then  the  velocity  after  the  concurfe  will 
be  the  1 ith  part  of  a foot  per  minute.  If  B weigh 
iooooo  pounds,  then  the  velocity  after  the  con- 
curfe will  be  the  iooooith  part  of  a foot  per 
minute ; and  in  fhort,  when  B is  infinitely  bigger 
than  A,  the  velocity  after  the  concurfe  will  be  in- 
finitely final!,  which  is  the  fame  thing  as  to  fay, 
that  in  that  cafe,  after  the  Broke,  the  bodies  will 
remain  at  reft.  And  fuch  is  the  cafe  when  a 
non-elaftic  body  ftrikes  againft  an  immoveable  ob- 
ftacle. 

III.  If  a body  in  motion  ftrikes  dir e Elly  againf  an- 
other body , the  magnitude  of  the  firoke  is  proportional 
to  the  momentum  loft , at  the  concurfe , by  the  more  power - 
fill  body. 

According  to  the  third  law  of  motion,  attion  and 
re -action  are  equal  and  contrary  to  each  other  ; 
therefore  whatever  momentum  is  loft  by  one  of  the 
bodies,  is  acquired  by  the  other.  Or  the  magni- 
tude of  this  acquired  momentum  (which  is  the 
effect  of  the  Broke)  is  as  the  momentum  loft  by 
the  more  powerful  body ; it  being  by  the  quantity 

of 
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of  the  effect  that  we  meafure  the  quantity  of  the 
action. 

IV.  When  a given  body  fir  ikes  dircBly  againji 
another  given  body , if  the  latter  be  at  reft , the  quantity 
of  the  ft  yoke  is  proportional  to  the  velocity  of  the  former 
body. — If  the  fecond  body  be  moving  in  the  fame  direc- 
tion with  the  fir  ft,  but  at  a flower  rate , the  magnitude 
of  theftroke  will  be  the  fame  as  if  the  fecond  body  flood 
fill,  and  the  ft  ft  impinged  upon  it  with  a velocity  equal 
to  the  difference  of  their  velocities. — And  laftly,  if  the 
bodies  move  dire  Illy  towards  each  other,  the  magnitude 
of  the  Jl roke  is  the  fame  as  if  one  of  the  bodies  flood  at 
reft , and  the  other  Jlruck  it  with  the  fum  of  their  velo- 
cities. 

The  momentum  of  a given  body  is  proportionate 
to  its  velocity  ■,  for  with  a double  velocity  the  mo- 
mentum is  double,  with  a treble  velocity  the  mo- 
mentum is  treble,  and  to  on  ; therefore,  as  long  as 
the  body  remains  the  fame,  the  magnitude  of  the 
ftroke,  being  proportional  to  the  momentum,  muff 
likewife  be  proportional  to  the  velocity.  And  when 
one  of  the  bodies  is  at  reft,  the  magnitude  of  the 
ftroke  is  evidently  proportional  to  the  velocity  of 
the  moving  body. 

V.  It  follozvs  from  the  foregoing  theory,  that  the 
mutual  actions  of  bodies,  which  are  inclofed  in  a certain 
[pace,  are  exactly  the  fame,  whether  that  fpace  be  at 
reft  or  move  on  uniformly  and  direBly. 

For  if  the  motion  of  the  fpace  adds  to  the  velo- 
city of  thofe  bodies  within  it,  which  move  the  lame 

way. 
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way,  it  takes  away  an  equal  portion  of  velocity  from 
thofe  bodies  within  it  which  move  the  contrary 
way ; thus,  all  the  motions  of  the  bodies  in  a fhip 
are  performed  in  the  fame  manner,  and  the  fame 
effects  are  produced  on  each  other,  whether  the 
ill  ip  be  at  reft  or  move  uniformly  forwards. 

The  attentive  reader  muft  have  perceived,  that 
in  the  explanation  of  the  preceding  cafes  the  dif- 
tances  have  been  reckoned  from  the  centres  of  the 
bodies ; whereas  it  is  evident  that  the  thicknefies 
of  the  bodies  muft  be  deducted  from  thofe  dis- 
tances ; for  the  bodies  do  not  ftrike  againft  each 
other  with  their  centres,  but  with  their  furfqces. 
It  muft  be  obferved,  however,  that  when  the  dis- 
tances are  very  great,  and  the  bodies  proportionate- 
ly very  fmall,  it  is  immaterial  whether  the  diftances 
be  reckoned  from  the  centres  or  from  the  furfaces 
of  the  bodies.  But  if  great  accuracy  be  wanted,  the 
thicknefs  of  the  bodies  may  be  eafily  allowed  for  in 
the  computation. 

A fimilar  obfervation  may  be  made  with  refpedt 
to  the  fhapes  of  the  bodies ; viz.  that  they  have 
been  reprefented  as  being  globular,  for  the  pur- 
pole  of  rendering  the  explanation  fhort  and  per- 
ipicuous. 

Having  hitherto  treated  of  unelaftic  bodies, 
that  is,  of  fuch  bodies  as  are  either  perfedtly  hard 
or  perfectly  foft,  it  is  now  neceflary  to  ftate  the 
rules  of  congrefs  which  take  place  with  elaftic 
bodies. 


At 
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At  the  commencement  of  the  prefent  chapter, 
elafticity  has  been  faid  to  be  that  property  by 
which  bodies  yield  or  fuffer  their  figure  to  be  al- 
tered by  the  preflure  of  other  bodies ; but  which, 
on  the  removal  of  the  preflure,  recover  their  original 
figure  of' their  own  accord. 

This  recovery  of  the  figure  is  performed  with 
greater  or  lets  quicknefs,  and  with  more  or  lefs  ex- 
aftnefs,  in  different  bodies ; which  differences  con- 
ftitute  the  various  degrees  of  elafticity.  And  thole 
bodies,  which  recover  their  figure  completely,  and 
as  quickly  as  they  loft  it,  are  laid  to  be  perfeftiy 
elajiic. 

Though  we  are  acquainted  with  the  effedls  and 
the  laws  of  elafticity,  in  a manner  fufficient  to  ren- 
der that  property  fublervient  to  our  purpofes,  yet 
the  caufe  of  that  property  is  by  no  means  under- 
ftood  ; nor  has  any  hypothesis  been  offered  in  expla- 
nation of  it,  which  may  be  laid  to  be  fufficiently 
plaullble. 

Let  a firing,  A B,  fig.  8.  Plate  II.  be  ftretched 
between,  and  be  firmly  faftened  on,  two  immove- 
able fupports  at  A and  B ; and  if,  by  applying  a 
finger  at  C,  this  firing  be  pulled  towards  D,  the 
firing  will  be  found  to  refill  that  effort  with  a force 
greater  and  greater,  the  farther  it  is  pulled  from  its 
original  Straight  fituation.  When  difengaged  from 
the  linger,  the  firing  will  not  only  return  to  its  ori- 
ginal ftraight  fituation,  but  it  will  go  beyond  it  ; 
viz.  towards  E,  and  nearly  as  far  from  the  ftraight 
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fituation  ACB,  as  AD  Bis  from  it,  after  which  it 
will  again  bend  itfelf  towards  D,  and  fo  on,  vibrat- 
ing backwards  and  forwards,  but  deviating  conti- 
nually lefs  and  lcls  from  the  ftraight  fituation,  until 
at  laid  it  remains  at  reft  in  its  original  fituation 
A C B. 

Now  when  the  firing  is  firft  difengaged  from  the 
finger,  its  elaftic  force  draws  the  part  D towards  C ; 
but  this  force  decreafes  in  proportion  as  the  part  D 
comes  nearer  to  C,  and  when  the  part  D is  arrived 
at  C,  that  is,  when  the  firing  is  in  its  ftraight  fitua- 
tion, the  above-mentioned  force  is  infinitely  little 
or  is  equal  to  nothing ; but  by  that  time  the  parr 
D,  having  been  impelled  by  a continual  though 
decreafing  force,  will  have  acquired  a momentum 
which  carries  it  towards  E;  viz.  beyond  the  ftraight 
fituation ; but  as  foon  as  the  firing  goes  beyond  C, 
the  elaftic  force  begins  to  act  again  in  a direction 
contrary  to  that  of  the  momentum.  This  action 
becomes  ftronger  and  ftronger  the  farther  the  mid- 
dle part  of  the  firing  goes  from  the  ftraight  direc- 
tion, and  of  courfe  it  gradually  diminifhes  the 
above-mentioned  momentum,  until  at  laft  the  mo- 
mentum being  entirely  fpent,  the  firing  begins 
again  to  move  towards  C,  in  virtue  of  the  elaftic 
force,  and  fo  on. 

The  extent  of  the  vibrations  becomes  continu- 
ally fhorterand  fhorter,  on  account  of  the  reliftance 
of  the  air,  and  of  the  want  of  perfedl  pliability,  or 
of  perfedt  clafticity,  in  the  parts  of  the  firing; 

which 
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which  two  caufcs  continually  tend  to  diminifh  the 
momentum,  &c. 

It'  the  firing  be  moved  out  of  its  flraight  direc- 
tion, not  by  the  application  of  a finger,  but  by  a 
body  E,  fig.  9.  Plate  II.  falling  upon  it  at  C from 
the  height  H,  it  will  be  readily  underflood  that 
the  momentum  of  the  body  will  eafily  impel  the 
firing  towards  D ; but  the  re-a&ion  of  the  firing 
on  the  body  will  gradually  diminifh  the  momentum 
of  the  latter,  and  the  farther  the  firing  is  carried 
from  the  flraight  fituation,  the  flronger  will  its  re- 
action be,  until  at  lal't  the  body,  having  loft 
all  its  momentum,  will  be  carried  back  again 
towards  C by  the  elaftic  force  of  the  firing ; and. 
in  its  way  back,  the  conftant  though  decreafing  ac- 
tion of  this  elafticity  from  D to  C,  will  give  it  a 
momentum  which  will  carry  it  up  towards  H ; 
and  the  body  would  afeend  precifely  up  to  H,  were 
it  not  for  the  above-mentioned  caufes  of  obftruc- 

4 

tion  ; viz.  the  refiftance  of  the  air,  &c. 

It  isalmoft  fuperfluous  to  obferve  that  the  great- 
er the  height  is  from  which  the  body  E falls  upon 
the  firing,  the  farther  will  the  firing  be  removed  from 
its  flraight  fituation,  and  of  courfe  the  flronger  will 
its  re-aClion  be. 

This  explanation  of  the  elafticity  of  the  firing 
may  be  applied  to  all  forts  of  elaftic  bodies;  for  the 
furface  of  every  one  of  them  will  be  bent  more  or 
Ids  by  any  ftroke  or  preflure,  and  will  afterwards 
recover  its  original  form  by  re-afiling  the  contrary 
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way  with  a force,  which,  in  perfectly  elaftic  bodies, 
equal  to  the  p re  flu  re  or  ftroke  received. 

If  inftead  of  the  firing,  whofe  ends  are  immovc- 
nole,  &c.  we  imagine  that  two  equal  bodies  like  A 
and  B,  fig.  io.  Plate  II.  being  impelled  by  equal  and 
contrary  forces,  diredly  fir  ike  again  ft  each  other  at 
C,  it  is  evident  that  the  contiguous  furfaces  of  both 
will  be  bent  inwardly,  and  that  the  elaftic  force  of 
A will  drive  the  body  B back  from  C towards  B, 
(as  the  firing  did  in  the  preceding  cafe)  at  the 
lame  time  that  the  elaftic  force  of  the  body  B will 
impel  A back  with  equal  force  from  C towards  A, 
fo  that  in  this  cafe  the  bodies  after  the  ftroke  will 
recede  from  each  other ; whereas  had  thev  been  non- 

j 

elaftic,  they  would  have  remained  ftationary  at  the 
place  of  their  congrefs  C, 

We  muft  now  determine  the  effects  produced 
after  the  congrefs  of  bodies  that  are  peifeftly  elaftic  ; 
from  which  the  laws  of  congrefs  amongft  thole  that 
are  imfterfeElly  elaftic  may  afterwards  be  ealily  de- 
duced. 

VI.  When  two  bodies  that  are  perfectly  elaftic  ftr ike 
dheElly  on  each  other , their  relative  velocity  (by 
which  is  meant  the  excels  whereby  the  velocity  of 
the  fwifter  body  exceeds  that  of  the  flower)  will  be 
the  fame  before  and  after  the Jlroke ; viz.  they  will  recede 
from  each  other  with  the  fame  velocity  with  which 
they  approached  before  the  Jtroke. 

It  has  been  flievvn  above,  that  when  two  given 
bodies  ftrike  on  one  another,  the  magnitude  of  the 

ftroke 
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ftroke  is  proportional  to  their  refpeftive  velocities. 
By  the  definition,  a perfectly  elaftic  body  has  been 
laid  to  be  that  which  recovers  its  figure  with  the 
fame  force  with  which  it  loll  it.  Therefore  in  per- 
feftly elaftic  bodies  the  reftoring  force  is  equal  to 
the  comprefling  force : fo  that  if  the  momentums 
of  the  bodies  produced  a certain  compreflion,  the 
elaftic  force  muft  re-aft  on  the  bodies  with  the  like 
force ; hence  the  bodies  will  be  forced  to  recede 
from  each  other  with  the  fame  velocity  wherewith 
they  approached  each  other. 

It  is  a natural  confequence  of  this  demonftra- 
tion,  that  in  equal  times  taken  before  and  after  the 
ftroke , the  diftances  of  the  bodies  from  one  another  ivill 
be  equal , and  therefore  in  equal  tunes  their  diflances 
from  their  common  centre  of  gravity  will  likezvife  be 
equal. 

Thus  much  being  premifed,  the  laws  of  congrefs 
in  bodies  that  are  perfeftly  elaftic  may  be  eafily  de- 
termined. But  in  order  to  comprehend  the  lolu- 
tion  of  the  following  cafes,  the  reader  fhould  recol- 
left  and  keep  in  view  the  following  particulars, 
which  have  all  been  fufficiently  proved  in  the 
preceding  pages ; viz.  ift,  that  the  diftances  of  two 
bodies  from  their  common  centre  of  gravity  aie  in- 
verfely  as  their  weights  : 2. d 1 y , that  the  ftate  of  reft 
or  of  uniform  motion  of  the  centre  of  gravity  of 
bodies  is  not  altered  by  the  mutual  aftion  of  thole 
bodies  on  each  other:  3 d l\r,  that  in  bodies  that  are 
perfeftly  elaftic,  the  reftoring  is  equal  to  the  com- 
prefling 
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pi  effing  force:  qthly  and  laftly,  that  the  diftanccs 
of  the  bodies  from  each  other,  and  from  their  com- 
mon centre  of  gravity,  are  equal  in  equal  times 
taken  before  and  after  the  ftroke. 

Now  let  A and  B,  fig.  10.  Plate  II.  be  two  equal 
bodies  perfectly  elaftic ; C is  their  common  centre 
ol  gravity,  which,  fince  the  bodies  are  equal,  (lands 
miuway  between  them.  Let  both  the  bodies  be 
impelled  with  equal  force,  diredly  towards  each 
ether,  in  confequence  of  which  they  will  move  in 
a certain  time  (for  inflance,  a minute)  from 
tneir  reipeeftive  places  to  C,  where  they  meet. 
Auer  the  impulfe  their  elaflicity  will  impel  each 
body  back  towards  its  original  place,  fo  that  at  the 
end  of  one  minute  from  the  time  of  their  meeting 

O 

ihey  will  be  found  precifely  where  they  were  a mi- 
nute before  their  meeting,  viz.  at  A and  B. 

Let  A and  B,  fig.  1 1.  Plate  II.  be  two  equal  and 
perfectly  elaflic  bodies,  as  in  the  laft  cafe,  and  let 
one  of  them,  tor  initance  B,  be  at  reft,  whilfl  the 
other  body  A moves  towards  it,  fo  as  to  reach  it  in 
one  minute’s  time.  Here  AB  reprefents  the 
velocity  of  it,  and  C B reprefents  the  velocity 
of  the  centre  of  gravity  C;  for  in  the  lame  time 
that  A comes  from  the  place  A to  the  place  B, 

C mud  come  from  C to  B,  therefore  at  the  end  of  • 
one  minute  after  the  ftroke  the  centre  of  gravity 
mu  ft  be  at  F,  viz.  as  far  from  B as  its  original  fitu- 
ation  C was  from  the  place  B a minute  before  the 
ftroke ; but  a minute  after  the  ftroke  the  body  A 

muft 
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mull  be  as  far  from  the  centre  of  gravity,  viz.  from 
F,  as  it  flood  a minute  before  the  flroke ; therefore  it 
mud  Hand  at  B.  Now  as  the  fame  rcafoning  may 
be  applied  to  any  other  equal  times  taken  before  and 
after  the  flroke,  fuch  as  half  a minute  before  and 
half  a minute  after,  &c.  therefore  in  this  cale  the 
body  A after  the  flroke  will  remain  flat  ionary  at  B, 
and  the  body  B will  move  on  with  the  velocity  that 
the  body  A had  before  the  flroke. 

Having  thus  explained  two  of  the  fimplefl  cafes 
of  congrefs  in  a feparate  manner  tor  the  fake  of  per- 
fpicuity,  I fhall  now  give  one  general  rule  for  the 
folution  of  all  the  other  cafes,  which  are  delineated 
in  Plate  II.  from  fig.  the  12th  to  fig.  the  20th  in- 
clufively,  in  which  figures  A and  B reprefent  the 
two  bodies  ; C is  their  common  centre  of  gravity  ; 
D the  place  at  which  they  meet.  A D exprefles  the 
velocity  of  A ; B D the  velocity  of  B 5 and  C D 
that  of  the  centre  of  gravity. — Then  the  rule  forde- 
terminino;  the  velocities  after  the  flroke  is  as  follows : 

Take  a point  E in  the  line  A B,  produced  if  ne- 
ceffary,  fo  that  the  diflance  C E be  equal  to  C D ; 
then  after  the  flroke  the  right  line  E A will  exprefs 
the  velocity  of  the  body  A from  E towards  A,  and 
the  right  line  EB  will  exprefs  the  velocity  of  B 
from  E towards  B. 

In  any  one  of  thofe  cafes  the  centre  of  gravity 
C muff  move  from  C to  D,  and  after  the  flroke, 
from  D forwards  to  a diflance  D F equal  to  D C in 

a portion 
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a portion  of  time  equal  to  that  in  which  A and  B 
employ  for  coming  from  the  places  A and  B to  D. 

Make  Fa  equal  to  C A ; and  fince  in  equal  times, 
taken  before  and  after  the  Broke,  the  diftances  of 
the  bodies  from  the  common  centre  of  gravity  are 
equal,  therefore  when  the  centre  of  gravity  is  at  F 
the  body  A will  be  at  a ; fo  that  after  the  Broke  it 
will  move  from  D towards  a , and  Da,  which  it  has 
palled  over  in  that  time,  will  reprelent  its  velocity. 
But  becaufe  C E is  equal  C D,  or  to  F D,  and  C A, 
is  equal  to  Fa,  the  difference  of  the  right  lines  C E> 
C A will  be  equal  to  the  difference  of  the  right  lines 
FD,  Fa  viz.  EA  will  be  equal  to  Da.  But  Da  repre- 
fents  the  velocity  of  the  body  A after  the  impulfe, 
therefore  its  velocity  will  alfo  be  reprefented  by  EA. 
And  fince  the  relative  velocity  of  the  bodies  before 
and  after  the  Broke  is  the  fame,  and  EA  reprefents 
the  velocity  of  the  moving  body  A ; therefore  the 
velocity  of  the  body  B,  moving  from  E towards  B, 
is  of  courfe  reprefented  by  the  right  line  EB. 

For  the  better  illuftration  of  this  theory,  I fhall 
briefly  mention  the  meaning  of  the  figures  which 
exhibit  the  various  cafes  of  the  congrefs  of  bodies 
that  are  perfectly  elaftic,  to  every  one  of  which  the 
preceding  explanation  is  equally  applicable. 

Fig.  12.  is  the  cafe  when  B is  larger  than  A, 
(which  is  indicated  by  C,  the  fituation  of  the  centre 
of  gravity)  B is  at  reft,  and  A ftrikes  againft  it. 
In  this -cafe,  after  the  ftroke,  both  the  bodies  will  re- 
cede 
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rede  from  the  point  D,  with  the  velocities  EA 
and  E B. 

Ficr.  13.  fhews  when  A is  larger  and  runs  againft 
Bat  reft ; in  which  cafe,  after  the  ftroke,  both  bodies 
will  move  towards  F. 

Fig.  1 4.  is  the  cafe  when  A is  larger  than  B, 
.both  bodies  are  in  motion  the  fame  way,  and  meet 
iat  D,  &c. 

Fig.  15.  the  fame  as  the  preceding,  excepting 
that  A is  lets  than  B. 

In  fig.  1 6.  A and  B meet  at  D,  where  A remains 
;at  reft. 

In  fig.  17.  after  the  ftroke  the  equal  bodies 
A and  B recede  with  interchanged  velocities. 

In  fig.  18.  the  bodies  are  proportional  to  their 
•velocities,  in  which  cafe  the  points  C,  F,  D,  and  E, 
.coincide. 

In  fig.  1 9.  A remains  ftationary  at  the  place  of 
congrefs  D. 

In  fig.  20.  though  the  bodies  A and  B meet  at 
D between  the  places  A and  B,  yet  after  the  ftroke 
both  bodies  will  move  towards  F.  (2) 

After 


(2)  The  method  of  making  the  numerical  computation 
of  thofe  cafes  will  be  Ihewn  by  the  following  example, 
which  is  adapted  to  the  cafe  reprefented  in  fig.  14,  to 
which  the  reader  is  requefted  to  direct  his  eye  ; though  for 
want  of  room  the  parts  of  that  figure  be  not  drawn  in  the 
due  proportion. 
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After  the  explanation  of  the  preceding  cafes,  the 
method  of  determining  the  velocities  after  the 
ftroke,  when  the  bodies  are  not  perfectly  elaftic,  may 
bceafily  underflood. 

Thus 


Let  A and  B he  two  perfectly  elaftic' bodies.  A weighs 
2 pounds,  and  moves  at  the  rate  of  8 feet  per  fecond.  B 
Weighs  one  pound,  and  moves  the  fame  way  at  the  rate  of 
5 feet  per  fecond  ; and  let  the  diftance  A B be  12  feet, 

I.  To  find  the  centre  of  gravity  C,  we  have  A -J- B : 
B ::  AB:  CA,  viz.  3 : 1 : : 12:4;  fo  that  ACzry,  and  CB 


=AB— AC  =8. 

2.  To  find  the  diftance  BD,  putBD  = x;  and  fince 
the  diftances  AD  and  BD  are  run  over  in  the  fame  time, 
the  former  at  the  rate  of  8,  and  the  latter  at  the  rate  of  5 

x x f 1 2 

feet,  per  fecond;  therefore  we  have  --  z=  — ; hence 

8 A*  —5  X + 60  ; and  3 x — ()0  ; or  x — 20  — BD. 

3.  If  the  diftance  BD,  viz.  20,  be  divided  by  the  ve- 
locity of  B,  viz.  5,  the  quotient  4 is  the  number  of  fe- 
conus,  during  which  the  bodies  moved  from  their  refpec- 
tive  places  A and  B,  to  the  place  of  their  congrefs  D. 

4.  £C  = CD  = CB  + BD  = 8 + 20  = 28 ; and  EA 
— EC  — AC  =28  — 4 = 24  ; which  being  divided  by 
4 (the  number  of  feconds  found  above)  gives  6 for  the  ve- 
locity of  A after  the  itroke,  in  the  direction  from  E to- 


wards A. 

Alfo  EB  =:  EC  -f-  CB  zr  28  -f  8 — 36  ; which,  being 
divided  by  4 (the  number  of  feconds,  &c.)  gives  9 for 
the  velocity  of  B after  the  ftroke  in  the  diiedtion  from  E 
towards  B.  So  that  after  the  ftroke,  the  bodies  A and  B 
will  both  continue  to  move  the  fame  way,  but  the  former 


Ill 
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Thus  let  A and  B,  fig.  2 1 and  22,  Plate  II.  be  two 
bodies  imperfedly  elaflic  ; C their  common  centre 
of  gravity  ; D the  place  of  their  meeting.  Divide 
AC  in  a,  fo  that  AC  may  be  to  a C,  as  the  force 
compreffing  the  body  A is  to  the  force  whereby  it 
reftores  itfelf.  Alio  divide  BC  in  b ; lb  that  BC 
may  be  to  b C as  the  force  compreffing  the  body  B 
is  to  the  force  whereby  it  reftores  itfelf.  Take  C E 
equal  to  CD;  and  laftly  the  right  line  E a will  ex- 
prefs  the  velocity  of  A after  the  ftroke,  in  the  di- 
rection from  E towards  a,  and  the  right  line  E#  will 
exprefs  the  velocity  of  B after  the  ftroke  in  the  di- 
red  ion  from  E towards  D. 

There  being  perhaps  no  body  in  nature  which 
may  be  laid  to  be  perfectly  elaftic,  the  rules  given 
for  determining  the  velocities  of  bodies  that  are 
perfectly  elaftic,  cannot  be  verified  experimentally  ; 
but  the  deviation  of  the  experimental  refult  from 
the  rules  is  proportionate  to  what  the  bodies  want 


at  the  rate  of  6,  and  the  latter  at  the  rate  of  9 feet  per  fe- 
cond. 

In  the  like  manner  may  the  other  cafes  be  calculated.— 
I have  given  this  method  of  adapting  the  calculation  to 
the  figures,  or  of  expreffing  the  parts  of  the  diagrams,  by 
means  of  numbers,  in  preference  to  the  complex  rules 
which  have  been  given  for  this  purpofe  by  certain  learned 
writers,  becaufe  the'  latter  are  feldom  remembered, 
and  are  difficultly  applied  to  the  folution  of  the  various 
cafes  of  impa£t  amongft  bodies  that  are  poflelfed  of  perfeft 
elafticity. 
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of  pcrledl  claflicity  ; and  this  deviation  is  taken  into 
the  account  after  the  manner  mentioned  above. 

The  precife  degree  of  claflicity  of  which  any  par- 
ticular body  is  poflefled,  mufl  be  afcertained  by 
means  of  aftual  experiments  on  the  body  itfelf, 
which  experiments  differ  according  to  the  various 
nature  of  the  bodies. 

When  more  than  two  bodies  move  in  the  fame 
ftraight  line,  the  determination  of  the  velocity  of 
each  body, after  the  various  impacts  with  each  other, 
cannot  be  comprehended  under  any  general  rules, 
the  variety  of  cafes  being  too  great,  and  fometimes 
very  intricate  ; yet  when  any  particular  cafe  pre- 
fents  itfelf,  the  preceding  rules  will  be  found  fuffi- 
cient  lor  the  folution  of  it,  viz.  for  afeertaining  the 
velocities,  &c.  But  in  the  folution  of  fuch  cafes, 
the  operator  mufl  take  care  to  calculate,  in  the  firfl 
place,  the  velocities  of  thofe  two  bodies  which  ap- 
pear from  the  circumftances  of  the  cafe  to  meet 
firfl ; then  to  fubflitute  thole  new  velocities  which 
are  the  real  velocities  of  thofe  two  bodies  after  their 
meeting,  and  with  them  to  calculate  (according  as 
any  one  of  thofe  bodies  is  concerned  with  the  fe- 
cond  flroke)  the  velocities  after  the  lecond  congrefs, 
and  fo  forth. 

Mofl  of  the  foregoing  cafes,  both  of  perfectly 
and  of  imperfectly  elallic  bodies,  might  be  ex- 
prefTed  in  the  form  of  canons , (that  is,  of  particu- 
lar rules)  and  by  Hating  bodies  of  various  weights, 
and  moving  with  various  velocities,  the  numbers 
i of 
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of  thole  canons  might  be  increafed  without  end. 
Tiie  following  three  paragraphs  contain  three  fuch 
canons  by  way  of  examples,  which  the  reader  will 
ealily  perceive  to  be  nothing  more  than  particular 
cafes  exprelied  in  words. 

JJ  hen  two  bodies , perfectly  elaflic  and  equal,  are 
carried  towards  the  Janie  part,  after  the  meeting  (if 
their  velocities  be  fuch  as  to  admit  of  their  fly  iking 
againfl  each  other')  they  zvill  continue  to  move  in  the 
fame  direction  but  zvith  interchanged  velocities.  But  if 
they  be  carried  tozvards  contrary  parts,  then  after  the 
meeting,  they  will  go  back  zvith  interchanged  velocities . 

If  any  number  of  equal  and  perfectly  elaflic  bodies 
lie  at  refit  contiguous  to  each  other  in  the  fame flraight 
line,  and  another  body  equal  to  one  of  them  ft r ike  the 
firft  of  them  in  the  fame  flraight  line  with  any  velo- 
city ; then  after  theftroke  the  finking  body  and  all  the 
reft  will  remain  at  reft,  and  the  laft  body  only  will  move 
on  zvith  the  velocity  of  the  ftriking  body. — In  this 
caie  the  bodies  act  as  if  they  were  feparate  ; viz. 
"hen  A,  fig.  23,  Plate  II.  ftrikes  direftly  againfl  B, 
after  the  ftroke  A will  remain  at  reft,  and  B 
would  move  on  with  the  velocity  that  A had  if  the 
other  equal  body  C flood  not  contiguous ; but  as 
C is  contiguous  to  it,  B communicates  its  velocity 
to  C,  and  remains  itfelf  at  reft ; and  in  the  like 
mannei  C communicates  the  fame  velocity  to  D, 
and  D to  E;  which  laft  body  E will  in  confequence 
of  it  be  forced  to  move  towards  F with  the  velo- 
city that  A had  at  firfl, 

VOL.  l. 
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If  every  thing  remain , as  in  the  preceding  cafe , except - 
rug  that  now  two  bodies  A and  B,  fig.  24,  Plate  II. 
contiguous  to  each  other,  he  impelled  towards  C,  then 
after  the  flroke.  A,  B and  C will  remain  at  reft , and D 
and  E will  move  off  towards  F with  the  velocity  that 
A and  B had  at firft. 


CHAP  T E R VIII. 

OF  COMPOUND  MOTION  ; OF  THE  COMPOSITION 
AND  RESOLUTION  OF  FORCES;  AND  OF  OB- 
LIQUE IMPULSES. 

BY  compound  motion  is  underflood  that  move- 
ment of  bodies  which  arifes  from  more  than 
one  impulfe;  tor  in  lucli  cales  the  velocity  and  the 
direction  of  the  body  put  in  motion,  arile  from 
the  concurrence  of  all  the  impulfes,  and  participate 
of  them  all,  under  certain  determinate  laws,  which 
will  be  fpecified  in  the  following  propofidons. 

I.  When  a body  is  impelled  at  the  fame  time  by  two 
forces  in  different  directions,  the  body  will  move  not  in 
any  one  of  them , but  in  a direction  between  thofe 
two. 

Thus  if  a body  A,  fig.  25,  Plate  II.  be  impelled 
by  two  forces,  viz,  one  which  by  itfelf  would  drive  it 
in  the  direction  AB,  and  another,  which  by  itfelf 

would  drive  it  in  the  direction  AD  ; then  the  body 

* 

A being 
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A being  impelled  by  both  thofe  forces  or  impulfes, 
at  the  fame  time,  will  move  in  a direction  AC, 
between  AD  and  AB ; for  lince,  according  to  the 
lecond  law  of  motion,  the  change  of  motion  is 
always  made  in  the  diredion  of  the  right  line  in 
which  that  force  is  imprelfed,  therefore  the  motion 
of  the  body  along  the  line  AD  is  altered  from  the 
diredion  AD,  to  another  direction  towards  AB, 
by  the  other  impulfe,  which  ads  in  the  direction 
AB.  And  for  the  fame  reafon,  the  motion  of  the 
body  along  the  line  A B is  changed  for  another  di- 
rection towards  A D by  the  impulfe  which  ads  in 
that  diredion.  Therefore  the  motion  ariling  from 
thofe  two  impulfes  muft  have  a diredion  between 
A D and  A B. — But  it  will  be  fhewn  in  the  follow- 
ing propofition,  how  much  this  new  diredion  will 
deviate  from  A D,  and  from  A B. 

II.  When  a body  is  impelled  at  the  fame  time  by  two 
forces  in  different  directions , if  two  lines  be  drawn 
from  the  place  in  which  the  body  receives  the  double 
impulfe , in  the  directions  of  thofe  impulfes ; and  the 
lengths  of  thofe  lines  be  made  proportionate  to  the  im- 
peding forces  alfo  through  the  end  of  each  of  thofe 
lines  a line  be  drawn  parallel  to  the  other , a parallelo- 
gram will  thereby  be  formed-,  and  if  a diagonal  line 
be  drawn  from  the  place  where  the  body  receives  the 
double  impulfe  to  the  oppofite  corner  of  the  parallelo- 
gram, the  length  and  ftuation  of  that  diagonal  will 
reprefent  the  velocity  and  the  direction  of  the  body's 
motion , arfmg  from  the  double  impulfe 

\ 2 


Thus, 
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■1  bus,  luppofe  that  the  body  A,  fig.  e6,  Plate  II. 
be  impelled  in  the  diredion  A D,  by  a force  which 
would  enable  it  to  move  at  the  rate  of  4 feet  per 
fecond;  alio  that  at  .the  fame  time  the  fame  body 
be  impelled  by  another  force  in  the  dircdion  A B, 
which  would  enable  it  to  move  at  the  rate  of  3 feet 
per  fecond.  Make  AD  equal  to  four,  and  AB 
equal  to  three  (for  inltance,  inches;  or  you  may 
ufe  any  other  dimenfion  toreprefent  leet).  Through 
D draw  DC  parallel  to  A B ; and  through  B draw 
B C parallel  to  A D ; by  which  means  the  parallelo- 
gram A B D C will  be  formed.  Laftly,  draw  the 
diagonal  AC,  and  A C is  the  diredion  in  which  the 
body  which  is  impelled  by  the  above-mentioned 
two  impulfes,  will  move.  Alfo  the  length  A C will 
exprefs  the  velocity  of  the  body  ; lo  that  if  AC  be 
found,  either  by  calculation  or  by  meafuring  the 
diagram,  to  be  5 inches  long  (1);  we  conclude 

that 


( 1 ) The  length  and  diredion  of  AC;  viz.  the  angles  it 
makes  with  AD  and  AB,  may  be  eafily  found  by  trigono- 
metry ; it  being  the  folution  of  a plane  triangle,  in  which 
two  fides,  and  the  angle  between  thole  two  Tides,  are 
known. 

The  diredion  of  the  impulfes  being  given,  the  angle 
DAB  is  alfo  known  ; for  it  is  the  angle  which  the  direc- 
tions of  the  two  impulfes  make  with  each  other. 
The  angle  ADC  is  likewife  known,  becaufe  it  is  the 
complunent  of  the  angle  DAB  to  two  right  angles.  The 
lines  AD  and  DC  ( =:  AB)  arc  to  each  other  in  the  pro- 
portion 
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that  the  body  will  move  at  the  rate  of  5 feet  per 
fecond,  fince  in  the  dimenfions  of  A B and  A I), 
inches  were  employed  for  reprefenting  feet. 

That  the  body  thus  impelled  by  the  two  forces 
mud  move  along  theline  A C,  is  eafily  deduced  from 
the  fecond  law  of  motion ; for  fince  the  change  ot 
motion  is  proportionate  to  the  moving  force  im- 
prefled  ; if  from  any  point  c in  the  diagonal 
A C you  draw  two  right  lines,  viz.  d c parallel 
to  A B,  and  b c parallel  A D,  thofe  two  lines 
will  reprefent  the  deviations  of  the  body’s  mo- 
tion from  the  directions  A D and  AB ; iince  by 
law  the  2d,  the  change  of  motion  is  made  in  the  di- 
rection of  the  moving  force  impreffed.  And  thofe 
two  lines  are  proportional  to  the  impelling  forces, 

portion  of  the  two  impulfes,  and  may  be  reprefented  by 
any  dimenfions,  as  inches,  feet,  Sec.  Therefore  in  the 
triangle  ADC  the  (ides  AD,  DC,  and  the  included  angle 
D,  are  known.  Hence  by  trigonometry  we  have  AD  + 

DC  : AD  — DC  : : tangent  : tangent 

2 

^ • whence  we  obtain  half  the  fum  of  the 
2 

angles  at  the  bafe,  viz.  of  the  angles  D t A and 
D A C.  Then  half  the  fum,  plus  half  the  difference, 
is  equal  to  the  greater  of  thofe  angles;  viz.  DCA  ; and 
half  the  fum,  minus  half  the  difference,  is  equal  to  the 
other  angle  DAC,  which  gives  the  direction  of  AC  : thus 
all  the  angles  will  be  known.  Laffly,  fay,  as  the  fine  of 
the  angle  DCA  is  to  the  fine  of  the  angle  ADC,  fo  is 
AD  to  a fourth  proportional,  which  is  equal  to  AC. 
Hence  both  the  direction  and  the  length  of  AC  will  be 
known. 


or 
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or  to  the  lines  A B and  A D,  which  reprefent  thpfe 
forces;  viz.  dc  is  to  be,  as  AB  is  to  AD;becaufe 
(by  Eucl.  p.  24.  B.  vi.)  the  parallelogram  A deb 
is  limilar  to  the  parallelogram  ABDC. 

It  it  be  laid  that  the  body  thus  impelled  will  at 
any  time  be  found  at  any  other  place  0 out  of  the 
diagonal  A C,  draw  om  parallel  to  A D,  and  od 
parallel  to  AB  ; then  om  and  od,  which  reprefent  the 
deviations,  &c.  ought  to  be  proportional  to  the 
forces  which  occaiion  thole  deviations,  viz.  om  ought 
to  bear  the  fame  proportion  to  od  as  AD  does  to 
AB.  But  this  is  not  the  cafe,  becaufe  the  parallelo- 
gram Admo  is  not  fimilar  to  the  parallelogram 
ADBC.  Therefore  the  body,  See.  muft  move 
along  the  diagonal  AC,  and  in  no  other  direction. 

III.  When  a body  is  impelled  at  the  fame  time  by 
three  forces  in  three  different  directions,  the  velocity 
and  the  direction  of  the  body's  motion , which  arifes 
therefrom , muft  be  determined  by  firft  after taining  the 
courfe  which  zvould  be  produced  by  any  two  of  thoft 
forces , according  to  the  preceding  propofttion  ; and  then 
by  finding  the  courfe  loft  found,  and  the  third  force , 
which  will  be  the  courfe  fought. 

Thus  if  a body  A,  fig.  27,  Plate  II.  be  impelled 
by  three  forces ; viz.  with  a force  which  by  itlelf 
would  enable  it  to  move  in  the  direction  A B at  the 
rate  of  four  feet  per  minute ; by  a fccond  force, 
which  by  itfelf  would  enable  it  to  move  in  the  di- 
rection AC  at  the  rate  of  three  feet  per  minute; 
and  lafily,  by  a third  force,  which  by  itfelf  would 
enable  it  to  move  at  the  rate  of  five  feet  per  mi- 
nute 
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nute  in  the  direction  A D.  Make  the  lengths  of 
the  right  lines  proportionate  to  the  forces,  viz.  A B 
four,  AC  three,  and  A D five,  inches,  or  feet,  &c. 
long.  Then  imagine  as  if  the  body  were  impelled 
by  the  firft  and  fecond  forces  only,  and,  by  the  pre- 
ceding proportion,  find  the  compound  motion 
ariiing  therefrom,  viz.  through  B draw  B E paral- 
lel to  A C,  and  draw  C E through  C parallel  to  A B ; 
and  the  diagonal  A E will  reprefent  the  direction 
and  the  velocity  of  the  motion  refulting  from  thofe 
two  forces.  Then  after  the  fame  manner  tind  the 
compound  motion  refulting  from  the  force  repre- 
fented  by  A E,  and  the  third  force  reprefented  by 
AD;  viz.  by  drawing  through  E and  D the  lines 
EF  and  DF,  refpeftively  parallel  to  AD  and  to 
A E,  as  alfo  the  diagonal  A F ; and  this  diagonal 
A F will  reprefent  the  courfe  of  the  body,  viz,  the 
velocity  and  direction  of  its  motion,  ariiing  from 
the  above-mentioned  three  impulfes. 

The  demonftration  of  this  propofition  is  lo  evi- 
dent a confequence  of  the  preceding  propofition, 
that  it  wall  be  needlefs  to  detain  the  reader  with  a 
repetition  of  almolt  entirely  the  fame  words. 

It  appears  likewife,  that  the  like  reafoning  may 
be  extended  to  the  cafe  of  four  or  five,  or  in  Ihort, 
of  any  number  of  impulfes. 

Notwithftanding  the  apparent  multiplicity  and 
intricacy  of  fuch  cafes,  an  obvious  remark  will  fur- 
nilli  a general  rule,  by  means  of  which  the  place 
of  the  body  at  any  time  may  be  eafily  deter- 

1 4 mined 


I 20 


Of  Compound  Motion , hdc. 

mined  in  all  cafes;  viz.  whether  the  impulles 
be  fingle,  or  accelerative  like  the  force  of  gravity, 
01  whether  tome  of  them  be  of  the  former,  and 
others  of  the  latter  fort. 

I he  obfcrvation  which  furnifhes  the  rule  is,  that 
at  the  end  ol  a certain  time  the  body  which  is  im- 
pelled by  two  forces,  will  be  found  precifely  at  the 
place  where  it  would  be  found  if  the  two  forces  aded 
one  after  the  other ; the  time  however  muft  not  be 
doubled.  For  inftance,  in  the  cafe  of  fig.  26,  Plate 
II.  the  body  A is  impelled  by  two  forces,  viz.  one 
in  the  diredion  AD,  which  alone  would  drive  it 
as  far  as  D in  one  fecond,  and  another  force  in 
the  diredion  AB,  which  alone  would  drive  it  to  B 
in  one  fecond.  Now  if  you  imagine  that  thofe  two 
forces  be  applied  one  after  the  other,  viz.  that 
when  the  body  is  at  D,  the  other  force  impels  it  in 
the  diredion  D C parallel  to  A B,  and  as  far  from 
D as  B is  from  A ; then  C is  the  place  where  the 
body  will  be  driven  in  one  fecond  by  the  compound 
adion  of  both  the  forces. 

This  obfervation  is  evidently  applicable  to  the 
cafe  of  four  or  more  impulfes ; and  hence  we  de- 
rive the  following  general  rule  for  finding  the  place 
or  lituation  of  a body  after  a certain  time,  when 
the  body  is  impelled  by  any  given  number  of  given 
forces. 

Rule.  Imagine  as  if  the  body  were  impelled  by  the 
given  fo)  ces,  not  at  once , but  Juccejjively  one  after  the 
other y in  directions  parallel  to  their  original  directions , 

1 and 
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mid  each  in  an  equal  portion  of  time ; and  the  laflfitua- 
tion  is  the  place  where  the  body  will  he  driven  in  the 
like  portions  of  time,  by  the  joint  action  of  all  the  forces 
at  the  fame  time. 

Thus  in  the  cafe  of  fig.  27,  Plate  II.  the  fir  ft 
force  by  itfelf  would  impel  the  body  to  B in  on- 
minute  ; the  fecond  force  would  by  itfelf  impel  it 
from  B to  E in  one  minute  (B  E being  equal  and 
parallel  to  AC);  and  the  third  force  alone  would 
impel  it  from  E to  F in  one  minute  (EF  being 
parallel  and  equal  to  A D) ; therefore  the  joint  ac- 
tion of  all  the  three  forces  will  drive  the  body  from 
A to  F in  one  minute. 

If,  inftead  of  one  minute,  any  other  portion  of 
time  be  made  ule  of,  the  figures  arifing  therefrom 
will  always  be  fimilar,  fo  that  whether  the  figure 
be  larger  or  1 mailer  the  point  F will  always  be  in 
the  riffht  line  AF  ; which  likewife  (hews  that  when 
a body  is  impelled  by  tingle  impulfes  (viz.  Inch  as 
produce  equable  motion)  let  their  number  be 
what  it  may,  the  courfe  of  the  body  between  its 
original  place  A and  the  place  F,  where  it  will  be 
found  at  the  end  of  any  time,  is  always  redilinear; 
hence  the  right  line  A F reprefents,  as  we  have  al- 
ready obferved,  the  direction  and  velocity  of  the 
body’s  motion. 

Sometimes  the  directions  and  the  ftrength  of  the 
impulfes  are  fo  circumftanced  as  to  produce  no  mo- 
tion on  the  body ; in  which  cafe  the  forces  are  laid 
to  be  balanced  in  oppofite  directions;  and  to  thole 

cafes 
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tales  the  above-mentioned  rule  is  equally  appli- 
cable. Thus  if  a body  A,  fig.  28,  Plate  II.  be 
impelled  by  a force  which- in  one  minute’s  time 
would  drive  it  in  the  direction  A B as  far  as  B,  and 
likewife  by  another  force  equal  to  the  former,  which 
by  itfelf  would  drive  it  in  the  direction  A C op- 
pofite  to  the  direction  A B,  to  a place  C,  as  far 
from  A as  B is  from  A ; it  is  evident  that  thofe  two 
equal,  but  oppofite,  impulfes,  aCting  at  the  fame 
time,  will  not  produce  the  leaft  motion  in  the 
body,  for  they  deftroy  each  other. 

Likewile  if  a body  be  impelled  by  three  powers 
in  three  different  directions,  and  the  compound 
courfe  which  would  be  produced  by  two  of  thofe 
forces  be  equal  and  oppofite  to  the  third  force,  the 
body  will  not  be  moved  by  thofe  three  forces. — 
Thus  if  the  body  A,  fig.  29,  Plate  II.  be  impelled 
in  the  direction  A B by  a force  which  in  one  mi. 
nute  would  enable  it  to  go  as  far  as  B ; alio  by  a fe- 
cond  force,  which  in  one  minute  would  enable  it 
to  go  in  the  direction  A C as  far  as  C ; and  laftly, 
by  a third  force,  which  in  one  minute  would  enable 
it  to  move  in  the  direction  AE  as  far  asE.  Find  the 
courfe  of  the  body  which  would  arife  from  the  joint 
aCtion  of  the  two  forces  AB  and  AC,  viz.  by  drawing 
B D parallel  to  A C,  and  C D parallel  to  A B,  and 
joining  A D.  Now  if  thisdiagonal  AD  happens 
to  be  equal  to  AE  and  oppofite  to  it,  that  is,  in  the 
fame  right  line,  then  the  body  A will  not  be  moved 
by  the  joint  aCtion  of  thofe  three  forces  for 

the 
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the  two  forces  A B and  A C arc  equivalent  to  the 
■force  reprefented  by  A D ; but  this  force  A D is 
equal  and  oppofite  to  the  force  A E ; therefore  the 
fum  of  the  two  forces  A B and  A C,  is  likewife 
equal  and  oppofite  to  A E ; hence  the  body  will 
not  be  moved  from  its  original  place  A. 

Since  A B D C is  a parallelogram,  the  line  B D 
is  equal  and  parallel  to  A C,  as  alfo  the  line  D C 
to  AB;  and,  in  cafe  of  an  equilibrium  or  balance 
of  the  three  forces,  A D has  been  (hewn  to  be 
equal  to,  and  in  the  fame  right  line  with,  A E, 
which  is  the  fame  thing  as  to  fay  that  A D is  pa- 
rallel to  A E.  Therefore  we  eitablifh  the  following 
propofition,  which  is  of  great  ufe  in  mechanics. 

IV.  If  a body  be  impelled  by  three  powers , or , 
(which  is  the  fame  thing)  it  be  drawn  by  three  powers, 
in  three  different  directions,  and  thofe  pozvers  balance 
each  other  fo  as  to  leave  the  body  at  rejl  5 then  thofe 
powers  muft  have  the  fame  proportion  to  each  other  as 
have  the  right  lines  (A  B,  B D,  and  A D)  drawn  pa- 
rallel to  their  directions , and  terminated  by  their  mutual 
concourfe.  And  vice  verfa,  if  the  lines  drawn  pa- 
rallel  to  the  directions  of  the  three  forces , and  termi- 
nated by  their  mutual  concourfe , bear  to  each  other  the 
fame  proportion  that  the  forces  bear  to  each  other , then 
the  body  will  remain  at  rejl  (2). 

It 


(2)  By  trigonometry,  the  Tides  of  plane  triangles  are  as 
the  fines  of  their  oppofite  angles.  Therefore  in  the  tri- 
angle 
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It  will  be  hardly  ncceflary  to  obferve,  that  a ba- 
lance ol  forces  may  take  place  amongft  any  number 
of  tuch  forces ; fo  that  a body  may  remain  perfect- 
ly at  reft,  though  aded  upon  by  four  or  five,  or 
any  other  number  of  forces.  In  this  cafe  the  forces 
arc  fometimes  called  prejfures  ; for  in  fad  they  only 
prefs  upon  the  body  without  being  able  to  move  it 
out  of  its  place. 

V.  As  the  joint  a A ion  of  fever  al  impulfes  compel  a 
body  to  perform  a certain  courfe , Jo  whenever  we  ob- 
ferve any  particular  courfe  of  a body,  we  may  imagine  * 
that  courfe  to  be  produced  by  the  joint  action  of  two  or 
more  impulfes  that  are  equivalent  to  that  fingle  im- 
pulfe. 

Thus  finding  that  a body  A,  fig.  26,  Plate  II. 
has  moved  from  A to  C,  we  may  imagine  either 
that  the  body  has  been  impelled  by  a fingle  force 
in  the  diredion  of  A C,  and  proportionate  to  the 
length  of  AC,  or  that  it  has  been  impelled  by  two 
forces  at  once,  viz.  by  one  in  the  diredion  of  A D, 

angle  A B D,  fig.  29,  Plate  II.  A B is  to  B D as  the 
fme  of  the  angle  ADB,  or  D A C,  is  to  the  fine  of  the 
angle  D AB  ; hence  any  two  powers  will  be  to  each  other 
reciprocally  as  the  fines  of  the  angles,  which  the  lines  re- 
prefenting  their  directions,  make  with  the  direction  of  the 
third  power.  Farther,  AD  is  to  A B as  the  fine  of  the 
angle  AB  D is  to  the  fine  of  B DA,  or  D A C ; and  in 
like  manner  the  power  aCting  according  to  A E is  to  the 
power  aCting  according  to  AC,  as  the  fine  of  the  angle 
A C D is  to  the  fine  of  the  angle  ADC,  or  B A D. 
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and  proportionate  to  the  length  of  AD;  and  by 
another  force  in  the  direction  of  AB  or  DC,  and 
proportionate  to  A B or  DC.  Therefore,  if  two 
fidesof  any  triangle  (as  A D and  D C)  reprefent  both 
the  quantities  and  the  directions  of  two  forces  a Bing 
from  a given  point,  then  the  third  fide  (as  A C)  of  the 
triangle  will  reprefent  both  the  quantity  and  the  direc- 
tion of  a third  force,  which,  atting from  the  fame  point,  /,  r 
will  be  equivalent  to  the  other  two , and  vice  verla. 

Thus  alfo  in  fig.  27,  Plate  IT.  finding  that  the 
body  A has  moved  along  the  line  A F from  A to  F 
in  a certain  time;  we  may  imagine,  ift,  that  the 
body  has  been  impelled  by  a tingle  force  in  the  di- 
rection and  quantity  reprefented  by  A F ; or  2dly, 
that  it  has  been  impelled  by  two  forces,  viz.  the 
one  reprefented  by  A D,  and  the  other  reprefented 
by  A E ; or  thirdly,  that  it  has  been  impelled  by 
three  forces,  viz.  thofe  reprefented  by  A D,  A B, 
and  A C ; or  laftly,  that  it  has  been  impelled  by 
any  other  number  of  forces  in  any  directions ; pro- 
vided all  thofe  forces  be  equivalent  to  the  fingle 
force  which  is  reprefented  by  A F. 

This  fuppofition  of  a body  having  been  impelled 
by  two  or  more  forces  to  perform  a certain  courfe  ; 
or,  on  the  contrary,  the  fuppofition  that  a body 
has  been  impelled  by  a fingle  force,  when  the  body 
is  actually  known  to  have  been  impelled  by  feveral 
forces,  which  are,  however,  equivalent  to  that  fingle 
force  ; has  been  called  the  compofition,  and  refolution 
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of  forces ; and  is  of  great  ufe  in  mechanics,  as  writ 
be  ihevvn  in  the  fequeJ. 

In  the  preceding  pages  we  have  laid  down  the 
laws  relative  to  the  congrefs,  or  impaft,  of  bodies, 
when  the  bodies  Strike  in  a direction  perpendicular 
to  each  other,  it  is  now  neceffary  to  examine  thofe 
cafes  in  which  the  bodies  Strike  in  an  oblique  direc- 
tion, the  effects  of  which  could  not  have  been  con- 
veniently explained  previously  to  the  doctrine  of 
the  composition  and  refolution  of  forces,  Since  it 
depends  principally  on  that  doctrine. 

It  has  been  lhewn,  that  if  a body  A,  ficr.  26, 
Plate  II.  be  Shuck  by  two  powers  at  the  fame  time, 
viz.  by  one  in  the  direction  from  A towards  B,  and 
by  the  other  in  the  direction  from  A towards  D; 
the  body  will  thereby  be  forced  to  deferibe  the  dia- 
gonal A C.  Now  let  tins  motion  be  reverted,  viz. 
imagine  that  the  two  powers  or  bodies  K and  L, 
are  at  reft,  and  that  the  body  A,  advancing  from 
C,  along  the  line  C A,  Strikes  againft  thofe  two 
bodies  at  the  fame  time  ; the  confequence  will  be, 
that  both  the  bodies  will  be  moved  from  their 
places,  Si  nee  they  are  both  Struck  that  the  im- 
pulfe  will  be  divided  amongit  them  in  the  propor- 
tion of  the  line  A B,  which  is  perpendicular  to  the 
body  K ; to  the  line  A D,  which  is  perpendicular 
to  the  body  L ; and  laStly,  that  the  body  L will  be 
impelled  towards  Q,  whilft  the  body  K is  impelled 
towards  P. 


It 
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It  is  evident  that  the  force  of  the  impulfe  mud 
be  divided  amongft  the  two  bodies ; fo  that  the 
greater  is  the  quantity  of  it  which  is  communicated 
to  the  one,  the  fmaller  muft  be  the  quantity  of  it 
which  is  communicated  to  the  other ; alio  each  of 
thofe  quantities  muft  be  lefs  than  the  whole  origi- 
nal force  of  the  body  A ; otherwife  there  would  be 
an  accumulation  of  force  without  any  adequate 
caufe,  which  is  not  poflible. 

The  force  is  not  only  divided  amongft  the  two 
bodies  K and  L,  but  it  is  divided  in  the  proportion 
of  the  lines  BA  to  DA,  which  is  eafily  proved 
thus : Since  any  force  may  be  refolved  into  two  or 
more  forces,  therefore  if  we  divide  the  force  repre- 
fented  by  the  line  A C into  two  forces,  luch  as  that 
one  of  them  cannot  poftibly  act  upon  the  body  K, 
vvhilft  the  other  acts  directly  againft  it,  we  fhall  by 
that  means  determine  the  queftion.  Draw  A D 
parallel  to  the  furface  of  the  body  K at  the  point 
of  congrefs ; from  C drop  C D perpendicular  to 
A D,  and  through  the  point  of  congrefs  draw  A B 
parallel  to  D C,  which  A B being  perpendicular  to 
A D,  muft  likewife  be  perpendicular  to  the  body 
K at  the  point  of  congrefs.  Thus  the  torce  A C 
is  refolved  into  the  two  forces  A D and  D C,  or 
A B ; the  former  of  which  cannot  have  any  action 
upon  the  body  K,  whilft  the  latter  ads  entirely 
upon  it.  For  inftance,  imagine  that  inftead  of  a 
body  moving  from  C towards  A,  two  bodies  move 
towards  that  point,  viz.  one  in  the  diredion  D A 
and  the  other  in  the  diredion  BA,  and  it  is  evident 

that 


128  Of  Compound  Motion , &c. 

that  of  thofe  two  powers,  the  one  in  the  direction 
ii  A will  aft  entirely  and  direftly  upon  the  body 
K,  vvhilft  the  other  in  the  direftion  DA  pafi'cs  by 
it,  and  of  courle  cannot  affeft  it. 

By  the  like  reafoning  it  is  proved,  that  when  the 
force  reprefented  by  CA  is  refolved  into  two  other 
forces,  viz.  A B,  which  is  parallel  to  the  furface  of 
the  body  L at  the  point  of  congrefs,  and  BC,  or 
its  equal  A D,  which  is  perpendicular  to  it, the  latter 
only  will  aft  upon  the  body  L;  therefore  the  force 
which  afts  upon  the  body  K is  reprefented  by  A B, 
or  its  equal  DC;  and  the  force  which  afts  upon  the 
body  L is  reprefented  by  the  line  A D,  or  its  equal 
BC;  and  thofe  two  forces  are  equivalent  to  the 
force  A C. 

The  inclination  of  the  direftion  of  the  Broke 
to  the  body  K,  or  to  the  line  A D,  which  is  paral- 
lel to  the  furface  of  it  at  the  point  ol  congrefs,  is 
reprefented  by  the  angle  D AC  ; and  the  inclina- 
tion of  the  Broke  to  the  body  L,  or  to  the  line 
A B,  is  reprefented  by  the  angle  CAB.  Now'  (by 
trigonometry)  when  A C is  made  radius,  D C,  or  its 
equal  AB,  becomes  the  tine  of  the  angle  of  incli- 
nation D AC;  and  B C,  or  its  equal  AD,  be- 
comes the  fine  of  the  angle  of  inclination  BAG; 
there! ore  the  effect  of  the  oblique  force  C A,  is  to  the 
eft  eel  that  would  be  produced  by  the  fame  force  com- 
ing in  a perpendicular  direftion , as  the  fine  of  the  angle 
of  inclination  is  to  radius ; which  is  a general  and 
ufeful  law  in  the  computation  of  oblique  im- 
jnilies. 


In 
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In  the  pretent  inftance  the  proportion  of  the  ob- 
lique force  C A to  move  the  body  K,  is  to  that  of 
the  fame  force  coming  in  a perpendicular  direction, 
as  the  fine  D C is  to  radius  AC  ; and  for  the  body 
L it  is  as  the  fine  B C to  radius  A C. 

If  in  the  above-mentioned  cafe  wc  imagine  that 
one  of  the  bodies  be  removed,  whilft  the  other  is 
fixed j vve  fhall  then  form  the  cafe  reprefented  by 
fig.  1.  Plate  III.  in  which  the  body  A,  moving  in 
the  direction  AC,  ftrikes  obliquely  at  Con  the 
firm  obftacle  B F ; where  it  is  plain  that  the  mag- 
nitude of  the  oblique  Broke  is  to  the  magnitude  of 
the  lame  ftroke  if  it  had  come  in  a direction  per- 
pendicular to  the  obftacle,  as  the  fine  of  inclina- 
tion, or  of  incidence,  (viz.  as  the  perpendicular  A Bj 
is  to  the  radius  A C. 

If  a body  perfectly  elajlic  as  A,  fig.  1.  Plate  l II. 
Jlrihe  obliquely  at  C on  the  firm  cbfiacle  B F,  then  after 
the  Jlroke  this  body  zviil  be  refiefted from  that  cbfiacle  in 
the  dir  eft  ion  C E,  in  fuck  a manner  as  to  form  the  angle 
of  refile ftion  ECF,  equal  to  the  angle  of  incidence 
AC  B. 

The  oblique  force  AC  being  refolved  into  two 
forces,  viz.  D C perpendicular  to  the  obftacle  and 
A D parallel  to  it ; the  effect  on  the  plain  is  the 
fame  as  if  the  body  had  advanced  towards  it  di- 
rectly from  D,  and  according  to  the  laws  of  con- 
grefs  between  perfectly  elaftic  bodies,  (chap,  vii.) 
the  body  A after  the  ftroke  would  be  font  back  in 
the  direction  C D,  But  of  the  two  forces  into 
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winch  the  original  force  of  the  body  A was  refolvecl, 
this  body  retains  the  one  reprefented  by  A D,  tlnce 
this  force  was  not  concerned  in  ftriking  the  ob- 
ftacle  ; therefore  after  the  Broke  the  body  A is  ac- 
tuated by  two  forces,  viz.  one  reprefented  by  C D, 
equal  to  A B,  equal  to  Eh;  and  the  other  repre- 
fented by  C F,  equal  to  D A,  equal  to  D E,  hence 
it  mull  move  in  the  diagonal  CE;  and  fince  the 
lines  CF,  F E,  are  refpeCtively  equal  to  the  lines 
CB,  B A,  and  the  angles  at  B and  F are  equal,  be- 
caufe  they  are  right-angles ; therefore  (Eucl.  p.  iv. 
B.  I.)  the  triangle  EFC  is  in  every  refpeCt  equal  to 
the  triangle  ACB  ; confequently  the  angle  of  re- 
flection ECF  is  equal  to  the  angle  of  incidence 
ACB. 

Some  writers  call  the  angle  ACD  the  angle  of 
incidence,  and  the  angle  DCE  the  angle  of  reflec- 
tion ; viz.  the  angles  made  by  the  body  with  the 
perpendicular  DC ; this  however  does  not  alter  the 
propofition,  for  the  angle  ACD  is  likewife  equal  to 
the  angle  DCE  ; thofe  angles  being  the  comple- 
ments of  the  equal  angles  ACB,  ECF,  to  two 
right  angles. 

In  any  cafe,  whenever  two  bodies  ftrike  obliquely 
again  ft  each  other,  whether  one  or  both  be  in  mo- 
tion, their  directions,  velocities,  and  momentums 
after  the  Broke  may  be  eaflly  determined  from  what 
has  been  explained  in  the  kill  paragraphs,  together 
with  what  has  been  delivered  concerning  the  direCt 
impaCt  of  claflic  and  non-elaflic  bodies  in  Chap. 

VII, 
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Vll.  And  the  following  example  will  (hew  the  ap- 
plication. 

Imagine  that  two  non-elaflic  bodies,  A and  B 
fig.  2.  Plate  IIP.  moving,  the  former  in  the  direc- 
tion AC,  the  latter  in  the  dire&ion  BD,  do  meet 
at  CD.  Let  the  line  MG  be  drawn  through  their 
centres  and  the  point  of  contact.  From  the  ori- 
ginal fituations  of  thole  bodies,  viz.  from  A and 
B,  drop  AM  and  BN  perpendicular  on  MG.  Then 
the  force  of  each  body  may  be  refolved  into  two 
forces,  viz.  that  of  A into  AM,  and  MC 3 and 
that  of  B into  BN  and  ND, 

Of  its  two  forces,  A retains  the  force  A M, 
whilft  the  force  MC  is  exerted  againfl  the  other 
body.  Of  the  two  forces  belonging  to  the  body  B, 
the  force  BN  is  retained  by  it,  whilft  the  force 
ND  is  exerted  againft  the  other  body.  Therefore 
the  action  of  thole  bodies  upon  each  other  is  ex- 
aftly  the  fame  as  if  they  moved  di  redly  one  from 
M and  the  other  from  N ; hence  whether  they 
would,  after  the  ftroke,  proceed  both  the  fame 
way,  or  different  ways,  and  at  what  rate,  muft  be 
determined  by  the  rules  of  dired  impad  (chapvii.) 
But  when  their  velocities  have  been  thus  deter- 
mined; for  mftance,  it  be  found  that  if  the  bodies 
had  moved  diredly  from  M and  N,  after  the  ftroke 
the  body  A would  have  moved  as  far  as  O,  whilft 
the  body  B would  have  moved  as  far  as  G.  Then 
it  muft  be  recolleded,  that,  in  the  prefent  cafe  of 
oblique  collifion,  the  body  A has  retained  the  force 
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AMj  therefore  after  the  ftroke  the  body  A is 
actuated  by  two  forces,  viz.  one  equal  and  pa- 
rallel to  A M,  and  another  force,  which  is  equal  and 
parallel  to  CO;  in  confequence  of  which  this 
body  muft  run  a compound  courfe,  which  is 
found  thus  : Through  the  centre  C draw  C I equal 
and  parallel  to  AM;  through  I draw  I E equal  and 
parallel  to  CO;  then  the  diagonal  C E exhibits  th« 
velocity  and  the  direction  of  the  body  A after  the 
oblique  concurfe. 

With  refpect  to  the  body  B,  it  has  been  faid  that 
at  the  concurfe  this  body  retains  the  force  B N, 
and  that,  if  the  bodies  had  moved  direftly  towards 
each  other,  B would,  after  the  ftroke,  have  moved 
from  D to  G.  Therefore  through  D draw  DH 
equal  and  parallel  to  BN,  and  through  H draw 
HF  equal  and  parallel  to  DG;  and  laftly,  the  dia- 
gonal DF  will  reprefent  the  velocity  and  the  direc* 
tion  of  the  body  B after  the  oblique  concurfe. 

This  is  the  cafe  when  the  bodies  are  perfectly 
hard  or  non-elaftic.  But  if  they  be  perfectly  elas- 
tic, then  fuppofe  it  be  found  by  the  rules  for  elaftic 
bodies  that,  after  the  fuppofed  direft  concurfe,  the 
body  A would  have  been  fent  back  to  Q in  the 
fame  time  that  B would  have  been  fent  back  to  R. 
Then  after  the  oblique  ftroke  the  body  A will  be 
aft ua ted  by  two  forces,  viz.  one  equal  and  parallel 
to  A M,  and  the  other  equal  and  parallel  to  CQ  : 
And  the  body  B will  likewife  be  aftuated  by  two 
forces,  viz.  one  equal  and  parallel  to  BN,  and  the 
^ , other 
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other  equal  and  parallel  to  DR.  Therefore  in  fig. 
3,  through  Q draw  QZ  equal  and  parallel  to  AM, 
alfo  through  Z draw  IZ  equal  and  parallel  to  CQ  ; 
then  the  diagonal  CZ  reprefents  the  direction  and 
velocity  of  the  ejaftic  body  A after  the  oblique  con- 
i curfe. 

Again  through  R draw  the  line  RX  equal  and 
parallel  to  BN,  and  through  X draw  the  line  XY 
equal  and  parallel  to  DR,  then  the  diagonal  DX 
will  reprefent  the  velocity  and  direction  ol  the  elal- 
tic  body  B after  the  oblique  concurfe. 

In  fhort,  the  cafes  reprefented  in  fig.  2,  and  fig, 3, 
differ  only  in  this,  namely,  that  the  bodies  are  fup- 
poled  to  be  perfectly  hard  in  the  former,  but  per- 
fectly elaftic  in  the  latter. 

We  might  now  proceed  to  examine  the  particu- 
lars relative  to  the  congrefs  of  three  or  more  bo- 
dies, as  alfo  of  bodies  of  different  fhapes,  for  hither- 
to we  have  fuppofed  the  bodies  to  be  quite  ipheri- 
cal,  &c.  but  this  we  fhall  omit,  firft,  becaufe  the 
reader  may,  by  a little  exertion  of  his  ingenuity, 
eafily  derive  it  from  what  has  been  already  ex- 
plained ; and  fecondly,  becaufe  the  particular  ex- 
amination of  all  the  branches  of  compound  motion 
would  fwell  the  fize  of  the  work  far  beyond  the 
limits  of  an  elementary  book*. 


* For  further  information  relative  to  this  fubjeCI,  the 
reader  may  confult  the  2d  book  of  s’Gravefande’s  Mat. 
Elem.  of  Nat.  Phil,  edited  by  Defaguliers. 
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CHAPTER  IX. 

CURVILINEAR  MOTIONS. 

T TITHERTO  vve  have  confidered  the  com-. 

pound  motion  which  arifes  from  fimple  im- 
pulfes,  or  fucli  as  produce  equable  motion.  It  will 
now  be  neceffary  to  apply  the  above-mentioned 
rules  to  the  cafes  of  that  fort  of  compound  mo- 
tion, which  arifes  from  the  joint  aCtion  of  a fimple 
and  of  an  accelerative  or  continuate  force  ; in  which 
cafe  it  will  be  found,  that  the  body  will  deferibe  not 
a ftraight  courie,  as  when  it  is  impelled  by  limple 
impulfes,  hut  it  will  deferibe  curve  lines,  which 
differ  according  as  the  proportion  of  the  forces  dif- 
fers ; excepting  however  when  the  forces  act  in  the 
fame  direction,  or  direCtly  oppofite  to  each  other, 
in  which  two  cafes,  the  motion  of  the  body  will 
always  be  rectilinear. 

Imagine  that  the  body  A,  fig.  4.  Plate  III  . is 
impelled  from  A towards  If,  with  fucli  a force  as 
by  itfelf  would  enable  it  to  run  over  the  equal 
fpaces  AB,  BF,  FG,  kc.  in  equal  portions  of  time; 
for  inftance,  each  of  thofe  diftances  in  one  minute. 
Imagine  likewife  that  an  attractive  (confequently, 
an  accelerative)  force,  continually  draws  the  fame 
tody  A towards  the  centre  C,  in  fucli  a manner 
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£5  by  itfelf  would  enable  it  to  run  over  the  un- 
equal  (paces  AI,  IK,  KL,  LM,  in  equal  portions  of 

time,  viz.  a minute  each. 

Now,  the  joint  action  of  both  thofe  forces,  mufl 

compel  the  body  A to  run  the  compound  and  cur- 
vilinear courfe  A N O P,  &c.-Through  B draw  the 
line  B C,  that  is,  in  the  direction  ot  the  centre  of 
attraction  ; — through  I draw  I N parallel  to  A B j 
and  it  is  evident,  from  what  has  been  laid  above, 
that  at  the  end  of  the  fir  It  minute  the  body  will 
be  found  at  N.  Now  if  at  this  period  the  attrac- 
tive force  ceafed  to  aft,  the  body  would  run  on  in 
the  direction  N R,  by  the  firft  law  of  motion. 
But  fince  the  attractive  force  continues  to  aCt,  the 
body  at  the  end  of  the  fecond  minute  will  be  found 
at  O ; for  the  like  reafon,  at  the  end  of  the  third 
minute  it  will  be  found  at  P,  and  to  on.  "T  he  courle 
then  AN  OP  is  not  llraight  ; but  it  confifts  of  the 
lines  AN,  NO,  OP,  &c.  forming  certain  angles 
with  each  other. 

If  in  Head  of  finding  the  place  of  the  body  at  the 
end  of  every  minute,  we  had  determined  its  place 
at  the  end  of  every  half  minute  ; then  each  of  thofe 
lines  AN,  NO,  &c.  would  have  been  refolved  into 
two  lines  containing  an  angle.  And  in  the  fame 
manner,  if  we  had  determined  the  fituation  of  the 
body  at  the  end  of  every  thoufandth  part  of  a mi- 
nute, each  of  the  lines  AN,  NO,  &c.  would  have 
£>een  relolved  into  a thoufand  lines  inclined  to  each 

n ^ other; 
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other  j but  Since  the  attractive  force  aCts  not  ai 
intervals,  but  constantly  and  unremittedly  there- 
fore, the  real  path  of  the  body  is  a polygonal  courfe, 
confiding  of  an  infinite  number  of  fides ; or  more 
juftly  fpcaking,  it  is  a continuate  curve  line,  which 
paffes  through  the  points  A,  N,  O,  P,  See.  as  is 
fiiewn  by  the  dotted  line. 

The  curvature  of  the  path  ANOP  of  a body, 
which  is  acted  upon  at  the  dime  time  by  an  equable, 
and  by  an  accelerative  force,  varies  according  to  the 
proportion  of  the  two  forces.  Thus  if  the  equable 
impulfe  be  increafed  or  diminished,  in  fuch  a man- 
ner as  by  itfelf  would  enable  the  body  to  pafs  over 
{paces  longer  or  Shorter  than  AB,  BF,  FG,  & c.  in 
the  like  equal  portions  of  time,  as  were  fuppofed 
above,  the  attractive  force  remaining  the  lame  „ 
then  the  curvature  of  the  path  will  be  increafed  or 
diminished  accordingly,  as  is  {hewn  in  fig.  5 and 
6.  P.  III. 

When  the  two  forces  are  in  a certain  ratio  to  each 
other,  then  the  courle  or  path  of  the  body  is  a cW 
cle  ; in  other  proportions  within  a certain  limit, 
the  path  becomes  elliptical,  or  an  oval  more  or  lefs 
extended  , and  in  other  proportions  beyond  that 
limit  the  path  becomes  an  open  curve,  or  fuch  as 
never  returns  to  itfelf.  Such  curves  are  called  pa - 
rabolas  or  hyperbolas,  and  their  properties,  as  well  as 
thofe  of  the  ellipfis , are  defenbed  by  all  the  writers 
on  conic  fe&ions, 

3a 
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In  fig-  4>  the  centre  of  attraction  C,  has  been 
placed  not  very  far  from  the  direction  AH  of  the 
equable  force.  But  when  this  centre  is  very  far 
from  it,  the  right  lines  CB,  CF,  CG,  &c.  will  be- 
come nearly  parallel,  and  in  many  cafes,  they  may 
without  error,  be  confidered  as  being  actually  pa- 
rallel. 

A cafe  of  this  fort  is  reprefented  in  fig.  7.  Plate 
III.  where  the  centre  of  attraction  is  fo  remote  from 
AG,  that  the  right  lines  BC,  FC,  GC,  &c.  which 
proceed  from  it,  are  not  to  be  diftinguifhed  from 
parallel  lines.  In  this  cafe,  if  the  fipaces  AI,  AK,  AL, 
&c.  be  as  the  fquares  of  the  times,  viz.  as  the 
fquares  of  one  minute,  of  two  minutes,  of  three  mi- 
nutes, &c. ; whilft  the  fpaces  AB,  AF,  AG,  8cc.  or 
their  equals  IN,  KO,  LP,  &c.  be  fimply  as  the 
times,  then  the  curve  or  path  of  the  body,  ANOP, 
js  a fort  of  curve  called  a parabola , which  is  more 
or  lefs  open  according  as  the  projectile  or  equable 
force  is  more  or  lefs  powerful.  And  fuch  is  the 
path  which  is  defcribed  by  all  bodies  that  are  pro- 
jected obliquely  near  the  furface  of  the  earth,  viz. 
cannon  balls,  (tones  thrown  by  the  hand  or  other 
engine,  and  in  (hort  by  all  forts  of  projeCtiles ; ex- 
cepting however  that  deviation  from  the  parabolic 
curvature,  which  is  occafioned  by  the  refiftance  of 
the  air ; and  which  in  certain  cafes  is  very  confider- 
^ble.  For  near  the  furface  of  the  earth,  the  fpaces 
tjefcribed  by  defcending  bodies,  are  as  the,  fquares 

•*  - of 
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ot  the  times,  (according  to  what  has  been  (hewn  in 
Chap.  \ .)  and  the  centre  of  attraction  is  about 
4000  miles  below  the  lurface.  (1.) 

The 


(1.)  The  admirable  doctrine  of  curvilinear  motion  de- 
ferves  the  grcateft  attention  of  the  philofopher,  fince  it 
unfolds  the  grandeft  phenomena  of  nature.  It  compre- 
hends al molt  all  the  movements  which  take  place  in  the 
world.  It  meafurcs  and  afeertains  every  particular  relative 
to  the  motions  of  coeleltial  bodies.— It  leads  the  human  mind, 
through  fafe  paths,  to  the  inveftigation  and  knowledge  of 
the  molt  complicated  appearances,  and  the  molt  abllrule 
fubjects.  1 fhall,  therefore,  in  this  place  endeavour  to 
explain  this  doctrine  in  as  concife  and  comprehenfive  a 
manner,  as  the  nature  of  the  fubjedt,  and  t|re  limits  of  th? 
work,  may  feem  to  allow, 

Of  Equable  Motion  in  Circular  Orbits. 

A centripetal  force , in  its  full  meaning,  is  that  whereby 
a body  in  motion  is  continually  drawn  from  its  rectilinear 
courfe,  towards  fome  centre.  This  force  may  likewife  be 
the  aCtion  of  a firing  holding  the  body  ; or  it  may  be  its 
coherence  with  another  revolving  body,  or  it  may  be  the 
gravitating  power,  See. 

A centrifugal  force  is  the  re-action  or  refinance,  which 
a moving  body  exerts  to  prevent  its  being  turned  out  of 
its  way,  and  whereby  it  endeavours  to  continue  its  motion 
in  the  fame  direction  ; and  as  re-action  is  always  equal  and 
contrary  to  action,  fo  is  the  centrifugal  to  the  centri- 
petal force.  The  centrifugal  force  arifes  from  the  inertia 
of  matter ; for  the  body  that  moves  round  a centre,  would 
fly  oft  in  the  direction  of  the  lafl  moment,  or  lafl  particle 

of 
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The  paths  of  bodies  that  move  round  a centre  ol 
at  trad  ion,  are  poffefied  of  feveral  remarkable  pro- 
perties ; 


of  its  curvilinear  courfe,  viz.  in  a tangent  to  the  curve, 
were  the  action  of  the  centripetal  force  to  be  fufpended. 
The  equality  of  the  two  forces,  viz.  of  the  centripetal  in 
oppofition  to  the  centrifugal  force,  maybe  more  eafily  con- 
ceived, by  imagining  that  a revolving  body  is  detained 
within  its  circular  orbit  by  a firing  ; for  this  firing  muft 
equally  endeavour  to  draw  the  body  towards  the  centre  of 
attraction,  and  the  centre  of  attraction  towards  the  body. 

Since  the  centripetal  force  is  proportionate  to  the  fpace 
which  the  body  defcribes  in  a given  time  by  the  aStion  of 
that  force,  it  is  evident  that  the  centripetal  as  well  as  the 
centrifugal  force,  may  be  reprefented  by  the  nafcent  lines 
BC,  be,  fig.  8.  Plate  III.  for  whilft  the  body  defcribes  the 
infinitely  fmall  tangent  AB,  the  fpace  which  the  centri- 
petal force  compels  it  to  pal's  through  in  the  fame  time,  is 
equal  to  BC. 

N.  B.  The  lines  BC,  l c,  as  well  as  AB,  A b,  are  drawn 
fo  large,  merely  for  the  fake  of  illultration  ; whereas  by 
nafcent  or  evanafeent  lines,  we  mean  lines  of  the  fame  na- 
ture, but  indefinitely  fmall,  and  near  the  point  A. — The 
fame  thing  mull  be  underftood  of  ether  lines  or  quantities, 
which  are  nafcent  or  evanefeent  in  the  following  propoli- 
tions. 

Propofition  I.  In  a very  fmall  arch , the  fine,  the  tangent , 
the  chord,  and  the  arch  it f elf,  are  to  each  other  nearly  in  the 
ratio  of  equality. 

The  right-angled  triangles  ABE,  and  ACD,  fig.  9, 
Plate  III.  are  fimilar ; therefore,  : AD  : : BE  : CD, 
When  the  arch  BED,  or  angle  BAD  becomes  very  fmall, 


or 
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jierties ; that  is  their  periods,  their  velocities,  their 
diftanccs  from  the  centre  of  attraction,  8cc.  follow 
certain  invariable  laws,  the  knowledge  of  which  is 
exceedingly  ufeful  in  the  inveftigation  of  natural 

phenomena. 


or  fmaller  than  any  given  quantity,  the  point  E will  ap- 
proach the  point  D indefinitely  near;  fo  that  the  difference 
between  AE  and  AD  will  alinoft  vanifh,  and  of  courfe 
the  difference  between  BE  (the  fine)  and  CD  (the  tan- 
gent) will  likewife  nearly  vanifh  ; viz.  the  fine  and  the 
tangent  will  become  nearly  equal.  And  fines  the  chord 
BD,  and  the  arch  BED,  are  each  of  them  longer  than  the 
fine,  and  fhorter  than  the  tangent  ; therefore  in  very  l'mall 
arches,  the  fine,  the  tangent,  the  chord,  and  the  arch  ilfelf, 
are  nearly  equal. 

Prop.  II.  In  a circle  the  evanefeent , or  infinitely  fmall fuh- 
tenfes  of  the  angle  of  contact,  are  as  the  fquares  of  the  con- 
terminal arches. 

In  fig.  8.  Plate  III.  BC,  and  be  drawn  perpendicular  to 
the  tangent  A b,  are  the  fubtenfes  of  the  angle  of  contact 
b A c,  made  by  the  tangent  A /;,  and  the  circumference 
ACD  ; which  fubtenfes  mull  be  imagined  to  be  very  near 
the  point  A ; in  which  cafe  we  fhall  prove  them  to  be  to 
each  other  as  the  fquares  of  the  conterminal  arches  AC, 
A e. 

In  confequence  of  the  parallelifm  of  the  lines  AD,  BC, 
be , and  of  A b,  m C,  n c ■,  the  line  BC  is  equal  to  A;;;, 
and  b c is  equal  to  An.  (By  Eucl.  p.  8.  B.  Y !.)  AD  : AC 
: : AC  : Am  ; and  AD  : A c : : A c : A « ; therefore  AD 
X Am  — AC]1 ; and  AD  X An  zz  rw]*.  Hence  we  have 
fvC]1 : aD1  ::  Am  x AD:  Ai;  x A D : ; A m : A « : ; 
B C : be. 


Here 
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phenomena.  Thofe  laws  will  be  found  mathema- 
tically deduced  from  a few  well  eftablilhed  princi- 
ples. 


Here  AC,  A r,  may  be  taken  for  thei  arches  as  well  as 
for  the  chords  which  fubtend  thofe  arches  ; imee,  by  the 
preceding  propofition,  they  are  nearly  equal. 

Corollory.  Since  AD  : AC  : : AC  : A m (=  B C)  ; 


we  have 


BC  = 


A Cl1 
AD  ' 


Prop.  III.  In  the  firji  or  nafeent  fate  of  circular  motion^ 
the  projectile  force  infinitely  exceed s the  centripetal  force. 

In  fig.  io.  Plate  III.  the  circle  ACD  reprefents  the 
orbit  of  the  body  A,  moving  equably  along  the  faid  cir- 
cumference ; viz.  the  body  A is  impelled  by  a projeftild 
force,  in  the  direction  AH  perpendicular  to  AN,  and  is 
at  the  fame  time  conftantly  acted  upon  by  an  attractive 
force  in  the  direction  towards  the  centre  N ; thofe  two 
forces  heing  fo  adjufted,  or  being  in  fuch  proportion  to 
each  other,  as  to  keep  the  body  in  the  circular  oroit 


ACDA. 

In  the  very  fmail  arch  AC,  the  line  AB  is  to  the  line 
A m ( cr  BC)  as  the  force  of  projection  is  to  the  attractive, 
or  centripetal,  force,  at  the  diftance  A N ; for  whilft  A B 
reprefents  the  equable  movement  which  arifes  from  the 
projectile  force  in  a certain  time,  BC  reprefents  the  devia- 
tion from  that  courfe,  or  the  force  whereby  the  body  is 
drawn  towards  the  centre  of  attraction  in  the  fame  time. 

Now,  by  the  preceding  propofition  Bo  ( — A in')  . AC  . . 
AC  : AD  ; and  when  the  arch  AC  becomes  extremely 
fmail,  or  is  in  its  nafeent  ftate,  then  the  diameter  A D be- 
comes infinitely  greater  than  AC  ; and  of  courle  AC,  or 
A B (which  by  p.  i.  is  nearly  equal  to  it)  becomes  infinitely 

greater 


i-} 2 Of  Curvilinear  Motions, 

pies,  in  the  note  immediately  under  this  paragraph* 
But  the  principal  of  them  will  be  proved  experi- 
mentally in  the  fequeh  For  the  prefent,  the 

reader 


greater  than  BC,  or  Am  ; viz.  the  projcdtile  force  infinitely 
greater  than  the  central  force. 

In  order  to  compare,  and  to  demonftrate  with  more  ex- 
pedition, the  proportions  relative  to  the  velocities,  the 
forces,  &c.  of  bodies  revolving  equably  in  different  circu- 
lar orbits,  as  ACD.  and  I LO,  fig.  10,  it  will  be  ufeful  to 
fubftitute  letters  inftead  of  thofe  particulars,  and  whilft  the 
capital  letters  are  applied  to  the  body  A moving  in  the  cir- 
cular orbit  ACD,  the  fmall  letters  of  the  fame  name  will  de- 
note the  fame  things  with  refpect  to  the  body  I moving  m 
the  circular  orbit  I L O.  Therefore  let 

F,^,  ftand  for  the  central  forces. 

V,  v,  for  the  circular  velocities , or  for  any  arches  A C, 
I L ; fince  in  equable  motions  the  fpaces  paffed  over  in  a 
given  time  are  as  the  velocities. 

T,  t,  iland  for  the  periodical  times. 

D,  d,  for  the  diameters,  and 

P,  p,  for  the  peripheries  or  circular  orbits. 

The  meanings  of  thofe  letters  will  be  eafily  remembered, 
fince  they  are  the  initials  of  what  they  are  meant  to  repre- 
fen t. 

Prop.  IV.  The  central  forces  are  as  the  fcjuares  of  the 
\ velocities  directly,  and  as  the  diameters  inverfely. 

By  the  fubllitution  of  the  above-mentioned  letters,  the 


equation  of  the  corollary  to  prop.  2d.  becomes  F 


r V%  , r?  r V2 

f ——  : hence  r : f :: — 

Jd  J D 


v% 

d’ 


yx 


Prop. 
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reader  would  do  well  if  he  fixed  in  his  mind  two  of 
thofe  laws,  which  are  as  follows,  and  whole  ufe  h 
very  extenfive. 

i ft. 


Prop.  V.  In  different  circular  orbits  the  central  forces  are 
c/s  the  diameters  direftly,  and  as  the  fquarcs  of  the  periodical 
times  inverfely. 

In  equable  motions  the  velocity  is  exprefled  by  the  quo- 
tient of  the  fpace  divided  by  the  time  ; and  in  circular 


p 

motion  the  periphery  is  the  fpace  5 hence  V — Since, 
by  p.  iv.  F = "if  j we  have  FD  =:  V%  and  FDli  = V 


— — j therefore  FDlf  xT  = P;  and  FDT1  r:  P1.  Put 

the  periphery  of  any  circle  is  equal  to  3,14.16  multiplied 
by  the  diameter  j therefore  P1  ra  3, 1 4i6ix  x D1  FDT2j 
and  3,i4i6llX  D = FT  z-,  hence  we  have  the  force  F =r 

3,141^1^  x D por  t]ie  circu]ar  orbit  ACD  fig.  10,  and  fz=. 


3,  rqi 6,a  x d 

tz 


for  any  other  circular  orbit  as  ILO;  there- 


fore F :f: 


JnlTbl'D  : 

T* 


3,1416  d 


d__ 

t\ 


Prop.  VI.  jyhen  the  revolving  bodies  defer  He  equal  areas 
in  equal  times,  then  the  central  forces  are  as  the  cubes  of  th: 
diameters. 

In  this  cafe  the  area  is  reprefented  by  VD,  which  being 
equal  to  the  other  area  vd , we  have  V ; v : : d:  D,  and  V* 

:vx  : : dx:  Da.  But  (by  prop.  IV.)  F \f : : — . : V— ; hence 

D d 

: : V1  d : v2  D ± therefore  F : d1  d : D*D  : : 

D d 
d>  : D3. 


Prop, 
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ifl.  When  bodies  revolve  in  equal  circles , the  cen- 
tral  forces  are  as  the  fquares  of  the  velocities  ; or  a 
double  projectile  force  balances  a quadruple  force  of 

centripetal 


Prop.  VII.  When  the  periodical  times  are  equal , the  cen- 
tral forces  are  as  the  radii-,  viz.  as  the  di/lances  from  the 
centre  of  attraction , and  vice  verfa. 

When  T = /,  the  analogy  of  Prop.  V.  (viz.  F : f:  : 

J2_  : fL  ^becomes  F D:  d: : — (viz.  as  the 
1 1 p / 2 2 

radii);  the  converfe  of  this  proportion  is  alfo  evident, 

viz.  that  when  F :/:  : D : d,  the  periodical  times  mutt  be 

equal. 

Prop.  VIII.  When  the  diameters  are  equal , the  central 
forces  are  as  the  fquares  of  the  velocities. 

For  (by  Prop.  IV.)  F : — : — ; therefore  when 

D = d,  this  analogy  becomes  F :f: : V1 : v 1 ; viz.  when 
the  circles  are  equal,  or  in  the  fame  circle,  the  lorces  are 
as  the  fquares  of  the  velocities. 

Prop.  IX.  When  the  diameters,  or  difances,  and  of 
courfe  the  circles , are  equal , the  central  forces  are  inverfely 
as  the  fquares  of  the  periodical  times. 

Since  in  that  cafe  the  analogy  of  Prop.  V.  (viz.  F : 

T*  ')  _ • £ ) becomes  F :f:  : : f : : t1 : 1 1. 

1 x P > L r 

Prop.  X.  When  the  diameters  are  equal,  the  periodical 

times  are  inverfely  as  the  velocities . 

J p p 

It  appears  from  Prop.  V.  that  V : v : : — : — - • : 


R : £(fince  the  diameters 
T t K 


of  circles  bear  to  each  other  the 

fame 
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centripetal  attraction.  For  inftance,  if  a body,  which 
is  impelled  with  a certain  velocity,  and  is  attracted 

with 


fame proportion  as  their  peripheries).  Now  v/henD  — d,  then 
the  preceding  analogy  becomes  V : v'. : Z.  : JLj  or  T : t 
: : v : V . 

Prop.  XI  .When  the  velocities  are  equal , the  forces  are  in~ 
verfely , as  the  diameters. 

For  in  that  cafe,  the  analogy  of  p.  IV.  (viz.  F :f:  : 
V\  vf\  , ^ , 1 * 

D ' d) 


rv  ; -j  ) becomes  F :/ : : -Z  : Z ; or  F : / : : d : D. 
sJ  d t D d 


P fy 

By  prop.  V.  V : v : : : ~ ; and  when  V — ?/,  then 


Prop.  XU.  When  the  velocities  are  equal , the  periodical 
times  are  as  the  diameters ; or  <7r  the  peripheries , which  is 
the  fame  thing . 

P 

t 

P * 

— = F,  or  P f = />  T;  whence  we  have  T : t : : P : p : ; 
D : d. 

Prop.  XIII.  IVhen  the  central  forces  are  equal , the  perio- 
dical times  are  as  the  fquare  roots  of  the  di/lances , or  of  the 
diameters. 

In  prop.  V.  it  has  been flrewn  that  ¥:f:  : : fL.  Now 

T2  tx 

when  F ~f\  then  — _ ~ or  D f i T1  which 
1 2 tz 

gives  the  analogy  T2 : P : : D : d>  and  of  courfe  T : t:: 
D ±:di. 

Prop.  XIV . When  the  central forces  are  equals  the fquares 
cf  the  velocities  areas  the  di/lanees-,  and  the  periodical  times 
are  as  the  velocities. 

By  prop.  IV.  F ; Z1  : and  when  F = /; 

then 


VOL.  I. 


L 
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with  a certain  central  force,  defcribe  a circle  round  - 
the  centre  of  attraction;  then  if  the  velocity  be 
doubled,  or  tripled,  the  attractive  force  mu  ft  be 

four 

then  A—  ==  — and  V1  d = vz  D ; which  gives  the 
D d 

analogy  V2  : vz  : : D : d: : — : A (the  diftances  being 

2 2 

the  halves  of  the  diameters).  Alfo  by  p.  XIII.  T : t : : D1 

. cl  *,  and  by  the  laft  analogy,  V : v : : D * z d * ; there- 
fore T : t : : V : v. 

Prop.  XV.  When  the  central  forces  arc  inverfely  as  the 
fquares  of  the  diameters , or  of  the  difances ; then  the  fquares 
of  the  periodical  times  are  as  the  cubes  of  the  difances. 

Imagine  the  central  forces  to  be  as  fome  power,  777,  of  the 
diftances  ; viz.  F :f: : Dm  : dm.  Now  by  prop.  V.  F-  \f\ : 


D 

d 

; therefore  D” 

:<T::  D 

d . 

: D 

t-\  d T2; 

Tl 

iz 

T* 

tz 

and 

Dm  . 

dm 

t.  : : r2:  Tz 

; or  Dm—I : 

d m~l  : 

: C- 

: T2;  and 

D 

d 

Dm 

— 1 

d :t: 

T:  hence  D 

\—m  . 

cl  \ 

m::T 

22  22 


: t. 

Now  when  the  forces  are  equal  then  the  power,  777,  va- 
nifties,  or  m — o,  and  then  the  laft  analogy  becomes  D * : 
d ? ::  T : /,  which  is  the  fame  thing  as  was  {hewn  in  prop.  XIII. 
When  the  forces  are  as  the  diftances,  then  m is  the  firffc 
power,  or  777  ~ 1,  and  in  that  cafe  the  above-mentioned 
analogy  becomes  D°  : d°  : : l : 1 : : T : t,  and  of  courfe 
T — /,  which  is  the  cafe  of  prop.  VII. — Laftly,  when  the 
forces  are  inverfely  as  the  fquares  of  the  diftances,  then  m 
~ — 2 and  the  above-mentioned  analogy,  becomes  D : : 

dl  : : T : / j or  D* : d' : : T*  : ?2;  or  21 : - : : TJ  : t\ 

2 2 

The 
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four  or  nine  times  as  ft  rang  as  it  was  before,  in  or- 
der to  let  the  body  move  in  the  fame  circle. 

2d.  IV hen  bodies  move  in  unequal  circular  orbits , 

Jo 


The  planets  of  our  Colar  fyftem  follow  this  grant'  law  of 
nature.  The  fquares  of  their  periodical  times  are  as  the 
cubes  of  their  diftances  from  the  common  centre  of  attrac- 
tion, which  is  very  near  the  centre  of  the  fun,  as  will  be  {hewn 
hereafter;  and  thus  Newton’s  hypothefisof  mutual  and  uni - 
verfal  attraction  amongft  thebodiesof  the  univerfe  is  fhewn 
to  be  foconfonant  with  the  ffridtefi:  mathematical  reafoning, 
and  with  all  the  appearances,  that  none  but  the  ignorant 
can  refufe  their  allent  to  it. 

This  doctrine  of  circular  movements,  which  I have  ex- 
hibited in  15  proportions,  might  have  been  conaenfed  into 
a narrower  compafs,  had  not  my  principal  objedt  been  to 
render  the  comprehenfion  of  it  eafy  to  the  reader  ; 1 have 
been  taught  by  experience,  that  in  many  inftanCes  it  is  far 
more  laborious  to  deduce  every  particular  cafe  from  one 
comprehenfive  proportion,  than  to  read  a particular  propo- 
rtion for  every  fingle  cafe. 

Having,  in  the  preceding  propofitions,  fxated  the  pro- 
portions between  the  forces,  the  velocities,  and  the  peri- 
odical times,  of  bodies  that  revolve  in  circular  orbits;  it 
is  now  neceflary  to  render  thole  propofitions  pradlically 
ufeful,  by  {hewing  in  what  manner  they  may  be  employed 
for  the  determination  of  any  particular  cafe  ; fince  it  has 
already  been  remarked,  that  the  knowledge  of  the  propor- 
tion which  certain  things  bear  to  each  other,  will  not  en- 
able us  to  determine  any  abfolute  quantity,  unlefs  fome  of 
the  particulars  be  previoufly  determined  by  means  of  ac- 
tual experiments. 

L 2 


Therefore 
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jo  that  the  fquares  of  the  times  of  their  revolutions  are 
as  the  cubes  of  their  difauces  from  the  centres  of  thofe 
circles,  then  the  central  forces  are  inverfely  as  the 
fquares  of  the  djances  ; and  vice  verfa. 

The 


Therefore  in  order  to  render  the  expreflions  of  the  mea- 
fures  of  the  above-mentioned  forces,  velocities,  &c.  more 
eafy  and  concife,  we  fhall  endeavour  to  involve  in  them 
only  one  unknown  quantity,  viz.  a certain  power  of  the 
radius  or  diftance  of  the  revolving  body  from  the  centre  of 
attraction  ; for  when  this  quantity  becomes  known  either 
from  experiments  or  by  deduction  from  other  known 
quantities,  we  may  thereby  eafily  determine  all  the  other 
particulars. 

I.  The  attractive  force  is  meafured  by  the  velocity 
which  may  be  uniformly  generated  in  a given  time,  which 
time  we  fhall  call  one,  (meaning  one  fecond,  or  one  mi- 
nute, or,  in  fnort,  the  unity  of  any  other  divifion  ot  time 
that  may  be  ufed  in  the  computation,)  and  fhall  exprefs 
this  force  or  velocity  by  r”,  (viz.  an  indeterminate  power 
n of  the  radius  r of  the  orbit). 

II.  It  has  been  fhewn  in  page  67,  th  t a body,  which 
begins  to  move  from  reft  and  proceeds  towards  a centre 
of  attra&ion,  will  at  the  end  of  any  given  time  ac- 
quire fuch  velocity  as  would  enable  it  to  move  equably 
through  twice  that  fpace  in  an  equal  portion  of  time,  if 
the  aCtion  of  the  attractive  force  were  fufpended.  There- 
fore the  diftance  through  which  a body  will  defeend  to- 
wards the  centre  of  attraction  in  the  above-mentioned 
time  one,  is  i r”. 

III.  Hence  if  A C fig.  ic;  Plate  III.  be  an  arch  deferibed 
in  a certain  time  1',  the  diftance  Aw,  which  the  body 

would 


2 
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The  foregoing  theory  of  curvilinear  motion  is 
very  extenfive,  fince  it  applies  to  a groat  variety  of 
t'erreftrial  as  well  as  celeftial  phenomena.  But  in 

the 


would  defeend  through  towards  the  centre  of  attraction  N in 

ipT1 

;the  fame  time,  will  be  m z ; for  fince  the  fpaces 

1'“ 

iwhich  are  thus  defeended,  as  the  fquares  of  the  times,  we 
have  1* : T : : f : 

IV.  The  part  AC  of  the  circumference,  which  is  de- 

~ *+1 

1 f ' ' — 

feribed  by  the  body  in  the  time  T,  is  re r_  j fince  in 

1 

the  circle  A C D,  we  have  A Cl5,  : AD  x Am  (Eucl. 

,p.  8.  B.  VI. ) — 2AN  x A m— A N x 2A  ?nzz  ^ ’ — 

T 


Tx  r n+1 


; therefore  AC  = 


_ Tx  r 


n-}-l 


1 I I 

V.  T he  velocity  with  which  the  body  moves  in  the  cir- 
cle is  — r ' r..  By  prop.  IV.  the  fquare  of  the  velocity 


is  as  tne  product  of  the  diameter,  or  of  the  radius,  multiplied 
by  the  force;  and  according  to  the  above-mentioned 
notation,  (§.  I.)  the  force  is  exprefled  by  r»;  therefore  the 
fquare  of  the  velocity  is  ~ r r »+i,  and  of  courie  the 

velocity  itfelf  is  exprefl'ed  by  r n * 1 . 

2 

VI.  i he  periodical  time,  or  time  of  a whole  revolution 

J ■ ■ yi 

us_  2tr___  (c  being  = 3,1416,  &c.  that  is  the  cir- 


cumference of  a circle  whofe  diameter  is  one.)  For  fince 

L 3 (By 
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the  calculation  of  the  particulars  which  relate  to 
thofe  phenomena,  certain  circumftances  generally 

. interfere, 


(by  §•  IV.) 


T r 


r 4"  I 


is  the  part  of  the  o.bit  which  is  de- 


feribed  in  the  time  T,  the  part  which  is  deferibed  in  the 

time  i,  iti lift  evidently  be  r — — 1 . I hen,  the  fpaces  de- 

2 

fcribtd  with  a uniform  motion  being  as  the  times,  it  wiil 

be  r ‘ : ire  ( zi  the  whole  circumference)  ::  i : 

2 

7 — n 


VII.  The  fpace  through  which  the  body  muff  defeend 
towards  the  centre  of  attraction,  in  order  to  acquire  a ve- 
locity eOjUa'i  to  that  with  which  it  revolves,  is  equal  to 
half  the  radius,  viz.  \r.  For  in  Chap.  V.  it  has  been 
fhevvn,  that  the  fpaces  deferibed  by  defeending  bodies  are, 
as  the  fquarcs  of  the  timer;,  or  of  the  velocities.  It  has 
2]fo  been  fhewn  (§.  II.)  that  the  velocity.  rn  is  acquired  by 
a defeent  through  k r”.  At  prefent  we  wiflr  to  know  how 
low  a body  mull  defeend,  to  acquire  a velocity  equal  to 


n + i 


(§.  V.)  hence  we  fay,  as  the  fquare  of  rK  is  to 


the  fquare  of  r lLT_i  ; fo  is  £ r”  to  a fourth  proportional  ; 


viz 


„ IrlK+i  I yy'n 

. r2*  : r «T>  : : \ f : i- = = \ r. 

-[•Zii  7*2  n 


Thus  we  have  exprefied  the  meafures  of  the  velocities, 
periodical  times,  &c.  in  a general  yet  fimple  manner.  They 
may  be  applied  to  any  attra&ive  power,  and  to  any  pe- 
riodical revolution ; the  only  quantity  which  needs  be 

* known, 
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interfere,  which  render  the  refult  ot  the  calcula- 
tions fomewhat  different  from  the  observations  ; 
that  is,  of  the  experiments.  In  terreftrial  affairs, 

the 


known,  being  the  value  of  rn.  But  for  the  ( ike  or  iiluf- 
tration,  we  {hall  now  apply  it  to  the  force  of  terreftrial 
gravity  i in  which  cafe  it  is  known,  that  a body  near  the 
furface  of  the  earth,  will  defcend  from  reft  16,087  feet  in 
the  firft  fecond  of  time,  (which  is  the  time  1)  ; therefore, 
\rn  ~ 16,087  feet,  and  r”  = 32,174*  (§•  H-)  Hence  by 
fubftituting  thofe  values  for  \ r«  and  rn  refpectively,  the 
above-mentioned  meafures  will  be  expreflbd  in  known 
terms. 

Example  1.  The  velocity  of  a body  that  revolves  round  the 
earth  but  near  the  furface  of  it,  is  (by  §.  V.)  r — - — ; which, 


by  fubftituting,  32,174  for  r",  becomes  32,174?!  \ ; and  this 
becomes  (fince  the  femi-diameter  or  radius  r of  the  earth  Is 
known  to  be  nearly  2 IOOOOOO  feet)  32,174  X 2IOOOOOc1x 
— 25993,3  feet  Per  fecond  i fo  that  a body  moving  with 
that  velocity,  would  revolve  continually  round  the  earth  ; 
that  velocity  being  juft  fufficient  to  balance  the  force  of 
gravity  ; but  this  velocity  is  about  30  times  as  great  as  the 
initial  velocity  of  a cannon  ball. 


N.  B.  No  notice  of  the  refiftance  of  the  air  has  been 
taken  in  this  example,  or  will  be  taken  in  the  following 
examples  of  this  note. 

The  periodical  time  of  the  fame  body  under  the  fame 
circumftances,  is  (by  §.VI.)  2 cr  — = 2 X 

2 7\i 


3,1416  x l-5-— i 508 7",  5 ; or  1 hour,  24',  47", 5. 

5,67 

4 


Example 
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the  refinance  of  the  air  is  One  of  the  principal  ob- 
truclers.  The  movements  of  the  cceleftial  bodies 

are 


Example  2.  By  prop.  IX.  when  the  diftances  are  equal 
or  in  the  fame  circle,  the  central  forces  are  inverfely  as  the 
fquares  ot  the  periodical  times  ; and,  by  the  preceding  ex- 
ample, the  velocity  which  near  the  furfacc  of  the  earth  is 
equivalent  to  gravity,  is  = 25993,3  feet  per  fecond. 
Therefore,  we  fay  as  the  fquare  of  the  earth’s  diurnal  ro- 
tation round  its  axis,  is  to  the  fquare  of  the  periodical  time 
of  the  body  mentioned  in  the  preceding  example,  (viz.  of  ttl 
2447  "■>  5) or  nearly  85');  fo  is  the  force  of  gravity  (which  we 
fnall  call  1 )to  the  centrifugal  force  of  bodies  near  the  equa- 
tor of  the  earth  ; viz.  2073600'  ( — the  fquare  of  24  hours) 
: 7225'  : : 1 : 0,003485  zz  the  centrifugal  force  near  the 
equator  ; viz.  the  force  by  which  bodies  that  are  near  the 
equator,  are  attra&ed  towards  the  centre,  is  to  the  force 
with  which  they  endeavour  to  Hy  oft,  in  confequence  of  the 
earth’s  diurnal  rotation  round  its  axis,  as  1 is  to  0,003485; 
or  as  1000000  to  3485;  viz.  the  former  is  almoft  30Q 
times  more  powerful  than  the  latter. 

By  this  means  we  may  determine  the  centrifugal  force 
of  bodies  in  different  latitudes  ; for  as  the  earth  turns  round 
its  axis,  it  is  evident  that  thofe  bodies  on  the  furface  of  it, 
which  lie  nearer  to  the  axis,  or,  which  is  the  fame  thing,  are 
nearer  to  the  poles,  perform  circles  fmaller  than  thofe 
which  lie  nearer  to  the  equator ; though  they  are  all  per- 
formed in  the  fame  time,  viz.  24  hours.  Hence  (by  prop. 
VII.)  the  periodical  times  being  equal,  or  the  fame,  the 
central  forces  are  as  the  radii  of  the  circles,  and  as  in  dif- 
ferent latitudes  the  radii  are  equal  to  the  cofines  of  the  la- 
t fades,  therefore,  as  the  radius  is  to  the  coline  of  a given 

latitude, 


*5'3 
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are  generally  influenced  by  more  than  one  centre  of 
attra&ion.  Thus  the  moon  is  at  trailed  by  the 
earth  and  likewife  by  the  fun.  The  planets  are 

at  t rafted 


latitude,  fo  is  the  centrifugal  force  of  bodies  fituated  at  the 
equator,  to  the  centrifugal  force  of  bodies  at  that  given  la- 
titude. Now  as  the  cofincs  grow  (hotter  and  (horter,  the 
nearer  they  come  to  the  poles,  fo  the  tendency  of  bodies  to 
fly  off  from  the  furface  of  the  earth  is  g reate  ft  at  the  equator, 
but  it  diminifhes  as  you  approach  the  poles  ; and  hence  we 
fee  why  the  earth  has  been  found  by  means  of  undoubted 
meafurements  and  other  observations,  to  be  an  oblate  fphe- 
roid,  wnofe  polar  diameter  is  the  fhorteft.  And  this  fur- 
nifties  a ftrong  evidence  of  the  earth’s  daily  rotation  about 
its  axis. 

Example  3.  The  mean  diftance  of  the  moon  from  the 
centre  of  the  earth  is,  1267200000  feet,  or  about  60  femi- 
diameters  of  the  earth.  Alfo  the  force  of  gravity  at  dif- 
ferent diftances,  is  inverfely  as  the  fquares  of  the  diftances, 
and  the  radius  of  the  earth  is  21000000  feet  ; therefore,  as 
the  fquare  of  1267200000,  is  to  the  fquare  of  21000000, 
fo  is  the  force  of  gravity  at  the  furface  of  the  earth,  to  the 
force  of  gravity  at  the  diftance  of  the  moon,  viz.  160579 
5840000000000  : 44  i 000000000000  : : 1 : 0,000274  ; fo 
that  the  force  of  gravity  at  the  furface  of  the  earth,  is  to  the 
force  of  gravity  at  the  moon  as  1 is  to  0,000274 ; or  as 
1000000  to  274.  And  fince  near  the  earth  falling  bodies 
pafs  over  16,087  feet  in  the  firft  fecond  of  time  ; therefore, 
we  fay,  1000000  : 274  : : 16,087  : 0,0044  of  a foot;  which 
Shews  that  the  moon,  Should  its  velocity  ceafe  at  once, 
would  fall  towards  the  earth,  and  in  the  firft  fecond  of  time 
Would  defeend  through  not  more  than  to  Too  ths  of  a foot. 

Farther. 


J54  Of  Curvilinear  Motions. 

alt  rafted  by  the  lun,  and  likewife  by  each  other. 
Sec. 

On  this  account  we  might  now  extend  our  ex- 
amination to  the  cates  in  which  two  or  three,  or 

more 


Farther.  By  prop.  XV.  when  the  central  forces  are  in- 
verfely  as  the  fquares  of  the  diameters,  then  the  cubes  of 
the  diltances  are  as  the  fquares  of  the  periodical  times. 
Therefore  the  diftance  of  the  body,  which  circulates  near 
the  fui  face  of  the  earth  (Example  i.)  being  one  femidiameter 
of  the  earth,  and  the  diftance  of  the  moon  being  60  femi- 
diameters ; a!fo  the  period  of  the  former  being  84', 8 we 
rnay  find  the  period  of  the  latter  by  faying  is : bo)3 : : 8 4',  8ft  • 
to  the  fquare  of  the  moon’s  period  ; viz.  1 : 216000  ::  7191 
: 1553256000  ; the  fquare  root  of  which,  viz.  39411''', 3 or 
27  days  8 hours  51', 3,  is  the  period  of  the  moon’s  revolu- 
tion round  her  orbit,  which  is  nearly  equal  to  what  the 
aftronomers  reckon  it,  viz.  27*  34' ; and  it  would 

have  come  out  exactly  like  it,  had  the  distances  been  ftated 
with  exafmefs  ; and  had  we  likewife  taken  into  the  account 
certain  circumitances,  which  interfere  with  that  period, 
which  however  we  have  purpofely  avoided  in  this  example, 
for  the  fake  of  brevity. 

Similar  calculations  may  be  inftituted  with  refpeft  to  all 
the  planets  of  our  folar  fyftem,  and  the  refult  of  the  calcu- 
lations will  be  found  to  coincide  w'onaerfully  well  with  the 
appearances ; which,  as  we  have  already  remarked,  is  a 
ftrong  confirmation  of  the  Newtonian  theory  of  univerfal 
gravitation. 

Example  4.  Let  a ball  of  one  pound  weight  be  fattened 
to  a Hiring  2 feet  long,  and  be  whirled  about  a centre  fo  as 
to  deferibe  each  revolution  in  half  a feepnd.  In  this  cafe 

the 
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more  centres  of  attraction  ad  upon  the  fame  body  ; 
but  this  inyeftigation  vve  (hall  omit  on  two  ac- 
counts, viz.  fir  ft,  becaufe  the  fubjeft  is  too  intricate 

and 


the  orbit  or  circumference  of  the  circle  is  4 x 3>T4i6 
12,5664.  The  velocity  or  the  ball  is  25,132b  feet  per  fe- 
cond.  In  order  to  determine  the  centrifugal  force  of  the 
ball  thus  revolving,  viz.  the  force  with  which  the  firing  is 
ft  retched  by  it,  compared  with  the  force  of  gravity  (which 


is  = 1),  we  make  ufe  of  the  analogy  of  prop.  V.  (viz. 

T J 

: : F : f)  which,  by  fubftituting  2r  for  D ; 2 c r 


fori"';  4 fori;  o",2  5 for  0 ; and 


yn 


2 c 2 \ 


(= 


2 r 


2 cr 


. >— T 


'T 


x for  F ; 

1 ; / = 


becomes 
2 it-1 


equal  to  _£**»_=  J2lil  = 9,8  which  U 
\rr.t 1 16,087x0,25  4,02175 

the  meafure  of  the  central  force  of  the  body  in  queftion ; 

this  force  therefore  is  to  to  the  force  of  gravity  as  9,8  to  1 ; 

f > that  fince  the  body  weighs  one  pound  when  quiefceiit, 

viz.  it  ftrctches  the  firing  with  the  weight  of  one  pound; 

therefore  when  revolving  according  to  the  fuppofition,  it 

•will  ftretch  the  firing  with  the  force  of  9,8  pounds. 

Now  this  central  force  may  be  called  centripetal  or  cen- 
trifugal, according  as  it  i.s  applied  to  the  tenacity  of  the 
p.  ris  of  the  firing,  or  to  the  force  of  the  body  ; fo  that  the 
body  is  faid  to  be  retained  by  a centripetal  force  9,8  times 
as  great  as  the  force  of  terreftrial  gravity,  or  it  may  be  faid 
that  the  centrifugal  force  of  the  revolving  body  ftrctches 
lhc  firing  as  much  as  if  a weight  of  9,8  pounds  were  (imply 
fu mended  to  it. 
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and  extenfive  ; and  fecondly,  becaufe  in  moft  na- 
tural phenomena,  the  difturbine  caufe  wjiich  arifes 
irom  the  adion  of  a fecond  or  a third,  or  in  ge- 
nera* 


Of  the  motion  of  bodies  about  a centre  of  attraction , but 
in  curves  differing  from  circles. 

It  has  been  fufficiently  fnewn  that  a certain  determinate 
velocity  is  required  to  confine  the  movement  of  a body  in 
a circular  orbit  round  a centre  of  attraction ; whence  it 
follows,  that  with  a greater  or  a lelfer  velocity  bodies 
will  move  in  curve  lines  different  from  circles.  Thofe 
curves  appear  to  be  the  conic  fedions;  and  fince,  ftridly 
fpeaking,  the  circle  is  likewife  a conic  fedicn,  therefore  it 
may  be  concluded,  that  in  general  the  movements  c-f  bodies 
round  any  centre  of  attraction  are  performed  in  curves  of 
the  conic  kind,  provided  the  bodies  do.  not  meet  with  any 
pbftruding  medium,  or  other  attradion,  in  their  way;  for 
under  fuch  circumftances,  their  paths  may  degenerate  into 
fpirals,  or  other  curves  of  a more  intricate  nature. 

The  movements  of  the  ceeleftial  bodies  are  not  ftridly 
circular,  though  they  do  not  deviate  much  from  that  figure  ; 
excepting  however  the  comets  which  move  either  in  very 
eccentric  elipfes,  or  elfe  in  parabolas  or  hyperbolas;  and 
therefore  in  the  la  ft  two  cafes  they  can  never  return  to  the 
fame  parts  of  the  heavens  ; but  they  muft  continually  recede 
from  the  common  centre  of  attradion,  which,  in  our  folar 
fyftem,  is  not  far  from  the  centre  of  the  fun. 

With  refped  to  the  theory  of  circular  movements,  I have 
endeavoured  to  demonftrate  the  principles,  and  to  illuftrate 
the  pradical  operations  in  a manner  fufficiently  extenfive  ; 
being  peifuaded  that  if  that  branch  of  compound  motion  be 
well  uiiderftood,  the  reader  (provided  he  is  acquainted  with 

the 
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neral  of  more  than  one  centre  of  attiaCtion,  is  not 
very  confiderable ; yet  in  the  courfe  of  this  work, 
the  method  of  taking  tiic  above-mentioned  cir- 

cumftances 


the  principal  properties  of  the  conic  feOcions)  will  eafny 
comprehend  what  follows ; I fhall  therefore  endeavour  to 
explain  the  nature  of  the  movements  in  curves  of  the  conic 
kind,  in  a manner  more  comprehenfive  and  concife. 

In  Fig.  11.  Plate  III.  ACD  reprefents  a circular  orbit, 
Az  S reprefents  an  elliptical  orbit,  A r E a parabolic,  and 
AKF  an  hyperbolic  orbit,  of  bodies  moving  with  certain 
Velocities  under  the  influence  of  the  centre  of  attraction 
N,  which  is  the  centre  of  the  circle,  and  the  focus  of  the 
conic  feCtions. 

Let  AB,  perpendicular  to  AD,  reprefent  the  velocity 
which  is  neceffary  to  retain  the  body  in  the  circular  orbit,  and 
let  this  velocity  be  called  1 ; for  we  fhall  compare  the  other 
degrees  of  velocity  with  this  unity.  Alfo  let  a body  be  project- 
ed from  A in  the  direction  AI  with  any  other  degree  of  ve- 
locity k.  It  is  now  neceflary  to  determ  ine  the  nature  of  the 
curve  which  will  be  deferibed  with  this  other  velocity  ?z, 
or  rather  it  is  required  to  afeertain  what  the  value  of  n 
mult  be  in  order  to  produce  each  particular  conic  feCtion. 

Draw  «K  parallel  to  AI,  interfeCting  the  circle  as  well 
as  the  other  curves.  Let  AN  be  denoted  by  cl-,  the  femi- 
tranfverfe  axis  of  any  of  the  conic  feCtions,  by  a\  the  femi- 
conj  ugate,  by  b and  Am  (:z:BC  — Gzrr  KrzrIK)  by  x. 
Then  the  ordinate  mC  in  the  circle  will  be  LJji} 

but  the  ordinate  mz  of  the  ellipfis,  and  m K of  the  hyperbola 

may  be  both  reprefented  by  — X 2 ax  zj:  xx  k • 
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cumftances  into  the  account,  will  in  many  cafes  be 
fufficiently  pointed  out. 

It  is  however  proper  to  obferve,  that  the  vari- 
ous circum (lances  which  obftruct  or  influence  the 

movements 


The  fluxions  of  thofe  ordinates  are  xx  anj  t_ 

2 dx — A-.vj  \ a 

(IX  ~T~  xx 

x — ■■■  T- — which  fluxions  are  to  each  other  as  the  ve- 

2 ax  **]  \ 

locities  in  every  point  of  their  rcfpeCtive  curves  in  the  di- 
rection AI ; and  in  the  like  proportion  are  the  quantities 

d — x-  , b a zn  x 
and  _ v — X, 

2(1 


• X .z 


a 2azzzx\ z 


thofe  quantities  being  the 


above  mentioned  fluxions  divided  by  the  fame  quantity 


X 


Now  when  the  point  in  the  curve  approaches  the  point 
A fo  near  as  to  coincide  with  it,  then  Am  vanhhes,-  or 

•V  — o ; and  the  above  exprefiions  become  and  x 

2 (i  t a 

2, 

— - > fo  that  at  the  point  A the  velocity  which  retains  the 

2 rtli 

body  in  the  circular  orbit,  is  to  the  velocity  which  retains  the 

body  in  the  ellipfis  or  the  hyperbola,  as ^ : 1.  x n 

~2u\ f a 2 a i 

::  '■  — ■■'n\  therefore  n cF  = L ; and  nnd  — 

- T * 


cr- 


ib 


, or  a nnd  _ lb.  \V  hen  x _ d — AN,  then  2 y is  the 


parameter,  and  (fince  the  parameter  is  a third  proportional 
to  the  iranfverfe  and  conjugate  diameters)  2 a : 2b  : : 2b  ; 
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movements  of  bodies,  are  far  from  being  all  known, 
or  fully  underftood.  Bcfides,  even  tliofe  that  arc 

known, 


, , bb  b U „ b 

2y,  or  a : b : : b : y = — — — X 2 a x aw  ]z  — — X 

a a a 


_t_  (7c/Jz  — 2 « b b < ■ 1 r ■ . -which  equation  bein 

« j 

2 ab'd  — b*dx 


fquared,  becomes 
and 


b* 


a a 

2 a bzd  -f  lr  cl 1 _ 


_ for  the  ellipfis, 


a 


for  the  hyperbola.  And  being 


L'1 

divided  by— , thoie  expreffions  become  2 ad —cl'-  — b1  ~ 
az 

a n 11  d for  the  ellipfis,  and  2 a cl  d~‘  — bz  — an  n d,  for 
the  hyperbola.  Therefore 

the  femi  tranfverfeaxis  is  a~  - ^ 

In  the  ellipfis  J 2 — li- 

the femiconjugate  axis  is  b : 


nd 


In  the  hyperbola 


2 — n>~]i 

\ the  femitranfverfe  is  a — 

< rc1  — 2 

( the  femiconjugate  is  b — —1 


11  n ■ 


Having  determined  thofe  values  of  the  tranyerfe  and  con- 
jugate diameters,  wherein  n is  the  only  indeterminate  value, 
v/e  may,  by  maxing  certain  fubflitutions  inftead  of  17, ' afeer- 
tain  what  the  value  of  n mull;  be  in  order  to  produce  one 
curve  or  another. 

Thus  by  making  « m,  each  of  the  above  values  be- 
comes equal  to  d\  therefore  the  two  diameters  become 
equal  to  each  other,  the  curve  is  of  caurfe  a circle.  And 


in 
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known,  arc  moftly  fludtuating  in  the  intcnfity  of 
their  adtions.  Much  light  has  undoubtedly  been 

thrown 


in  fact  the  velocity  which  retains  the  revolving  body  in  a 
circular  orbit,  has  been  called  j,  or  unity. 

If  we  make  n I,  then  a — — — — — 'L — — !L 

2 — nn  2 — -2  o* 

which  is  an  algebraical  expreflion  of  infinity.  And  all  the 

other  exprefilons  will  likewife  become  infinite ; hence,  the 

tranfverfe  and  conjugate  diameters  in  that  cafe  becoming 

infinite,  the  curve  is  the  parabola. 

If  we  make  n equal  to  a quantity  lefs  than  the  fquare  root 
of  2 (viz.  lefs  than  the  fquare  root  of  twice  that  velocity 
which  is  required  to  retain  the  body  in  a circular  orbit;) 


then  the  values and 


nd 


viz.  of  a and  d,  will  be 


2 — n " 2 — nn\~ 

pofitive ; whereas,  by  the  fame  fubftitution,  the  value 

. — ncL. becomes  impoflible ; which  fhews,  that  when  n 


nn- 


-2  l 


is  lefs  than  the  fquare  root  of  2,  the  curve  can  only  be  the 
eliipfis. 

Laftly,  if  we  make  n equal  to  any  thing  greater  than  the 
fquare  root  of  2 ; then  the  values  of  a and  b for  the  hyper- 
bola become  pofitive  ; whereas  thofe  for  the  eliipfis  become 
impoflible  ; hence  in  this  cafe  the  curve  mull  be  the  hyper- 
bola. 

We  fhall  conclude  this  fubjeeb  with  the  following  ge- 
neral propofiticn,  which,  together  with  its  corollaries,  is  ap- 
plicable to  a variety  of  natural  phenomena. 

In  ail  determinate  orbits , deferibed  by  bodies  revolving  with 
certain  velocities  in  non  r eff  ing  mediums , about  a centre  of 
attraction , the  areas , which  are  deferibed  by  a f might  line 

connecting 
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thrown  on  this  fubjeft  by  the  ingenuity  of  feientific 
perfons  during  the  two  laft  centuries, yet  a great  deal 
flill  remains  to  be  done,  and  a vaft  field  of  {pecu- 
lation offers  it  felf  totheinduftry  of  future  philo- 
fophers. 

In 


tonnefling  the  centre  of  attraflion  and  the  revolving  body,  lie 
in  one  invariable  plane , and  are  always  proportional  to  the 
times  in  which  they  are  defcribcd. 

Imagine  the  time  to  be  divided  into  equal  particles,  and 
that  a body  moving  round  the  centre  of  attraction  N,  fig. 
12,  Plate  III.  runs  over  the  fpace  AB  in  the  firft  particle  of 
time.  It  is  evident  that,  were  the  body  left  to  itfelf,  it 
would  proceed  ftraight  to  H,  defcribing  BH,  equal  to  A Br 
in  the  Second  particle  of  time ; but  at  B imagine  that  the 
body  receives  a Single  inftantaneous  impulfe  from  the  centre 
of  attraction  N in  the  direction  BN,  fufficient  to  change 
its  direction  from  BH  to  BC.  Through  H draw  CH  pa- 
rallel to  BN,  which  will  meet  BC  in  C ; and,  agreeably  to 
the  laws  of  compound  motion,  at  the  end  of  the  fecond 
particle  of  time,  the  body  will  be  found  at  C in  the  fame 
plane  with  the  triangle  ANB.  Draw  the  lines  NC, 
NH,  and  the  triangle  NBH  will  be  equal  to  the  triangle 
NBC,  Since  they  Stand  on  the  fame  bafe  NB,  and  between 
the  fame  parallels  NB,  CH  (Eucl.  p.  37,  B.  I.)  It  will 
likewife  be  equal  to  the  triangle  ABN,  fince  they  have 
equal  bafesand  the  fame  altitude  (Eucl.  p.  1.  B.  VI.)  By 
the  very  fame  mode  of  reafoning  it  may  be  proved,  that,  if 
the  centripetal  force  aCt  upon  the  body  at  the  end  of  each 
fucceffive  particle  of  time,  fo  as  to  let  the  body  deferibe  the 
Spaces  CD,  DE,  EF,  &c.  thoSe  Spaces  will  all  lie  in  the 
fame  plane  j the  triangles  ANB,  BNC,  CND,  DNE,  & c. 

vol.  1.  m will 
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In  the  prefent  Hate  of  the  world  the  improve- 
ments of  fciencc  feldom  die  with  individuals.  The 
accumulation  of  knowledge  by  leading  the  under- 
Hand  ing,  and  by  furnidiing  tools  to  the  fenfes,  pro- 
motes the  difeovery  of  farther  truths,  and  the  in- 

exhauftible 


Will  be  all  equal,  and  will  be  deferibed  in  equal  times.  Con- 
fequently  two  or  three,  or  any  number  of  them,  will  be  de- 
feribed in  two  or  three,  or  the  like  number  of  particles  of 
time,  viz.  they  are  as  the  times. 

Now  imagine  that  thofe  triangles  are  infinitely  increafed 
in  number,  and  dhninithed  in  fize  ; then  the  polygonal  path 
ABCDEF,  will  become  a continuate  curve;  for  the  con- 
ftant  adtion  of  the  centre  of  attraction  will  be  continually 
drawing  the  body  away  from  the  direction  of  the  tangent  at 
every  point  of  the  curve.  And  it  is  evident  that  the  fecto- 
ral  areas  of  the  laid  curve,  or  number  of  infinitely  fmall 
triangles,  muft  be  proportional  to  the  times  in  which  they 
are  deferibed,  and  that  the  curve  muft  lie  in  one  immove- 
able plain. 

Corollary  I.  The  velocities  in  (liferent  parts  of  the  orbit 
are  inverfely  as  the  perpendiculars  dropped  from  the  centre  of 
attraflion  on  the  tangents  to  the  orbit  at  thofe  parts  or  points. 
For  fince  the  velocities  are  as  the  bafes  AB,  BC,  CD,  &c. 
of  equal  triangles,  they  muft  be  inverfely  as  the  heights  of 
thofe  triangles,  (Eucl.  p.  15,  B.  VI.  and  p.  38,  B.  I.) 
which  are  the  lame  as  the  perpendiculars  dropped  from  the 
centre  N,  on  the  tangents  to  the  orbit  at  thofe  points. 

Corollary  2.  The  times  in  which  equal  parts,  or  arches  of 
the  orbit  are  deferibed , are  dir  ell  ly  as  thofe  perpendiculars  to 
the  tangents.  For  when  the  arches,  or  bafes  of  the  tri- 
angles, are  equal,  the  triangles  are  as  their  altitudes;  that 

is, 
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exhauftible  fund  of  nature  offers  on  all  tides  innu- 
merable obje&s  of  invefligation  to  the  inquifitive 
mind. 

is,  as  the  above-mentioned  perpendiculars.  But  they  are 
likewifeas  the  times;  therefore,  &c. 

Corollary  3.  If,  by  drawing  lines  parallel  to  the  chords 
AB,  BC,  of  any  two  contiguous  and  evanefeent  arches 
deferibed  in  equal  times,  the  parallelogram  be  completed, 
the  diagonal  BG,  when  produced,  will  pafs  through  the 
centre  of  attraction  N,  which  proves  the  converfe  of  the 
proportion  ; viz.  that  when  the  areas,  which  are  deferibed  by 
efl-aight  line , connecting  a moving  body  and  a certain  point, 
are  proportional  to  the  times  in  which  they  are  deferibed,  then 
the  body  is  under  the  influence  of  a centripetal  force  tending  to 
that  point. 

Corollary  4.  In  every  point  of  the  orbit  the  centripetal 
force  is  as  the  fagitta,  or  verfedfine,  of  the  indefinitely  /mall 
arch  at  that  point. — -The  centripetal  force  at  B is  as  BG,  be- 
caufe  BG  is  equal  to  CPI,  and  CH  is  the  deviation  from 
the  flraight  direction  AH,  which  has  been  occafioned  by 
the  centripetal  force.  And  the  half  of  BG,  viz.  B O,  is 
the  fagitta,  or  veiled  fine,  of  the  indefinitely  fmall  arch 
ABC, 
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Of  inclined  Planes,  and 


CHAPTER  X. 

OF  THE  DESCENT  OF  BODIES  UPON  INCLINED 

PLANES  i AND  THE  DOCTRINE  OF  PENDU- 
LUMS. 

Prop.  I.  TI  7 HEN  a body  is  placed  upon  an  in- 
V V c lined  plane,  the  force  of  gravity 
which  urges  that  body  downwards , a. bis  with  a power 
fo  much  fefs,  than  if  the  body  defc  ended  freely  and  per- 
pendicularly downwards,  as  the  elevation  of  the  plane 
is  lefs  than  its  length. 

If  KD,  fig.  1,  Plate  IV.  be  an  horizontal  plane, 
and  a body  A be  laid  upon  it,  this  body  will  re- 
main motionlefs ; for  though  the  power  of  gravity, 
or  (which  is  the  fame  thing)  its  own  weight,  draws 
it  towards  the  centre  of  the  earth,  yet  the  plane 
DB  fupports  it  exaftly  in  that  direction  ; hence  no 
motion  can  arife. 

But  if  the  plane  be  inclined  a little  to  the  hori- 
zon, as  in  fig.  2,  Plate  IV.  then  the  body  will  de- 
feend  gently  towards  the  lower  end  D.  And  if  the 
inclination  of  the  plane  be  increafed,  as  in  fig.  3, 
Plate  IV.  the  body  will  run  down  towards  D with 
greater  quicknefs. 

In  the  two  laft  cafes ; or,  in  general,  whenever 
the  plane  is  inclined  to.  the.  horizon,  the  action  of 
gravity  is  not  entirely  but  partially  counteracted  by 
the  plane.  For  if,  from  the  centre  A cf  the  body, 
in  the  figures  2 and  3, you  draw  two  lines,  viz.  AG 
: P^- 
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perpendicular  to  the  horizon,  and  AF  perpendi- 
cular to  the  plane  ; the  whole  force  of  gravity,  which 
is  reprefented  by  the  line  AE,  is  refolved  into  two 
forces ; viz.  AF  and  EF,  whereof  AF  being  perpen- 
dicular to  the  plane,  is  that  part  of  the  gravitating 
power  which  is  counteracted  by  the  inclined  plane  ; 
or  that  part  of  the  weight  of  the  body  which  is 
fupported  by  the  plane  BD  ; and  EF  reprefents  the 
other  part  of  the  gravitating  power,  which  urges  the 
body  downwards  along  the  lurface  ot  the  plane. 
Therefore  the  force  of  gravity  which  moves  the 
body,  is  diminifhed  in  the  proportion  of  AE  to  EF. 
But  the  triangles  AFE,  EDG,  and  BDC,  are  equi- 
angular, and  ot  courfe  fimilar  (becaule  the  angles  at 
F,  C,  and  G are  right,  and  the  angle  AEF  is.  equal 
to  the  angle  DEG,  by  Eucl.  p.  15.  B.  I.  j as  alto 
equal  to  the  angle  DBC,  by  Eucl.  p.  29.  B.  I.) 
Hence  we  have  AE  to  EF,  as  DB  to  BC  j viz.  as 
the  length  of  the  plane  is  to  its  elevation,  or  as  the 
whole  force  of  gravity  is  to  that  part  of  it  which 
urges  the  body  down  along  the  inclined  plane*. 

Prop.  IT.  The  J pace  zvhich  is  defcribed  by  a body 
defending  freely  from  ref  towards  the  earth,  is  to  the 
fpace  zvhich  it  will  defcribe  upon  the  furface  of  an  in- 


* If  (by  trigonometry)  DB  be  made  radius,  BC  be- 
comes the  fine  of  the  angle  of  inclination  BDC  ; therefore 
the  whole  force  of  gravity  is  fetid  to  he  to  that  part  of  it  which 
urges  a body  down  an  inclined  plane,  as  radios  is  to  the  fine  of 
the  plane's  inclination  to  the  horizon. 
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dined  plane  in  the  fame  time  as  the  length  of  the  plane 
is  to  its  elevation , or  as  radius  is  to  the  fine  of  the  plane's 
inclination  to  the  horizon. 

The  force  of  gravity,  which  urges  a body  down 
along  the  furface  of  an  inclined  plane,  is  dimini llied 
by  the  partial  counteraction  of  the  inclined  plane  ; 
but  its  nature  is  not  otherwife  changed  ; viz.  it  ads 
conflantly  and  unremit tcdly.  Hence  the  velocity 
of  the  body  is  continually  accelerated,  and  the 
{'paces  it  runs  ever  arc  alfo  proportional  to  the 
fquares  c:  the  times ; though  thofe  fpaces  will  not 
be  fo  long  as  if  the  body  delcended  freely  and  per- 
pendicularly towards  the  ground. 

Now  in  order  to  afeertain  how  much  the  fpace, 
which  is  deferibed  by  a body  running  down  an  in- 
clined plane  in  a certain  time,  is  fhorter  than  the  fpace 
through  which  it  would  defeend  freely  and  perpendi- 
cularly in  the  fame  time,  wemufl  recoiled  what  has 
been  proved  in  page  64,  relatively  to  the  fpaces, which 
are  deferibed  in  the  fame  time,  by  bodies  that  are 
aded  upon  by  different  central  forces ; namely, 
that  in  equal  times,  the  fpaces  are  as  the  forces ; 
then,  fince  the  whole  force  of  gravity  is  to  that 
force  which  diaws  a body  down  the  inclined  plane, 
as  radius  is  to  the  fine  of  the  plane’s  inclination. 
Therefore  the  {pace  deferibed  by  a body  which  de- 
feends  freely,  is  to  the  fpace  which  a body  will  de- 
feribe  on  an  inclined  plane,  in  the  fame  time  as 
radius  is  to  the  fine  of  the  plane’s  inclination,  or  as 
the  length  of  the  plane  is  to  its  altitude. 


Example. 
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Example.  Let  the  length  FT)  of  the  inclined 
plane, fig.  2,  Plate  IV.be  io  feet, an  ■ elevation  BC, 
4 feet.  It  is  known  from  experiment,  hat  in  the 
firft  fecond  of  time,  a body  will  delcend  fi  'v  lrom 
reft  through  16,087  feet.  Theretore,  by  ti.  ■ lule 
of  three,  we  lay,  as  10  feet  are  to  4 teet,  lo  ue 
16,087  feet  to  a fourth  proportional,  viz.  10:4:: 

16,087  : f4*  T-6,°_iZ  =)  6,435  feet>  wlllch  fnews 
' 10  ' 

that  a body  running  down  the  inclined  plane  BD, 
would  pafs  over  little  Jels  than  fix  feet  and  a half, 
or  6,435  in  the  firft  lecond  of  time. 

Prop.  III.  If  upon  the  elevation  BC,  fig.  4,  Plate 
IV.  of  the  plane  BD,  as  a diameter , the  femicircle 
BEGC  be' defer  ibed,  the  part  BE  of  the  inclined  plane , 
which  is  cut  off  by  the  femicircle , is  that  part  of  the 
plane  over  which  a body  will  defeend , in  the  fame  time 
that  another  body  will  defeend  freely  and  perpendicu- 
larly along  the  diameter  of  the  circle , viz.  from  B to  C, 
which  is  the  altitude  of  the  plane , or  fine  of  its  inclina- 
tion to  the  horizon. 

The  triangle  BEC  is  equiangular,  and  of  courfe 
fimilar,  to  the  triangle  BDC  (for  the  angle  at 
B is  common  to  both,  and  the  angle  BEC  is 
by  Eucl.  p.  31.  B.  III.  a right  angle,  and  there- 
fore equal  to  the  right  angle  B C D)  hence  we 
have  BD  to  BC  as  BC  is  to  BE.  But,  by  the 
preceding  propofition,  the  fpace  delcended  freely 
and  perpendicularly,  is  to  the  fpace  run  over  an 
inclined  plane  in  the  fame  time,  as  the  length  of 
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the  plane  is  to  its  elevation,  viz.  as  BD  is  to 
BC  ; therefore,  the  fpace  run  freely  and  perpendi- 
cularly, is  to  the  fpace  run  over  the  inclined  plane, 
likewife  as  BC  is  to  BE.  And  fince  BC  is  the 
fpace  freely  defeended  by  a body  in  a certain 
time,  BE  muft  be  the  fpace  which  is  run  down  by 
a body  on  the  inclined  plane  in  the  fame  time. 

Cor.  A very  uleful  and  remarkable  confequence 
is  derived  from  this  proportion,  namely,  that  a body 
•will  defend  from  B over  any  chord  whatjoever  as 
BE,  or  BF,  or  BG,  of  the  femicircle  BEFC,  exactly  in 
the  fame  time , viz.  in  the  fame  time  that  it  would  de- 
fend freely  from  B to  C.  For  if  you  imagine  the 
inclined  plane  to  be  BH  inftead  of  BD  ; then  by 
this  proportion,  the  body  will  defeend  either  from 
B to  F,  or  from  B to  C in  the  fame  time  and 
again,  if  you  imagine  the  inclined  plane  to  be  BI, 
then  by  this  proportion,  the  body  will  defeend 
either  from  B toG,  or  from  B to  C,  in  the  fame 
time.  And,  in  fhort,  the  fame  thing  may  be 
proved  of  any  other  chord  of  the  femicircle. 

Prop.  IV.  The  time  of  a body  s defending  along 
the  zvhole  length  of  an  inclined  plane,  is  to  the  time  of 
its  defending  freely  and  perpendicularly  along  the  alti- 
tude of  the  plane , as  the  length  of  the  plane  is  to  its  al- 
titude ; or  as  the  whole  force  of  gravity  is  to  that  part 
of  it  zvhich  a his  upon  the  plane. 

The  l'paces  run  over  the  plane  being  as  the 
fquares  of  the  times,  we  have  the  fquare  of  the  time 
of  palling fiver  BD,  fig.  4,  Plate  IV.  to  the  fquare  of 

the 
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the  time  of  palling  over  BE,  as  BD  is  to  BE.  But 
BD  is  to  BC  asBC  is  BE,  viz.  BD,  BC,  and  BE 
are  three  lines  in  continuate  geometrical  propor- 
tion ; therefore  (Eucl.  p.  20,  B.  VI.)  BD  is  to  BE, 
as  the  fquare  of  BD  is  to  the  fquare  of  BC.  It 
has  beefii  fhewn  above,  that  the  fquare  of  the  time 
of  pafiing  over  BD,  is  to  the  fquare  of  the  time 
of  paffing  over  BE,  as  BD  to  BE  ; therefore  thofe 
fquares  of  the  times  are  to  each  other  as  the  fquare 
of  BD  to  the  fquare  of  BC  ; and  of  courfe  the 
fquare  roots  of  thefe  four  proportional  quantities 
are  likewife  proportional  (Eucl.  p.  22,  B.  VI.)  viz. 
the  time  of  a body’s  defeending  from  B to  D is  to 
the  time  of  its  defeending  freely  and  perpendicu- 
larly from  B to  E,  or  from  B to  C,  as  B D is  to 
BC,  or  as  the  length  of  the  plane  is  to  its  altitude; 
or  (by  the  ift  propofition  of  this  chapter)  as  the 
whole  force  of  gravity  is  to  that  part  of  it  which 
acts  upon  the  plane. 

Prop.  V.  A body  by  defeending  from  a certain  height 
to  the  fame  horizontal  line , toil l acquire  the  fame  velocity 
whether  the  defeent  be  made  perpendicularly , or  ob- 
liquely, over  an  inclined  plane , or  over  many  fuccejjive 
inclined  planes , or  laflly  over  a curve  furface. 

1 ft.  In  page  64,  it  has  been  fhewn,  that  the 
velocity  of  a body  defeending  freely  towards  a cen- 
tre of  attra&ion,  is  as  the  product  of  the  attrac- 
tive force  multiplied  by  the  time  ; and  by  the  pre- 
ceding propofition  it  has  been  proved,  that  on  an 
inclined  plane  the  force  of  gravity  is  diminilhed  in 
proportion  as  the  time  of  the  body’s  running  down 
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the  whole  length  of  the  plane,  is  increafed,  viz. 
when  the  force  of  gravity  is  half  as  flrong  as  it 
would  be  in  free  ipace,  the  time  is  doubled  ; and 
when  the  force  is  one-third  as  flrong,  the  time  is 
trebled,  &c.  therefore  the  product  of  the  time  by 
the  force  is  always  the  fame  ; for  4-  multiplied  by  1 
is  equal  to  -r  multiplied  by  3,  is  equal  to  ~ multi- 
plied by  4,  &c.  hence  the  velocity  being  as  that 
product,  mult,  of  courfe,  be  always  the  fame,  or 
a conftant  quantity.  For  example,  fuppofe,  that 
when  the  body  defeends  perpendicularly  down 
from  B to  C,  fig.  4,  Plate  IV.  the  whole  force  of 
gravity  afts  upon  it.  Let  us  call  that  whole  force 
1,  and  let  the  time  employed  by  the  body  in  com- 
ing down  from  B to  C be  one  minute,  then  the  ve- 
locity acquired  by  that  defeent  is  reprefented  by 
the  product  of  the  time  by  the  force,  viz.  1 by  1, 
which  makes  one.  Now  when  the  body  defeends 
from  the  fame  altitude  B,  to  the  fame  horizontal 
line  DC,  over  the  inclined  plane  BD,  the  force  of 
gravity  which  draws  it  downwards  is  diminilhed  ; 
for  inflance,  luppole  it  to  aft  with  a quarter  of  its 
original  power,  then  the  time  of  the  body’s  defend- 
ing from  B to  D will  be  four  minutes,  and  the 
velocity  acquired  by  that  defeent,  being  as  the 
product  of  the  force  by  the  time,  is  as  the  pro- 
duft  of  4 by  4,  which  is  one,  or  the  lame  as  when 
the  body  defeends  perpendicularly  down  from  B 
to  C. 

2dly.  Suppofe  that  the  body  defeends  from  the 
fame  altitude  E to  the  fame  horizontal  line  DC, 
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fin-  Plate  IV.  along  the  contiguous  inclined 
planes  EF,  FG,  GD  ; by  the  time  it  arrives  at  D 
it  will  have  acquired  the  fame  velocity  as  if  it  had 
defcended  perpendicularly  from  B to  C,  or  from  E 
perpendicularly  down  to  the  horizontal  line  DC  ; 
for,  by  the  firft  part  of  this  proportion,  it  will  ac- 
quire the  fame  velocity  whether  it  defcends  from 
E to  F or  from  K to  F,  and  by  adding  to  both  the 
plane  FG,  it  follows  that  the  body  will  acquire  the 
fame  velocity  whether  it  defcends  along  the  Angle 
plane  KG,  or  along  the  two  contiguous  planes  EF, 
FG.  And  by  the  like  reafoning  it  will  be  proved, 
that  the  body  will  acquire  the  fame  velocity  whe- 
ther it  defcends  along  the  Angle  plane  BD,  or  along 
the  contiguous  two  planes  KG,  GD,  or  along  the 
contiguous  three  planes  EF,  FG,  GD,  &c. 

idly.  If  the  number  of  contiguous  planes  be 
fuppofed  infinite,  and  their  lengths  infinitely  fmall, 
they  will  conftitute  a curve  line,  like  BH ; whence 
it  follows,  that  a body  by  its  delcent  along  the 
curve  line  BH,  or  any  other  curve,  will  acquire 
the  fame  velocity  as  if  it  defcended  perpendicularly 
from  B to  C. 

Prop.  VI.  Let  a circle  be  perpendicular  to  the  ho- 
rizon, and  if  two  chords  be  dr  aim  from  any  two 
points  in  the  circumference,  to  the  point  in  which  the 
circle  touches  the  horizon  the  velocities  which  are  ac- 
quired by  the  defeents  of  two  bodies  along  thofe 
chords,  will  be  as  the  lengths  of  the  chords  refpec- 
tively. 


It 
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It  has  been  fhewn  by  the  preceding  propofition, 
that  a body  will  acquire  the  lame  velocity  whether 
it  defeends  from  B to  D.  fig.  6,  Plate  IV.  or  from 
E to  D ; D being  the  point  of  contact  with  the  ho- 
rizontal plane  GI ; and  likewife  the  fame  velocity 
will  be  acquired  by  defeending  from  C to  D,  or 
from  F to  D ; fo  that  the  velocities,  which  are  ac- 
quired by  defeending  along  thofe  chords,  are  re- 
fpedtively  the  fame  as  the  velocities  acquired  by 
defeending  perpendicularly  from  E and  F to  D. 
And  (from  what  has  been  (hewn  in  p.  65)  thofe 
velocities  are  as  the  fquare  roots  of  ED  and  FD. 
Now  (Eucl.  p.  8.  B.  VI.)  AD  is  to  DB  as  DB 
is  to  ED;  therefore  (Eucl.  p.  10.  B.  IV.)  AD 
is  to  ED,  as  the  fquare  of  AD  is  to  the  fquare  of 
DB,  and,  for  the  fame  reafons,  AD  is  to  FD,  as  the 
fquare  of  AD  is  to  the  fquare  of  CD.  Hence,  al- 
ternately, AD  is  to  the  fquare  of  AD,  as  ED  is  to 
the  fquare  of  BD  ; and  AD  is  to  the  iquare  of  AD, 
as  FD  is  to  the  fquare  of  CD;  therefore  ED  is  to 
the  fquare  of  BD,  as  FD  is  to  the  fquare  of  CD  ; 
that  is,  alternately,  ED  is  to  FD  as  the  fquare  of 
BD  is  to  the  fquare  of  CD ; and  of  courfe  the 
fquare  root  of  ED  is  to  the  fquare  root  of  FD 
as  BD  is  to  CD,  and  as  the  velocity  acquired  by 
defeending  along  BD  is  to  the  velocity  acquired  by 
defeending  along  CD. 

Prop.  VII.  If  there  be  two  planes  of  unequal  lengths, 
hit  equally  inclined  to  the  horizon , the  times  of  defeent 
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along  the  whole  lengths  of  thofe  planes  will  he  as  the 
fquare  roots  of  their  lengths  refpctlively. 

' ' Let  BD  and  EF,  fig.  7,  Plate  IV.  be  two  planes 
of  unequal  lengths,  but  equally  inclined  to  the  ho- 
rizon ; and  it  follows  from  prop.  IV.  ot  this  chap- 
ter, that  the  time  of  defeent  along  the  plane  BD 
is  to  the  time  of  the  perpendicular  defeent  along 
BC,  as  BD  is  to  BC ; alfo  that  the  time  of 
defeent  along  E F is  to  the  time  01  defeent 
along  E C,  as  E F is  to  E C.  The  times  of  the 
perpendicular  delcents  along  BC  and  EC  aie 
as  the  refpebtive  fquare  roots  of  B C and  EC 
f Fee  page  6^.)  Now  the  triangles  BDC  and  EFC 
being  equiangular,  and  therefore  fimilar  (Eucl. 
p.  4.  B.  VI.)  we  have  BC  to  EC  as  BD  to  EF, 
and  of  courfe  the  fquare  root  of  BC  is  the  fquaie 
root  of  EC,  as  the  fquare  root  of  BD  is  to  the 
fquare  root  of  EF  ; viz.  as  the  time  ot  delcent 
alono;  BD  is  to  the  time  of  defeent  along  Er. 

Cor.  The  fame  thing  mud  be  underftood  (as 
it  may  eafily  be  derived  from  the  above  pro- 
pofition)  of  two  or  more  contiguous  planes  fimi- 
larly  fituated,  as  BID,  EHFj  and  likewile  of 
two  curve  furfaces  that  are  fimilar  and  fimilarly 
fituated;  fince  thofe  curves  may  be  conceived  to 
confift  of  an  infinite  number  of  planes  fimilarly 
fituated. 

Thus  much  will  fuffice  for  the  pretent  with  ic- 
fpebt  to  the  properties  of  inclined  planes,  in  which 
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we  have  fuppofed  the  bodies  to  be  fpherical,  and 
the  planes  as  well  as  the  bodies  to  be  perfectly 
fmooth  and  not  obftrufted,  either  by  friction  or  by 
the  refiftance  of  the  air.  We  (hall  now  explain 
the  properties  of  pendulums  or  pendulous  bodies  ; 
a pendulum  being  a body  hanging  at  the  end  of  a 
ftring,  like  A,  fig.  8,  Plate  IV.  and  moveable  about 
a fixed  point  of  fufpenfion  C.  A pendulum  however 
may  confift  of  a fingle  body  fufpended  w ithout  any 
ftring,  fuch  as  a rod  of  wood  or  other  matter  fufpend- 
ed by  one  end,  &c.  but  in  the  following  propofi- 
tions  a pendulum  mult  be  underftood  to  be  ac- 
cording to  the  former  definition,  viz.  a body  fuf- 
pended at  the  end  of  a ftring,  &c.  and  the  ftring 
jnuft  be  fuppofed  to  be  void  of  weight,  as  alfo  to 
move  with  perfect  freedom  about  the  point  ot  luf- 
penfion,  unlefs  the  contrary  be  mentioned. 

Prop.  VIII.  If  a pendulum  be  i moved  to  any  dif- 
tance  from  its  natural  and  perpendicular  direbiion,  and 
there  be  let  go,  it  will  defend  towards  the  perpendi- 
cular, then  it  will  afeend  on  the  oppofite  fide  nearly  as 
far  from  the  perpendicular,  as  the  place  whence  it  be- 
gan to  defend ; after  which  it  will  again  defend 
towards  the  perpendicular , and  t/ius  it  will  keep 
moving  backwards  and  forwards  for  a confderable 
time  ■,  and  it  would  continue  to  move  in  that  manner  for 
ever,  were  it  not  for  the  refiftance  of  the  air,  and  the 
friblion  at  the  point  of  Jufpenfon,  which  always  prevent 
its  afe ending  to  the  fame  height  as  that  from  which 
it  laftly  began  to  defend . 


Thus 
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Thus  the  pendulum,  fig.  9,  Plate  IV.  being 
moved  from  the  perpendicular  di  red  ion  CB  to  the 
fituation  AC,  and  there  left  to  itfelf,  will  defeend 
alone: the  arch  AB  with  an  accelerated  motion,  in  the 
fame  manner  as  if  it  defeended  over  a curve  furface 
AB  : for  it  is  evidentlv  the  fame  thing  whether  a 
body  defeends  along  fuch  a furface,  or  is  confined 
by  the  firing  CB,  fo  as  to  deferibe  the  fame  curve 
AB.  By  the  time  the  body  arrives  at  the  lowed 
point  B,  it  will  acquire  the  fame  velocity  as  if  it 
had  defeended  perpendicularly  from  E to  B,  (by 
prop.  V.)  This  velocity  (if  the  retardation  anting 
from  the  refifiance  of  the  air  and  the  friction  be 
removed)  will  carry  it  beyond  the  point  B with  a 
retarded  motion  in  an  equal  portion  of  time,  as  far 
as  D (fee  page  71)  viz.  as  far  from  B as  A is  from 
B.  It  will  then  defeend  again  with  an  accelerated 
motion  towards  B,  and  fo  on.  For  tince  the  velo- 
city of  the  pendulum  in  its  afeent  is  retarded  by  the 
lame  uniformly  acting  power,  which  accelerates  it 
in  its  defeent,  namely,  by  the  lorce  of  gravity, 
there  mutt  be  the  fame  time  employed  in  deftroy- 
ing  as  in  generating  any  momentum. 

It  likewife  follows  from  this  confideration,  that  the 
weight  of  the  pendulum  cannot  alter  its  time  of 
defeent  or  afeent;  for  it  has  been  thewn  above,  that 
bodies  of  different  weights  will  move  through  equal 
fpaces  in  equal  times,  towards  a centre  of  attraction, 
provided  the  attractive  force  be  the  fame.  And 

the 


*7^  Of  inclined  V lanes,  and 

the  motion  of  a pendulum  is  evidently  owing  to  the 
gravitating  power. 

The  whole  motion  of  the  pendulum  one  way  is 
called  a vibration  or  ofcillation.  Thus  the  motion 
of  the  pendulum  from  A to  D is  one  vibration  ; 
from  D to  A is  another  vibration,  and  foon.  The 
body  which  hangs  by  the  firing,  is  commonly  called 
the  bob  of  the  pendulum. 

This  property  of  the  pendulum  is  fully  confirmed 
by  a variety  of  experiments.  A pendulum,  if  once 
moved  out  of  its  perpendicular  fituation,  and  then 
left  to  itfelf,  will  move  forwards  and  backwards  for 
a confiderable  time  (in  fome  cafes,  for  many  hours)  ; 
but  every  vibration  will  be  a little  fhorter  than  the 
preceding,  until  at  laft  the  pendulum  will  entirely 
ceafe  to  move.  That  this  gradual  retardation  is 
entirely  owing  to  the  refinance  of  the  air,  and  to 
the  fridion  at  the  point  of  fufpenfion,  is  proved 
by  obferving  that  the  fame  pendulum  has  been 
found  to  continue  its  vibrations  longer  and  longer, 
in  proportion  as  thole  caufes  of  obftrudion  have 
been  diminifhed  ; hence  we  conclude,  that  if  thole 
caufes  could  be  entirely  removed,  the  pendulum 
would  continue  to  vibrate  for  ever. 

Prop.  IX.  dike  velocity  of  a pendulum  in  its  loivefi 
point  is  as  the  chord  of  the  arch  which  it  has  deferibed 
in  its  defeent. 

Thus  if  there  be  two  pendulums  of  equal  lengths, 
as  CF  and  CA,  fig.  10,  Plate  IV.  and  the  former 
of  them  ddeends  from  F,  whilfi  the  latter  delcends 

from 
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rom  A ; then  at  the  lowed:  point  B the  velocity 
of  the  former  will  be  to  the  velocity  of  the  latter, 
as  the  chord  or  ftraight  line  FB  is  to  the  chord  or 
ftraight  line  AB,  or  as  the  velocities  acquired  by 
the  perpendicular  defeents  GB  EB ; which  is  an 
evident  application  of  the  proportions  V.  and  VL 
of  this  Chapter. 

Prop.  X.  The  very  [mall  vibrations  of  the  fame 
pendulum  are  performed  in  tunes  nearly  ecpial-,  but  the 
vibrations  through  huger  and  unequal  arches  are  per- 
formed in  times  fenfb/y  different. 

It  is  evident  (from  cor.  to  prop.  III.)  that  if  the 
pendulous  body,  iriftead  of  vibrating  along  circular 
arches,  could  move  along  the  chords  of  thofe  arches* 
the  femi-vibrations,  whether  long  or  Ihort*  would 
be  all  performed  in  equal  times  * viz.  each  in  the  time 
that  a body  would  employ  in  defeending  perpendicu- 
larly along  the  diameter  of  the  circle,  or  twice  the 
length  of  the  pendulum.  For  inftance,  in  fig,  10* 
Plate  IV.  the  pendulous  body  would  defeend  from  F 
to  Bor  from  A to  B along  the  chords  or  ftraight  lines 
FB  or  AB,  exactly  in  the  fame  time,  viz-,  the  time 
it  would  employ  in  the  perpendicular  defeent  from 
FI  to  B ; and  fince  tire  defeent  from  A to  B,  or 
from  F to  B,  is  half  a vibration,  therefore  each 
whole  vibration  would  be  performed  in  twice  that 
time. 

But  fince  the  body  vibrates  not  along  the  chords 
but  along  the  arches,  therefore  the  unequal  vibra- 
tions cannot  be  performed  in  equal  times  (fee  prop: 
vol.  i,  n IV.)  3 
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IV.) ; yet  in  very  fmall  arches  the  chords  are  nearly 
equal  to  the  arches  that  are  fubtended  by  them, 
(fee  prop.  I.  of  the  note  in  p.  139.)  therefore  the 
vibrations  along  very  imall  arches,  though  of  un- 
equal lengths,  are  performed  in  times  nearly  equal. 

Prop.  XI.  As  the  diameter  of  a circle  is  to  its  cir- 
cumference,fo  is  the  time  of  a heavy  body's  defeentfrom 
reft  through  half  the  length  of  a pendulum  to  the  time 
of  one  of  the  fmalleft  vibrations  of  that  pendulum. 

The  demonftration  of  this  proportion  depends 
upon  certain  difficult  mathematical  principles ; we 
fhall  therefore  fubjoin  it  by  way  of  a note,  for  the 
information  of  thofe  who  are  qualified  to  read  it  j 
and  fhall  now  proceed  to  fhew  the  ufe  of  this  curious 
propofition  by  means  of  examples  (i). 

This 


(i)  The  analogy  which  is  announced  in  the  above  pro- 
pofition,  is  deduced  from  the  properties  of  a curve  called  the 
cycloid.  It  is  therefore  neceffary,  in  the  firft  place,  to  ffiew 
the  nature  and  principal  properties  of  that  curve,  from  which 
the  above  mentioned  analogy  may  afterwards  be  derived. 

If  a circle,  as  AB,  fig.  n,  Plate  IV.  refting  on  a right 
line  AL,  touches  it  in  a point  A •,  and  if  this  circle  be 
rolled  along  the  faid  line,  until  the  fame  point  A in  the  cir- 
cumference, which  firft  touched  the  line  AL,  comes  again 
in  contact  with  it  in  another  point  L ; or  till  the  circle 
AB,  by  rolling  along  the  line  AL,  has  performed  a whole 
revolution  ; then  the  point  A will,  by  its  two-fold  motion, 
deferibe  the  curve  ACDIL,  which  is  called  a cycloid. 

The  circle  ABC  is  called  the  generating  circle , AL  is 

the  bafe , and  DF,  eredted  perpendicularly  in  the  middle  oi 

the 
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This  propofition  (hews  the  proportionality  of 
four  quantities ; viz.  the  diameter  of  a circle,  its 
circumference,  the  time  which  a heavy  body  em- 
ploys in  falling  from  reft  through  a certain  fpace, 

and 


the  bafe,  and  extended  from  the  bafe  to  the  curve,  is  the 
axis  of  the  cycloid.— ABC,  DGF,  HIK,  reprefent  the  ge- 
nerating circle  in  different  fituations. 

From  this  generation  of  the  cycloid,  the  following  par- 
ticles are  obvioufly  derived. 

I.  The  bafe  AL  is  equal  to  the  circumference  of  the  gene - 
rating  circle. 

II.  The  axis  DF  is  equal  to  the  diameter  of  the  generating 
circle. 

III.  The  part  KL  of  the  bafe , viz.  the  part  between  one 
extremity  of  it  and  the  place  which  touches  the  generating 
circle  in  any  ft  nation  of  it>  is  equal  to  the  correfponding  arch 
IK , or  GF,  of  the  generating  circle  ; the  ordinate  IE  being 
parallel  to  the  bafe. 

IV.  FK-y  or  its  equal  ME , is  equal  to  the  remaining  arch 

IHy  or  GD. 

V.  The  chord  IK  is  perpendicular  to  the  curve  at  I. 

VI.  The  chord  1 H,  being  perpendicular  to  IK , [for  the 
angle  HIK  in  the  femicircle  is  a right  angle)  is  a tangent  te 
the  curve  at  the  point  /. 

VII.  The  tangent  III  of  the  curve  at  /,  or  chord  of  the 
circular  arch  HI , is  equal  and  parallel  to  the  chord  DG . 
Alfo  IK  is  equal  and  parallel  to  FG. 

VIII.  The  length  of  the  fcmicycloid  DIE  is  equal  to  twice 
the  diameter  DF  of  the  generating  circle  ; and  any  cycloidal 
arch  ID , cut  off  by  a line  IE  parallel  to  the  bafy  is  equal  to 
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and  the  time  of  a fmall  ofcillation  of  a pendulum, 
whole  length  is  equal  to  twice  that  fpace. 

It  is  very  well  known  that  the  diameter  of  a 
circle  is  to  its  circumference,  as  one  is  103,1415 

nearly ; 


twice  the  chord  DG  of  the  c or refpo tiding  circular  arch  DGy 
which  is  cut  of  by  the fame  line  IE. 

Draw  PT  indefinitely  near  and  parallel  to  IE,  which 
will  cut  the  circle  DGF  in  Q.  Join  DQ_produce  DG  to 
meet  TP  in  S ; from  Q_draw  QO  perpendicular  to  DS, 
and  draw  GR,  a tangent  to  the  circle  at  G,  and  RD  a tan- 
gent at  D.  Then,  fince  PT  is  indefinitely  near  to  El ; 
GS  is  equal  to  the  increment  IT  of  the  curve,  whilft  GO 
is  the  increment  of  the  chord  DG ; for  DQ_  being  nearly 
equal  to  DO,  mull  exceed  DG  by  the  increment,  or  addi- 
tion..! part  GO.  And  this  increment  or  addition  to  the 
chord  has  been  made  at  the  fame  time  that  the  curve  DI 
has  been  increafed  of  the  part  IT,  equal  to  GS. 

Now  the  triangles  DRG,  GQS,  being  fimilar  (fince 
DR  is  parallel  to  QS,  and  the  angles  at  the  vertex  G are 
equal),  and  DR  being  equal  to  RG,  QS  mud  be  equal 
to  QG ; hence  GO  is  likewife  equal  to  OS,  and  of  courfe 
GS  is  equal  to  twice  GO  ; but  GS  is  equal  to  the  incre- 
ment of  the  curve,  and  GO  is  equal  to  the  contemporaneous 
increment  of  the  chord  DG;  therefore  the  increment  of 
the  curve  is  equal  to  twice  the  increment  of  the  chord. 
And  as  this  reafoning  is  applicable  to  any  point  of  the  curve 
from  D to  L,  therefore  we  conclude,  that  fince  from  the 
upper  point  D to  the  loweft  L,  the  curve  increafes  twice 
as  faft  as  the  correfponding  chord  of  the  circle  DGF, 
therefore  any  arch  DI  of  the  curve  is  equal  to  twice  the 
correfponding  chord  DG  j and  at  L where  the  correfponding 

chord 
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nearly;  therefore  if  one  of  the  other  particulars  be 
known,  we  may  find  out  the  fourth  by  means  of 
the  common  rule  of  three. 

Example  ift.  The t time  in  which  a body  will 
defcend  from  reft  through  16,087  ^eet>  v*z-  (one 

fpcond) 


chord  is  DF,  the  curve  or  femicycloid  DIL  is  equal  to 
twice  DF,  viz.  twice  the  diameter  of  the  generating 
circle. 

IX.  CA,  CB , ftg,  12,  Plate  IV.  reprefent  two  equal  fe- 
micyclcidal  cheeks  fet  contiguous  to  each  other  with  their 
bafes  CE , CK,  in  the  fame  direction.  BDA  is  an  inverted 
cycloid  equal  to  the  cycloid  of  which  CA  or  CB  is  the  half 
and  its  bafe  reaches  from  the  vertex  B of  one  femicycloid  to  tbf 
vertex  A of  the  other.  At  C fufpend  a pendulum  CL  /,  whofe 
length  is  equal  to  one  of  the  femicycloids.  As  this  pendulum 
vibrates  in  the  plane  of  the  cycloids , its  fring  will  apply  itfelf 
frfi  to  one  and  then  to  the  other  of  thofe  cheek s^  by  which  means 
the  end  I of  the  pendulum  will  move  precifly  in  the  curve 
BDA-,  viz.  in  a cycloid, 

It  is  evident  from  the  conflruction,  that  BA  is  the  bafe 
of  the  cycloid  BDA;  that  BF  = FA  = CE  - CK,  and 
that  CD  ~ CLI  = CLB  rr  BTD  ==  twice  the  diameter 
ot  the  generating  circle  FGD,  or  EHB. 

In  any  fituation  of  the  pendulum,  as  CLI  draw  LH 
through  the  point  where  the  contact  between  the  firing  of 
the  pendulum  and  the  cycloidal  cheek  terminates,  and  draw 
IY  through  the  end  of  the  pendulum,  both  parallel  to  the 
bafe  BA  ; and  join  the  points  B,  H,  G,  F,  with  the  lines 
BH,  and  GF. 

Since  CLB  is  equal  to  CLI  the  difengaged  part  LI  of 
the  firing  mull  be  equal  to  LB,  and  of  courfe  equal  to 
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lecond)  being  given,  to  find  the  time  in  which  a 
pendulum  of  twice  that  length  (viz.  of32, 174  feet) 
will  perform  one  of  its  lead  vibrations. 

Here  we  have  1 : 3,1415  : : i":  to  a fourth  pro- 
portional, viz.  to  3", 141 5,  which  is  the  time  in 

which 


twice  the  chord  HB  (by  § VIII).  But  BH  is  equal  and 
parallel  to  the  tangent  LM  (by  §.  VII);  therefore  HB  is 
equal  to  ML,  and  confequently  LM  is  equal  to  MI ; hence 
the  parallels  HL,  IG  are  equidiftant  from  the  bafe  BA, 
and  cut  off  equal  arches  HZB,  FSG,  from  the  generating 
femicircles;  therefore  the  chord  FG  is  equal  and  parallel 
to  the  chord  HB,  and  to  MI.  Alfo  Ml*  is  equal  to  IG, 
thofe  lines  being  the  oppofite  fidcs  of  a parallelogram. 
Now  as  BM  is  equal  to  HL,  and  (by  § IV.)  equal  to  the 
arch  HZB,  or  to  the  arch  FSG  ; the  remainder  MF,  equal 
to  IG,  will  be  equal  to  the  remaining  part  GD  of  the  femi- 
circle;  which  proves  that  the  extremity  I of  the  pendulum 
is  always  in  the  cycloidal  curve  ADB. 

For  the  lake  of  brevity  we  Ihall  call  the  pendulum  which 
vibrates  in  a cycloid,  a cycloidal  pendulum. 

X.  The  velocity  of  a cycloidal  pendulum  in  its  lowc/l  point 
is  proportional  to  the  fpace  pa  fed  through  ; viz.  to  the  arch 
of  the  cycloid  which  the  pendulum  has  deferibed  in  itsdefeent. 

Thus  in  fig.  12,  Plate  IV.  If  the  pendulum  begin  to 
defeend  from  I ; at  D,  its  velocity  will  be  as  the  arch  ID ; 
and  if  it  begin  to  defeend  from  B,  then  when  it  arrives  at 
the  low'eft  point  D,  its  velocity  will  be  2s  the  arch  BID  , 
which  we  are  now  going  to  prove. 

It  has  been  (hewn  in  chap.  X.  prop  V.  that  a body  will 

acquire  the  fame  velocity  whether  it  defeends  obliquely 

from 
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which  the  pendulum  of  32,174  feet  will  perform 
each  of  its  very  fmall  vibrations ; viz.  little  more 
than  three  feconds. 

Example  2.  The  time  in  which  a body  will  de- 
feend  from  reft  through  16,087  feet  (v'z*  one  fe~ 
cond)  being  given,  to  find  the  time  in  which  a pen- 
dulum of  four  feet  will  perform  one  of  its  leaft 
vibrations. 

Here 


from  I to  D,  or  perpendicularly  from  Y to  D.  Alfo 
the  fquare  of  the  velocity  of  a falling  body  is  as  the  fpace 
patted  through,  or  the  velocity  is  as  the  fquare  root 
of  the  fpace ; therefore  the  velocity  acquired  by  the  pendu- 
lum I,  in  its  defeent  from  I to  D,  is  as  the  fquare  root  of 
YD,  viz.  as  V^YD.  But  (Eucl.  p.  8.  B.  VI.)  DY  : DG 

: : DG  : FD;  therefore  DY  = D9fiP—  . Now  FD 

f D 

being  an  invariable  quantity,  DY  muft  increafe  or  decreafe 
according  as  the  fquare  of  DG  increafes  or  decreafes  ; or 
the  fquare  root  of  DY  (viz.  the  velocity  in  queftion)  is  as 
DG,  which  is  equal  to  half  the  cycloidal  arch  DI ; hence 
the  velocity  is  as  the  cycloidal  arch. 

XI.  All  the  vibrations  of  a cycloidal  pendulum , whether 
long;  or  jhort , are  performed  in  equal  times. 

In  all  forts  of  motion,  as  we  have  abundantly  (hewn,  the 
fpace  is  as  the  produdl  of  the  time  multiplied  by  the  velo- 
city ; viz.  S is  as  TV,  which  gives  the  following  analogy, 
S : V : : T : 1.  But  it  has  been  juft  ftiewn,  that  in  the 
cafe  of  a cycloidal  vibration,  the  fpace  is  as  the  velocity  ; 
therefore  the  time  muft  be  as  unitv,  or  always  the  fame. 

N 4 XII.  If 
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1 Ic.c  hali  the  length  of  the  pendulum  is  2 feet 
tncreforq  in  the  firft  place  we  muft  find  out  what 
time  a body  will  employ  in  defeending  from  reft 
thiough  2 feet  ; and  fince  the  lpaces  pafftd  over 
by  defeending  bodies,  are  as  the  fquares  of  the 
times,  (fee  page  65)  we  fay  as  16,087  feet  are 
two  reet,  fo  is  the  fquare  of  one  lecond  to  the 
iquare  of  the  time  fought;  viz.  16,087  : 2 : : 1"  : 
f 1 x 2 _ \ 

( — — } 0,1243,  the  fquare  root  of  which, 

\ i 6,r  6 7 J 

viz.  o'", 332,  is  the  time  of  a body’s  defeent  through 

2 feet. 


XII.  If  a cycloidal  pendulum  begin  to  defcend  from  any 
point  L , fig.  13,  Plate  IV.  towards  the  vertex  V \ its 
velocity  at  any  point  M (viz.  the  velocity  acquired  by 
def  end;  ng  fi  om  L to  Ad)  ivill  be  as  the  Iquare  root  cf 
the  difference  of  the  fquares  of  the  tivo  arches  VL,  and 


lb 


or 


it  vcill  be  as  the 


VM  (viz.  as  V Lf — Vl\ 

fine  of  a circular  arch  uihofe  radius  is  equal  to  VL , and  nhofe 
cofine  is  equal  to  Vfvl. 

A hrough  the  points  R and  M draw  LR,  MS,  parallel  to 
the  bafe  AD,  which  lines  will  cut  the  generating  circle  in 
O and  Qv  And  draw  the  chords  V O,  VfX 

The  velocity  of  the  pendulum  at  the  point  M,  after  a de- 
feent from  L,  is  equal  to  the  velocity  that  would  be  acquired 
by  a body  defending  perpendicularly  from  R to  S (by  prop. 
V.  of  this  chap.)  ; and  this  velocity  is  as  the  fquare  root  of 

the  fpace  RS  ; or  as  RV— tSV']'1 ; or  as  V of — V Qff. 


or,  lafliy,  as  VP  — VmV  (See  the  dcmonfl ration  of  the 
propoflion  lafl  but  one.) 


Produce 
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2 fcct.  This  time  being  found,  we  then  fay,  after 
the  manner  of  the  preceding  example;  1 : 3,1415 

//  „ . f o*1^1  5 x 0 ^ 1",  1 nearly  the 

: : o ,35^  • ^ 7 

time  in  which  a pendulum  of  4 lcet  performs  its 
leaft  vibrations, 

Example  3*  The  time  in  which  a pendulum 
of  39,1 196  inches  performs  each  of  its  fmall  vibra- 
tions (viz.  one  fecond)  being  given,  to  find  the 
fpace  through  which  a body  will  delcend  from  reft 
in  the  fame  time. 

Firft 


Produce  the  axis  DV  towards  Z ; at  V eieft  VL  per- 
pendicular to  DZ,  and  equal  to  the  length  of  the  cycloidal 
arch  VML.  Let  the  lengths  VM,  VL,  in  the  flraight  line 
VL,  be  made  refpe&ively  equal  to  the  lengths  V M,  VL,  of 
the  cycloidal  arch.  With  the  centre  V and  radius  VL, 
draw  the  femicircle  LZP.  At  M on  the  radius  erect 
perpendicular  to  it,  which  will  meet  the  circumference 
at  X,  and  laltly  join  VX. 

Then  MX  is  the  line  of  a circular  arch,  whofe  radius 
is  VX  or  VL,  which  is  equal  to  the  cycloidal  arch  VL, 
and  whofe  cofine  is  VM,  which  is  equal  to  the  cycloidal 
arch  V M.  (By  Eucl.  p.  47-  B'.I.)  MX  is  equal  to 

Yxl 1 — VM^f 5 or  to  VLV" — V M 2I  . 

XIII.  If  when  the  pendulum  begins  to  defeend  from  L 
along  the  cycloid , another  body  be  fuppofed  to  move  in  the 
femicircle  LZP  from  L towards  Z with  a un  form  velocity , 
equal  to  the  pendulum' s greatef  velocity  ; (viz.  that  which 

foe  pendulum  acquires  by  defending  from  L to  the  vertex  I >) 

then 
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Fir  ft  we  fay  3,1415  : 1 : : j"  : 0^3183,  the 
time  in  which  a body  will  defeend  through  a fpace 
equal  to  half,  the  length  of  the  pendulum,  viz. 
through  19,5598  inches. 

Then, 


then  any  circular  arch  XT  will  be  deferibed  by  the  above-men- 
tioned body  with  that  uniform  velocity,  in  the  fame  time  that 
the  cycloidal  arch  which  is  intercepted  between  the  two  corref- 
ponding  points  M and  N,  is  run  over  by  the  pendidum  with 
it's  ufual  accelerated  velocity. 

Draw  the  line  mx  parallel,  and  indefinitely  near,  to  the 
fine  MX.  Through  X draw  X r parallel  to  the  radius 
VL;  and  in  the  cycloidal  arch  take  M ?n  equal  to  M m in 
the  radius. 

The  arch  X a-,  being  indefinitely  final!,  maybe  confidered 
as  a right  line.  Then  the  right  angled  triangles  V M X, 
X x r,  being  fimilar,  (becaufe  the  angles  r X x and  M X V 
are  equal,  for  each  of  them  is  the  complement  of  V X r to 
a right  angle),  we  have  M X : VX  (or  VZ,  or  VL)  : : 
X r (or  M m)  : X *. 

Now  the  velocity  of  the  pendulum  at  M (by  § XII.  of 
this  note)  is  as  MX  ; therefore  the  extremely  finall  fpace 
M m in  the  arch,  may  without  error  be  fuppofed  to  be  de- 
feribed with  that  velocity.  Alfo  (by  § X.  of  this  note) 

» 

the  greateft  velocity  acquired  by  the  pendulum  in  its  de- 
feent  from  L to  V,  is  as  the  arch  LV,  or  as  its  equal,  the 
radius  LV,  and  is  the  fame  velocity  with  which  the  circular 
arch  is  equably  deferibed  ; therefore,  the  analogy  of  the  pre- 
ceding paragraph  is,  by  fubftitution,  converted  into  the  fol- 
lowing : viz.  as  the  velocity  with  which  the  circular  arch 
X x is  deferibed,  is  to  the  velocity  with  which  the  finall 
cycloidal  arch  M m is  deferibed  by  the  pendulum,  as  X a is 

to 
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Then,  fince  the  fpaces  deferibed  by  defeending 
bodies,  are  as  the  fquares  of  the  times,  we  fay,  as 
the  l'quare  of  o'", 3 183  is  to  the  fquare  of  one  fecond, 
fo  are  19,559s  inches  to  the  fpace  through  which  a 
body  will  defeend  in  one  fecond  ; viz.  0,10131489 
: 1 : : 19,3598  : 193,06  inches,  or  16,083  feet  ; the 
fpace  through  which  a body  will  defeend  from  reft 
in  one  fecond. 

In 


to  Mm  ; fo  that  thofe  fmall  lines  are  as  the  velocities  with 
which  they  are  deferibed.  But  when  the  fpaces  are  as  the 
velocities,  the  times  niuft  be  equal  ; therefore,  the  circular 
arch  X x is  deferibed  in  the  fame  time  that  the  correfpond- 
ing cycloidal  arch  M m is  deferibed  by  the  pendulum.  Now 
as  the  fame  thing  may  be  faid  of  all  other  correfponding 
parts  between  X and  Y,  and  M and  N ; therefore  the  whole 
circular  arch  XY  is  deferibed  in  the  fame  time  in  which 
the  correfponding  cycloidal  arch  MN  is  deferibed.  Hence 
the  whole  cycloidal  arch  LV,  and  quadrant  LZ,  are  de- 
feribed in  the  fame  time. 

XIV.  The  time  of  a complete  ofcillation  of  a cycloidal 
pendulum , is  to  the  time  in  which  a body  would  defeend  per- 
pendicularly along  the  axis  of  the  fame  cycloid , as  the  circum- 
ference of  a circle  is  to  its  diameter. 

In  the  firft  place,  it  is  evident  that  the  time  in  which  the 
femicirele  LZP  is  deferibed  in  the  manner  mentioned  above, 
is  to  the  time  in  which  the  radius  LV  could  be  deferibed 
with  the  fame  equable  velocity,  as  the  circumference  of  a 
circle  is  to  its  diameter.  But  the  time  in  which  the  femi- 
circlc  LZP  is  deferibed,  is  equal  to  the  time  in  which  the 
pendulum  will  make  a.  complete  cycloidal  ofcillation  from  L 

to 
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In  the  preceding  examples  the  calculations  have 
not  been  carried  on  to  a great  number  of  decimals, 
purpofely  to  avoid  prolixity ; the  objedt  being  only 
to  fhew  the  method  of  performing  the  calculations; 
but  in  many  cafes  it  will  be  neceffary  to  extend  the 
operation  to  a greater  degree  of  accuracy.  It  is 
likewife  neceffary  that  die  reader  be  informed  of 
the  real  length  of  the  pendulum,  which  vibrates 

feconds. 


to  P.  And  the  time  in  which  LV  (or  its  equal  twice  OV) 
could  be  deferibed  with  that  lame  velocity  with  which  the 
circle  is  deferibed,  is  equal  to  the  time  of  defeent  along 
the  chord  OV,  or  along  the  axis  DV  (fee  chap.  V.  and 
prop.  VI.  of  this  chap.);  therefore,  the  above-mentioned 
analogy  is,  by  fubftitution,  converted  into  the  following 

to* 

The  time  of  a complete  cycloidal  ofcillation,  is  to  the  time 
in  which  a body  would  defeend  perpendicularly  along  the 
axis  of  the  fame  cycloid,  as  the  circumference  of  a circle  is 
to  its  diameter. 

This  propofition  evidently  confirms  prop,  the  i ith  of  this 
note ; for  fince  every  cycloidal  vibration  is  in  the  fame  ratio 
to  the  time  of  defeent  through  the  axis,  as  the  invariable 
ratio  of  the  circumference  of  a circle  to  its  diameter,  they 
mud  be  all  performed  in  the  fame  time. 

The  very  fmall  vibrations  of  a common  circular  pendu- 
lum, may  without  any  fenfibie  error  be  fuppofed  to  follow 
the  fame  laws  as  thofe  of  the  cycloidal  pendulum  ; for  near 
the  vertex  V,  that  is,  when  the  arch  of  vibration  does  not 
exceed  two  or  three  degrees,  the  curvature  of  the  cycloid 
coincides  with  the  curvature  of  a circle  whofe  radius  is 
equal  to  CV.  viz.  the  length  of  the  pendulum.  This  is 

evidently 


i 
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feconds,  or  of  the  real  fpace  which  is  palled  over 
by  defeending  bodies  in. a given  time;  (fince  the 
one  may  be  eafily  deduced  from  the  other)  in 
order  that  he  may  ground  his  calculations  on  as 
accurate  a foundation,  as  the  prelent  (late  of  know- 
ledge can  admit  of. 

In  different  parts  of  the  world,  the  pendulum 
which  vibrates  feconds,  is  not  of  the  fame  length. 

It 


evidently  fhewn  by  the  figure  itfelf ; for  when  the  pendulum 
vibrates  not  far  from  the  perpendicular  CV,  its  firing  does 
hardly  touch  the  cycloidal  cheeks  C A,  CB ; and  of  courfe 
its  extremity  V mult  deferibe  a circular  arch  very  nearly. 

XV.  The  times  of  fimilar  ofcillations  of  (liferent  fen- 
dulums , when  the  force  of  gravity  is  fuppofed  to  vary , are  as 
the  fquare  roots  of  the  lengths  of  the  refpedlive  pendulums  di- 
reftly , and  as  the  fquare  roots  of  the  refpeflive  gravitating 
forces  inverfely. 

By  the  preceding  propofition  the  time  of  a cycloidal  vi- 
bration is  to  the  time  of  perpendicular  defeent  along  the 
axis,  in  an  invariable  ratio;  that  is,  the  former  is  as  the  lat- 
ter. Now  the  time  of  that  perpendicular  defeent  is  diredtly 
as  the  fquare  root  of  the  axis  (or  of  its  double,  viz.  the  length 
of  the  pendulum),  and  inverfely  as  the  fquare  root  of  the 
force  of  gravity;  for  when  the  gravitating  force  is  inva- 
riable, the  time  of  perpendicular  defeent  has  been  fhewn  to 
be  as  the  fquare  root  of  the  fpace ; and  when  the  time  is  in- 
variable, (viz.  in  the  fame  time)  the  fquare  root  of  the  fpace 
has  been  fhewn  to  be  as  the  fquare  root  of  the  velocity,  or 
of  the  gravitating  force;  therefore  when  they  are  both  va- 
riable, the  fquare  root  of  the  fpace  or  length  is  as  the  time 

multiplied 
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It  is  a little  longer  on  places  that  are  fituated 
nearer  to  the  poles,  and  fhorter  in  fituations  that 
are  nearer  to  the  equator,  (the  reafon  of  which  will 
be  (hewn  hereafter).  This  difference,  however,  is 
known  with  lufficient  accuracy.  But  moft  philo- 
fophical  writers  differ  with  refpect  to  the  length  of 
the  pendulum  which  vibrates  feconds  in  the 
fame  latitude ; and  of  courfe  with  refpedt  to  the 

real 


multiplied  by  the  fquare  root  of  the  gravitating  force ; or 
th<?  time  is  as  the  fquare  root  of  the  fpace  divided  by  the 
fquare  root  of  the  gravitating  force;  that  is,  as  the  fquare 
root  of  the  length  of  the  pendulum  diredtly,  and  the  fquare 
root  of  the  force  of  gravity  inverfely. 

Independently  of  the  cycloid,  the  time  of  any  circular 
ofcillation  may  be  found  out  by  means  of  the  following 
problem,  which  is  given  by  ProfelTor  Saunderfon  in  his  Me- 
thod of  Fluxions. 

XVI.  To  find  the  exact  time  of  one  of  the  leaf  ofcillationt 
of  a given  pendulum  fvAnging  in  an  arch  of  a circle-,  and  to 
fnd , without  any  fenfihle  error , afo  the  time  of  any  other 
sjcillaticn. 

Let  a pendulum  ND,  fig.  14,  Plate  IV.  vibrate  in  the  arch 
ADC  of  a circle  whofe  diameter  is  ID ; and  fuppofe  it  to  be 
at  the  point  E in  its  afeent  from  D to  C.  Let  VXBF  ex- 
prefs  the  velocity  acquired  by  a heavy  body  in  falling  from 
B to  F,  (AC, EE,  being  the  parallel  chords  of  the  arches 
ADC,  EDE,  which  interfe£t  the  diameter  in  B and  F),  and 
confequently  the  velocity  of  the  pendulum  at  the  point  E. 
Now  \ v7 1 D exprefi'es  the  velocity  acquired  by  defend- 
ing through  I ID,  and  fince  a body  with  that  velocity 

would 
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real  fpace  which  is  paffed  over  by  defcending  bodies 
in  a given  time. — In  the  works  of  the  mod  eminent 
philofophers  of  this  country,  I find  the  length  of 
the  pendulum,  which  vibrates  feconds  in  or  near 
London,  Hated  differently  as  follows : inches  39,2  ; 
39,14  ; 39,128  ; 39,125  ; 39,1196,  &c. 

The 


would  deferibe  uniformly  a fpace  equal  to  §■  ID  in  the 
fame  time  in  which  it  would  fall  through  | ID.  Divide 
the  fpace  £ ID  by  the  velocity  I VTD,  and  the  quotient 
V'lD,  exprefles  the  time  wherein  a heavy  body  would  fall 
through  a f ID  ; viz.  through  half  the  length  of  the  pen- 
dulum. 

Draw  ee  indefinitely  near  to  EE;  then  E*  may  be  con- 

fidered  as  the  fluxion  of  the  arch  DE  ; and  will  ex- 

V BF 

prefs  the  time  wherein  the  fmall  arch  E*  is  deferibed  by  the 
pendulum,  or  the  fluxion  of  the  time  of  a vibration.  But 

Ee  ==  7^-  - (for,  calling  the  radius  ND,  r ; F£,y ; and 

V IE  XFD 

FD,  we  Ihall  have  E e — x'+jfk.  Buty1r=2rx  — xx, 
whofe  fluxion  is  2yjzz2rx  — 2xx;  hence y n — 


• XX 




y — 


r1*1— 2rxi*  + ****  __  r1**—  y\ v1  _ r'i* 


, or 


xz.  There- 


fore x1+j7'=:  and  z = — = ' 

yz  y V %rx 

7 IDX  - Ee\  =r-.LP  X VTD  X \LL ; 


v/IFxFD 


) 


■ .r.v 


there- 


V IF 


y/l rD 


fore,  X‘..  e—  rz  x V I D x f Bifeft  DB 

y/BF  v'iF  v'BFxFD 


HI 
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The  late  Mr.  John  Whitehurft,  an  ingenious 
member  of  the  Royal  Society,  feems  to  have  con- 
trived 


in  K,  and  KD  in  L;  and  when  the  arch  ADC  is  finally 

the  quantity  I F cannot  differ  fcnfibly  from  IK,  nor  — ^ 

V IF 

J J £ 

from-—,  fherefore-  e is  very  nearly  equal  to  ^ F 

I k i/EF  IK 


Th  „ ft  F/ 


x \/i  D x 

i/BF  xFD 

Upon  the  diameter  BD  deferibe  the  circle  BGDG,  cut- 
ting the  chords  EE,  ce  in  G and  g ; then  will  the  fluxion  of 

the  arch  D G be  G z ~ My-D  x F f . confequentiv  G S 

n s BD 


\Ff 


RFB xFD 
bration  through  DE  will  be 


y¥ B x FD 
j and  therefore  the  fluxion  of  the  time  of  vi 

E e I L 


UBF 


I K 


/I  D 


x 


Q 

,—f- ; which  in  fact  is  the  time  of  the  pendulum’s  movin' 
BD 

from  E to  e . 

But  the  fluent  of  this  lafl:  fluxion  is 


It  X /id  x 

IK 


DG  B 

■ ; this,  therefore,  is  the  time  of  half  a vibration  oc 

lil) 

motion  of  the  pendulum  from  D to  C.  And  the  time  of  a 

whole  vibration  through  the  arch  ADC  is  ~ x v'TT)'  x 

1 K 

BGDGB 


bD 


When 
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trived  and  performed  the  lead  exceptionable  ex- 
periments relatively  to  this  fubjedt.  The  refult  of 

his 


When  the  arch  of  vibration  is  indefinitely  fmall,  the 
quantity  lil  becomes  r;  1 ; and  the  time  (T)  of  one  of 

the  leaft  vibrations,  will  become  T = «/ ID  X ; 

v BD 


and  therefore  BD  : BGDGB  : : v/ID  : T ; that  is,  as  the 
diameter  of  a circle  is  to  its  circumference,  fo  is  the  time 
(vTD)  of  the  defeent  through  half  the  length  of  the  pen- 
dulum, to  the  time  of  one  of  the  leaft  ofcillations  of  the 
pendulum ; which  is  the  fame  analogy  as  was  derived 
from  the  properties  of  the  cycloid.  Wherefore  the  time  of 
ofcillation  in  a cycloid,  and  in  an  indefinitely  fmall  arch  of 
a circle,  is  the  fame,  viz.  T — 1 fecond,  when  the  length 
of  the  pendulum  is  39,1196  inches  ; as  has  been  proved  ex- 
perimentally. 

Therefore,  the  time  of  an  ofcillation  in  a circular  arch  in 

general,  is  T x , or  (fince  I L = I K -f  K L)  the  ge- 
1 1C 

neral  expreffion  of  the  time  of  vibration  through  any  arch 

ADC  of  a circle  will  beT  + Tx  ^ ^ . AndTx  ^ ^ 

IK  IK 

is  the  excefs  of  the  time  of  vibration  in  a circular  arch,  above 
the  time  of  vibration  in  the  arch  of  a cycloid,  or  above  the 
time  of  the  leaft  circular  ofcillation  ; the  lengths  of  the  pen- 
dulums being  equal. 

In  order  to  adapt  the  preceding  expreflions  to  the  prac- 
tical calculation,  it  is  neceflary  to  obferve  that  BD  is  the 
verfed  fine  of  CD,  viz,  of  half  the  arch  of  vibration.  DK  is 
the  half  of  that  verfed  fine ; ICL  is  a quarter  of  it ; and  ID  is 
vol.  t,  o twice 
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his  experiments  (hews,  that  the  length  of  the  pen* 
dulum  which  vibrates  feconds  in  London,  at  113 

feet 


twice  the  length  of  the  pendulum  ; hence  if  we  call  the 
verfed  fine  of  half  the  arch  of  vibration  a,  and  call  the 
length  of  the  pendulum  b ; then  the  above  fluted  expreffion 

T + Tx  will  become  T + T x —±!i — , or  T -{-  T x 
IK  2b— {a 

a 

8 b — 2 a 

Example  1.  Suppofe  it  be  required  to  find  the  time  in 
which  a pendulum,  that  performs  each  of  its  fmalleft  vibra- 
tions in  one  fecond,  will  perform  its  vibrations  in  an  arch 
of  120°. 

In  this  cafe  the  length  of  the  pendulum  is  b — 39,1 196  ; 
the  femiarch  of  vibration  is  6o° ; and  its  verfed  fine  (which 
is  taken  from  the  trigonometrical  tables,  and  is  reduced  in 
the  proportion  of  the  tabular  radius  to  the  length  of  the  pen- 
dulum ; by  faying,  as  the  tabular  radius  is  to  the  length  of 
the  pendulum,  fo  is  the  tabular  verfed  fine  to  the  verfed  fine 
in  queflion)  is  19,5598  — a ; therefore  the  time  fought  is 

T + Tx  _£ = 1"  + 1"  x 1", 0714 5 

i>b  — 2a  273,8372 

then  if  the  number  of  feconds  in  24  hours,  viz.  86400"  be 
divided  by  the  time  of  one  vibration  lafl  found ; viz.  by 
the  quotient  80735  is  the  number  of  vibrations 
which  the  pendulum  will  perform  in  24  hours,  when  it  vi- 
brates along  the  arch  of  1 20°  ; whereas  when  the  fame  pen- 
dulum performs  very  fmall  vibrations,  it  will  vibrate  exactly 
feconds,  viz.  it  will  perform  864OO  vibrations  in  24  hours. 

Example  2.  Suppofe  it  be  required  to  find  the  time  of  one 
vibration,  when  the  above-mentioned  pendulum  vibrates 
x through 
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feet  above  the  level  of  the  fea,  in  the  temperature 
of  6o°  of  Fahrenheit’s  thermometer,  and  when  the 

barometer 


through  a femicircle.  In  this  cafe  the  verfed  fine  is  equal  to 
the  radius,  or  to  the  length  of  the  pendulum,  viz.  a = b j 

_ becomes 


confequently  the  exprefhon  T +1  X 


i//+i/' X ° = 1"  + — = i",  166666;  fo  that  the 

8b  — 2b  6 

time  of  a fmall  vibration  of  the  pendulum,  whole  length  is 
39,  i 196  inches,  is  to  the  time  of  one  of  its  vibrations  along 
a femicircle  as  1 is  to  1,16666,  which  isneaily  in  the 
proportion  ot  6 to  7. 

We  (hall  conclude  this  long  note  with  the  demonftration 
of  another  curious  property  of  the  cycloid. 

XVII.  If  two  points  be  given  in  a vertical  plane,  but  not 
both  in  the  fame  line  perpendicular  to  the  horizon , a body  will 
defend  from  the  upper  point  to  the  lower  in  the  Jhortef  time 
pojfble , if  it  be  caufed  to  move  along  the  arch  of  a cycloid- , 
which  pafes  through  thofe  points , and  whefe  bafe  is  an  hori- 
zontal line  that  paffes  through  the  upper  point. 

Thus  if  the  two  points  be  A and  B,  fig.  i5>  Plate  IV, 
and  it  be  required  that  a body  fhould  defeend  from  A to  B 
in  the  fhorteft  time  poffible  ; this  object  will  be  obtained  by 
caufing  the  body  to  defeend  not  along  the  ftraight  line  AB, 
as  it  might  at  firft  fight  be  imagined,  nor  along  an  arch  of  a 
circle,  or  other  curve ; but  along  the  cycloid  ADB,  which 
palfes  through  the  given  points  A and  B,  and  whofe  bafe  is 
the  horizontal  line  AO. — On  account  of  this  remarkable 
property,  the  cycloid  is  called  the  line  of  fwiftejl  defeent. — 
We  (hall  divide  the  demonftration  of  this  property  into  three 
parts. 

X,  If 


o 2 
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barometer  is  at  30  inches,  is  39,1 196  inches ; whence 
it  follows  that  the  fpace  which  is  pafled  over  by 

bodies 


r.  If  a certain  line,  as  ACDB,  be  the  line  of  fwiftefl:  de- 
feent  between  two  points  A and  B ; it  follows  that  a body, 
after  its  defeent  from  A as  far  as  C,  will  continue  to  de- 
feend quicker  along  the  fame  line  from  C to  D,  than  along 
any  other  line,  as  CED;  for  if  this  be  denied,  then  it  muft 
be  admitted  that  the  body  will  defeend  fafter  along  the  line 
ACEDB,  than  along  the  line  ACFDB;  confequently  the 
line  ACEDB  is  not  the  line  of  fwiftefl:  defeent,  which  is 
contrary  to  the  hypothecs. 

2.  Let  ADGB,  fig.  16,  Plate  IV.  be  a curve  between  the 
two  given  points  A and  B ; let  DE,  EG,  be  two  indefinite- 
ly fmall  and  contiguous  portions  of  it.  Through  the  points 
D,  E,  and  G,  draw  DL,  EO,  GP,  perpendicular  to  the 
bafe  AC ; and  through  D draw  DH  parallel  to  the  bafe. 
Now  if  this  curve  be  fuch  that  the  velocity  with  which  the 
indefinitely  fmall  portion  D E is  pafled  over  by  a body 
after  its  defeent  from  A to  D,  be  always  proportional  to 

x a (a  being  a certain  invariable  line  or  quantity) ; 
DE 


then  the  body  after  its  defeent  from  A to  D,  will  defeend 
along  the  curve  from  D to  G in  lefs  time  than  along  any 
other  way  DFG  ; and  of  courfe  this  curve  will  be  the  line 
of  fwiftefl:  defeent. 

Through  F draw  FQ_parallel  to  EG,  and  letFQbefup- 
pefed  to  be  pafled  over  with  the  fame  velocity  as  EG  ; draw 
FN  perpendicular  to  DE,  as  alfo  ME  and  GQ_  perpendi- 
cular to  FQ,  then  the  triangle  E'NE  being  fimilar  toDEH, 
as  alfo  FME  fimilar  to  GEI,  we  have  DE  : DH  : : FE  : 

N E -lltlil— i andGE  : El  : : FE  : FM=  E 1 * h h 


DE 


GE 

Hence 
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bodies  defcending  perpendicularly,  in  the  fir  ft  fe- 

# 

cond  of  time,  is  16,087  feet.— This  length  of  a 

J'econd 


Hence  N E : F M : : 


DH  x FE 
DE 


El  x FE 
GE 


I)H 

DE 


El 

GE 


IDHxj?  . El  x a vjZi  is  to  FM  as  the 
DE  GE 


velocity  with  which  NE  is  palTed  over  to  the  velocity  with 
which  FM  is  paired  over:  whence  NE,  FM,  are  palled 
over  in  equal  times.  And  fince  MQy  is  equal  to  EG,  the 
time  of  defeent  through  M Q_will  be  equal  to  the  time  of 
defeent  through  EG ; fo  that  the  time  of  defeent  through 
FQ_will  be  equal  to  the  time  of  delcent  through  NtG. 
But  fince  the  angle  MQG  is  a right  one,  FG  is  greater  than 
FQj  fo  that  the  time  through  FG  will  be  greater  than  the 
time  through  FQ_,  or  through  NEG  ; and  fince  DF  is 
greater  than  DN,  thetime  through  DF  will  be  greater  than 
the  time  through  DN.  Whence  the  time  of  defeent  along 
DF,  FG,  will  be  greater  than  the  time  of  defeent  along 
DN,  NG.  A heavy  body  therefore,  after  its  fall  from  A 
to  D,  will  defeend  from  D to  G along  the  curve  DEG,  in 
lefs  time  than  along  any  other  line  ; confequently  the  curve 
ADEGB  is  the  line  of  fwifteft  defeent  between  the  points 
A and  B. 

3.  Let  ADEM,  fig.  17,  Plate  IV.  be  a cycloid  whofe 
bafe  is  the  horizontal  line  AG.  Through  any  point  D in 
it  draw  DQ^  parallel  to  the  bafe  AG,  and  cutting  the  ge- 
nerating circle  at  N and  the  axis  at  Draw  the  chords 
GN,  NM  ; through  D draw  DL  perpendicular  to  the  bafe ; 
and  draw  OE  indefinitely  near  and  parallel  to  LD.  Now 
the  indefinitely  fmall  part  DE  of  the  curve  may  be  confi- 
dered  as  a right  line  coinciding  with  the  tangent  at  D,  and 
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fecond  pendulum  is  certainly  not  mathematically 
exadt,  yet  it  may  be  confidered  as  fuch  for  all  com- 
mon purpoles  j for  it  is  not  likely  to  differ  from  the 
truth  by  more  than  -r^-g-th  part  of  an  inch.* 

XII.  The 


it  may  likewife  be  fiippofed  to  be  defcribed  by  a body  de- 
fending from  A,  witn  the  fame  velocity  which  the  body  has 
acquired  by  its  dcfcent  from  A to  D ; for  the  acceleration 
of  velocity  through  that  indefinitely  fmall  fpace  mav  be 
confidered  as  next  to  nothing.  Now  we  fhall  prove  that 
this  cycloid  has  the  property  of  the  above-mentioned  curve, 
viz.  that  the  velocity  with  which  the  fmall  portion  DE  is 
defcribed  by  a body  falling  from  A,  is  always  proportional 

to  — ^ ; (a  denoting  the  axis  CM  of  the  cycloid). 

O E 

From  the  above-mentioned  properties  of  the  cycloid,  the 
fmall  line  DE,  coinciding  with  the  tangent  at  D,  is  parallel 
to  the  chord  NM.  Whence  the  triangles  DHE,  NQM, 

and  GMN,  are  equiangular  and  of  courfe  fimilar;  there- 
fore DE  : DH  : : GM  (=a)  : GN=~* ButGN 

XJE* 


is  as  the  volocity  which  is  acquired  by  the  heavy  body  in  its 
defcent  from  G to  Q_,  or  from  L to  D ; viz.  as  the  velocity 
with  which  the  indefinitely  fmall  line  DE  is  palled  over ; 
therefore  the  cycloid,  having  the  property  of  the  above-men- 
tioned curve,  is  the  line  of  fwifteft  defcent,  &cc. 


* See  Mr.  Whitehurft’s  attempt  towards  obtaining  inva- 
riable meafurcs  of  length,  capacity,  and  weight.  Alio  Sir 
George  Shuckburg  Evelyn’s  excellent  paper  on  the  ftand- 
ard  of  weight  and  meafure,  in  the  Philofophical  T ranfadions 
for  the  year  1798. 
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XII.  the  times  in  zv/iich  fimilar  vibrations  (viz* 
vibrations  through  arches  of  the  fame  number  of  degrees) 
of  different  pendulums  are  performed , are  as  the  fquare 
roots  of  the  lengths  of  the  pendulums. 

Thus  if  the  pendulum  AB,  fig.  lS,  Plate  IV. 
be  tour  times  as  long  as  the  pendulum  CD,  then 
the  time  of  a vibration  of  the  former  will  be  double 
the  time  of  a fimilar  vibration  of  the  latter,  for 
(by  cor.  to  prop.  VII.  of  this  chap.)  the  vibrations, 
and  of  courfe  the  femivibrations,  being  fimilar  and 
fimilarly  fituated,  the  time  of  the  pendulum’s  de- 
fcent  along  the  arch  GB  is  to  the  time  of  the  other 
pendulum’s  defcent  along  the  arch  HD,  as  the 
fquare  root  of  GB  is  to  the  fquare  root  of  HD. 
But  the  circumferences  of  circles,  or  fimilar  portions 
of  the  circumferences,  are  as  their  radii ; therefore 
the  fquare  roots  of  fimilar  portions  of  the  circum- 
ferences are  as  the  fquare  roots  of  the  radii ; con- 
fequently  the  times  of  fimilar  vibrations  are  as  the 
fquare  roots  of  the  radii,  or  of  the  lengths  of  the 
pendulums. 

Throughout  the  prefent  chapter  the  force  of 
gravity  has  been  fuppofed  invariable;  but  when 
that  is  not  the  cafe,  as  for  inftance,  when  a pendu- 
lum, which  vibrates  near  the  furface  of  the  earth,  is 
compared  with  a pendulum  on  the  top  of  a very 
high  mountain,  or  with  a pendulum  which  vibrates 
on  an  inclined  plane ; in  which  cafes  the  action  of  the 
gravitating  force  on  the  pendulum’s  is  not  the  fame, 
then  the  time  of  vibration  is  as  the  quotient  of  the 
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fijiitn  c Toot  of  the  length  of  the  pendulum  divided  by 
the  fquare  root  of  the  gravitating  force. 

This  proportion  will  be  found  demonftrated  in 
the  note. 


CHAPTER  XL 


OF  THE  CENTRE  OF  OSCILLATION,  AND  CENTRE 
OF  PERCUSSION. 

THE  attentive  reader  muft  undoubtedly  have 
remarked,  that  though  in  the  preceding 
chapter  much  has  been  laid  with  refpeht  to  the 
length  of  the  pendulum,  yet  no  mention  has  been 
made  of  the  point  from  which  that  length,  or  dis- 
tance from  the  point  of  fufpenfion,  fhould  be  mea- 
sured. The  reafon  of  this  omiffion  is,  that  the  de- 
termination of  that  point,  which  is  called  the  centre 
of  ofcillation , requires  a very  particular  consideration  ; 
Such  indeed  as  could  not  without  obfcurity  be  in- 
troduced in  the  preceding  chapter.  We  Shall  now 
endeavour  to  elucidate  the  nature  of  that' point, 
and  to  lay  down  the  methods  of  determining  its 
Situation  or  diftance  from  the  point  of  fufpenfion  in 
pendulums  of  different  lengths  and  Shapes, 


When 
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When  the  pendulum  confifts  of  a fpherical  body 
fhftened  to  a firing,  a perfon  unacquainted  with  the 
lubjed  might  at  fir  ft  fight  imagine  that  the  length 
of  the  pendulum  mud  be  eftimated  from  the  point 
of  fuioenlion  to  the  centre  of  the  ball.  But  this  is 
not  the  cafe  ; for  in  fact  the  real  length  of  the  pen- 
dulum is  greater  than  that  diftance,  the  reaton  of 
which  is,  that  the  fpherical  body  does  not  move  in 
a flraight  line,  but  it  moves  in  a circular  arch;  in 
confequence  of  which,  that  half  of  it  which  is  fartheft 
from  the  point  of  fufpenfion,  runs  through  a longer 
fpace  than  the  other  half  which  is  nearer  to  the 
point  of  fufpenfion ; hence  the  two  halves  of  the 
ball,  though  containing  equal  quantities  of  matter, 
do  adually  move  with  different  velocities,  therefore 
their  momentums  are  not  equal ; and  it  is  in  con- 
fequerce  of  this  inequality  that  the  centre  of  ofcil- 
lation  does  not  lie  between  the  two  hemifpheres; 
that  is,  in  the  centre  of  the  ball;  but  it  lies  within 
the  lower  hemifphere,  viz.  that  which  has  the  greater 
momentum.  Now  from  this  it  naturally  follows, 
that  if  the  ball  of  the  pendulum  could  be  concen- 
trated in  one  point,  that  point  would  be  the  centre 
of  ofcillation ; fo  that  the  centre  of  ofcillation  is 
that  point  wherein  all  the  matter  (and  of  courfe 
the  forces  of  all  the  particles)  of  the  body  or  bodies 
that  may  be  joined  together  to  form  a pendulum, 
may  be  conceived  to  be  condenfed. 

The  centre  of  • ■percufjion  is  that  part  or  point  of  a 
pendulous  body,  which  will  make  the  greateft  im- 

preffioq 
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preffion  on  an  obftacle  that  may  be  oppofed  to  it 
ivhilft  vibrating;  for  if  the  obftacle  be  oppofed  to  it 
at  different  diftances  from  the  point  of  lufpenfion, 
the  ftroke,or  percuffion,wil]  not  be  equally  powerful; 
and  it  will  foon  appear  that  this  centre  of  pcrcuffion 
does  not  coincide  with  the  centre  of  gravity. 

Let  the  body  AB,  fig.  i,  Plate  V.  N.  I,  confid- 
ing of  two  equal  balls  fattened  to  a ft  iff  rod,  move 
in  a direction  parallel  to  itfelf,  and  it  is  evident  that 
the  two  balls  muff  have  equal  momentums,  fmcc 
their  quantities  of  matter  are  equal,  and  they  move 
with  equal  velocities.  Now  if  in  its  way,  as  at 
N.  II,  an  obftacle  C be  oppofed  exactly  againft  its 
middle  E,  the  body  will  thereby  be  effectually 
Propped,  nor  can  either  end  of  it  move  forwards, 
for  they  exactly  balance  each  other,  the  middle  of 
this  body  being  its  centre  of  gravity.  Now  Ihould 
an  obftacle  be  oppofed  to  this  body,  not  againft  its 
middle,  but  nearer  to  one  end,  as  atN.  Ill,  then  the 
ftroke  being  not  in  the  direction  of  the  centre  of 
gravity,  is  in  faCt  an  oblique  ftroke,  in  which  cafe, 
agreeably  to  the  laws  of  congrefs  which  have  been 
'delivered  in  chap.  VIII.  a part  only  of  the  momentum 
will  be  fpent  upon  the  obftacle,  and  the  body  ad- 
vancing the  end  A,  which  is  fartheft  from  the  ob- 
stacle, as  fhewn  by  the  dotted  representation,  will 
proceed  with  that  part  of  the  momentum  which 
has  not  been  fpent  upon  the  obftacle;  confequemly 
in  this  cafe  the  pcrcuffion  is  not  l'o  powerful  as  in 
the  foregoing.  Therefore  there  is  a certain  point  in  a 

moving 
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mo  vine  body  which  makes  a ftronger  imprefiion 
on  an  obftaclc  than  any  otlier  part  of  it. — In  the 
prelent  cafe,  indeed,  this  point  coincides  with  the 
centre  of  gravity;  becaute  the  two  ends  of  the 
body  before  the  ftroke  moved  with  equal  veloci- 
ties. But  in  a pendulum  the  cafe  is  different ; for 
let  the  fame  body  of  fig.  i,  Plate  V.  be  fulpended 
by  the  addition  of  a line  AS,  fig.  2,  Plate  V.  which 
fine  we  (hall  luppofe  to  be  void  of  weight  and  flexi- 
bility, and  let  it  vibrate  round  the  point  of  fufpen- 
fion  S.  It  is  evident  that  now  the  two  balls  will 
not  move  with  equal  velocities;  for  the  ball  B,  by 
deferibing  a longer  arch  than  the  ball  A in  the  fame 
time,  will  have  a greater  momentum ; and  of  courfe 
the  point  where  the  forces  of  the  two  balls  balance 
each  other,  which  is  the  centre  of  perculfion,  lies 
nearer  to  the  lower  ball  B;  confequently  this  point 
does  not  coincide  with  the  centre  of  gravity  of  the 
body  AB  ; but  it  is  that  point  wherein  the  forces 
of  all  the  parts  of  the  body  may  be  conceived  to  be 
concentrated.  Hence  the  centre  of  ofcillation  and 
the  centre  of  percuflion  coincide;  or  rather  they  are 
exaftly  the  fame  point,  whofe  two  names  only  allude, 
the  former  to  the  time  of  vibration,  and  the  latter 
to  its  ftriking  force. 

If  in  fig.  1,  Piate  V.  the  balls  A and  B be  not 
equal,  their  common  centre  of  gravity  will  not  be 
in  the  middle  at  E,  but  it  will  lie  nearer  to  the  hea- 
vier body,  as  at  D,  fuppofing  B to  be  the  heavier 
body ; fo  that_the  diflances  BD,  AD,  may  be  im 

verfely 
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verfely  as  the  weights  of  thofe  bodies.  Now  when 
the  above-mentioned  body  is  formed  into  a pendu- 
lum, as  in  fig.  2,  though  the  weights  A and  B be 
equal,  yet  by  their  moving  in  different  arches,  viz. 
with  different  velocities,  their  forces  or  momentums 
become  actually  unequal;  therefore  in  order  to 
find  the  point  where  the  forces  balance  each  other, 
fo  that  when  an  obftacle  is  oppofed  to  that  point, 
the  moving  pendulum  may  be  effectually  flopped, 
and  no  part  of  it  may  preponderate,  in  which  cafe 
the  obftacle  will  receive  the  greateft  impreflion  ; 
we  muft  find  firft  the  momentums  of  the  two  bo- 
dies A and  B,  then  the  diftances  of  thofe  bodies 
from  the  centre  of  percuffion,  or  of  equal  forces, 
muft  be  invcrfely  as  thofe  momentums.  Thus  the 
velocities  of  A and  B are  reprelented  by  the  fimilar 
arches  which  they  defer! be,  and  thofe  arches  are  as 
the  radii  SA,  SB.  Therefore  the  momentum  of  A 
is  the  product  of  its  quantity  of  matter  multiplied 
by  SA,  and  the  momentum  of  B is  the  product  of 
its  quantity  of  matter  multiplied  by  SB;  confe- 
quently  AD  muft  be  to  BD,  as  the  weight  of  B 
multiplied  by  SB  is  to  the  weight  o'  A multiplied 
by  AS.  Then  D is  the  centre  of  percuffion.  And 
fince,  when  four  quantities  are  proportional,  the 
product  of  the  two  extremes  is  equal  to  the  pro- 
duct of  the  two  means;  therefore  if  the  weight  of 
A multiplied  by  AS,  be  again  multiplied  by  AD, 
the  product  muft  be  equal  to  the  product  of  the 
weight  of  B multiplied  by  BS,  and  again  multiplied 
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by  BD;  that  is,  the  product  of  the  body  on  one  fide  of 
the  centre  of  ofcillatlon  multiplied  by  'both  its  dijlance 
from  the  point  of  fufpenjion  and  its  dijlance  from  the 
centre  of  of  dilation,  is  equal  to  the  pro  dud  of  the  body 
on  the  other  fide  of  the  centre  of  ofcillatlon , multiplied 
both  by  its  dijlance  from  the  point  of  fufpenjion , and 
its  dijlance  from  the  centre  of  ofcillation. 

The  fame  reafoning  may  evidently  be  applied  to 
a pendulum  confifting  of  more  than  two  bodies 
connected  together,  or  to  the  different  parts  of  the 
fame  pendulous  body  ; hence  we  form  the  following 
general  law. 

If  the  weight  of  each  part  of  a fmple  or  compound 
pendulum  be  multiplied  both  by  its  dijlance  from  the 
centre  of  fufpenjion , and  its  dijlance  from  the  centre  of 
ofcillation  or  percuJJion , the  fums  of  the  products > on- 
each  fide  of  the  centre  of  ofcillation,  \ will  be  equal  to 
each  other. 

From  this  law  the  rule  for  determining  the  dis- 
tance of  the  centre  of  ofcillation  from  the  point  ot 
fufpenfion  is  eafily  deduced ; but  the  application  of 
it  is  attended  with  confiderable  difficulty,  on  which 
account  we  Shall  Subjoin  it  in  the  note  (i),and 
fhall  now  proceed  to  fhew  an  experimental  or  me- 
chanical 


( i ) Let  a pendulum  confifl:  of  any  number  of  parts  or 
finall  bodies  A,  B,  C,  D,  E,  joined  together;  let  ^7,  b , c, 
d,  e , hand  for  their  refpedbve  diftances  from  the  point  ot 
fufpenfion ; and  .v  for  the  diftance  of  the  centre  of  affilia- 
tion from  the  point  of  fufpenfion. 
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chanical  method  of  finding  the  centre  of  ofcillation* 
which  method  is  general  and  cafy,  at  the  fame  time 
that  it  admits  of  fufficient  accuracy. 

The 


The  diftances  of  thofe  parts,  or  bodies,  from  the  centre  of 
ofcillation  will  be  at  — <7,  a-  — b,  x — c,  d — *•,  e — a-  ; D and 
E being  fuppofed  to  be  farther  from  the  point  of  fufpenfion, 
than  the  centre  of  ofcillation  is.  By  multiplying  everyone 
of  thofe  bodies,  both  by  its  diftance  from  the  centre  of  fuf- 
penfion and  its  diftance  from  the  centre  of  ofcillation,  we 
have,  agreeably  to  the  above-mentioned  law,  the  equation 
A<7a-  — Aaa  -f  B bx  — Ebb  + Ccx  — Ccc  — Ddd  — Ddx  -f 
Eee  — Eex  ; which,  by  tranfpofition  and  divifion,  is  re- 
iolved  into  the  following  ; viz. 

Aaa  + Ebb  + Ccc  -f  Ddd  + Eee 
x A a + B b + CTTSd  + Ee  ' 

Should  any  of  the  bodies,  as  for  inftance  A and  B,  in  the 
preceding  inftance,  be  fituated  above  the  centre  of  fufpen- 
fion, then  their  diftances  will  be  negative,  viz.  — ay  — /;, 
though  their  fquares  aa , are  always  politive.  In  this  cafe 

, . c Aaa  -f-  Ebb  + Ccc  + Ddd  + Ece 

the  value  ot  x is  ra  — — ^ f=r-j • 

— A a — Eb  + Cc  + Dd  + Ee 

Since  the  centre  of  gravity  of  a body  or  fyftem  of  bodies, 

is  that  point  wherein  all  their  matter  may  be  conceived  to 

be  condenfed,  therefore  the  product  of  all  the  matter  or  fum 

of  the  different  weights  A,  B,  C,  D,  E,  multiplied  by  the 

diftance  of  the  common  centre  of  gravity  from  the  point  of 

fufpenfion,  is  equal  to  the  fum  of  the  products  of  each  body 

multiplied  by  its  diftance  from  the  point  of  fufpenfion. 

Hence  the  above  ftated  value  of  x becomes  Aaa  + Ebb 

Ccc  + Ddd  -f  Eee  divided  by  the  product  of  the  whole 

body  or  fum  of  the  weights,  multiplied  by  the  diftance  of 

the 
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The  body  whole  centre  of  ofcillation,  or  (which 
js  the  fame)  of  percuffion,  is  to  be  afeertained,  mufl 
be  fufpended  to  a pin  or  other  fupport,  but  as 

freely 


the  centre  of  gravity  from  the  point  of  fufpenfion.  And 
being  expreffed  entirely  in  words,  it  forms  the  following 
general 

Rule  1.  If  all  the  bodies  or  parts  of  a body , that  forms  a 
pendulum , be  multiplied  each  by  thefquare  of  its  difance  from 
the  point  or  axis  of  fufpenfion , and  the  fum  of  the  products  be 
divided  by  the  product  of  the  whole  weight  of  the  pendulum , 
multiplied  by  the  difance  of  the  centre  of  gravity  from  the 
point  of  fufpenfion  ; the  quotient  will  be  the  dijlance  of  the  cen- 
tre of  ofcillation  or  percuffion  from  the  point  of  fufpenfion. 

The  fituation  of  the  centre  of  ofcillation  may  alfo  be 
found  by  means  of  another  rule,  which  we  fliall  likewife  lay 
down,  and  (hall  demonftrate  ; fince  in  fome  cafes  this  rule 
will  be  found  preferable  to  the  firft. 

Rule  2.  If  the  fum  of  the  produffs  of  all  the  parts  or 
weights , multiplied  each  by  the  fquare  of  its  difance  from  the 
centre  of  gravity , or  from  a line  paffng  through  the  centre  of 
gravity  parallel  to  the  axis  of  vibration , be  divided  by  the 
produff  of  the  whole  mafs  or  body , multiplied  by  the  difance  of 
the  centre  of  gravity  from  the  point  of  fufpenfion , the  quotient 
will  be  the  difance  of  the  centre  of  ofcillation  from  the  centre 
of  gravity  ; which  being  added  to  the  dijlance  of  the  centre  of 
gravity  from  the  point  of  fufpenfion,  will  be  the  dijlance  of  the 
eentre  of  ofcillation  from  the  point  of fufpenfion. 

Let  CAB  fig.  4,  Plate  V.  reprelent  any  fort  of  body  re- 
gular or  irregular,  fufpended  at  C ; O its  centre  of  ofcilla- 
tion;  G its  centre  of  gravity  ; C O B its  axis  or  right  line 
paffing  through  the  point  of  fufpenfion,  and  centres  of  gra- 
vity 
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freely  as  may  be  practicable ; and  being  once  moved 
out  oi  the  perpendicular  fituation,  muft  be  buffered 
to  perform  very  Iliort  vibrations ; viz.  fo  {mail  as 
to  be  juft  difeernabie.  Then  by  keeping  an  eye 

on 


vity  and  ofcillation.  This  body  may  be  conceived  to  con- 
fift  of  an  indefinite  number  of  extremely  fmall  parts  or 
weights.  Let  W be  one  of  thofe  fmall  weights  ; join 
WC  and  WG,  and  irom  W drop  WF  perpendicular  to 
CO.  1 hen  the  product  of  W,  by  the  fquare  of  its  diftance 
from  C,  is  W xG  Vv  ft.  Bui  (Eucl.  p.  47.  B.  I ) C VV|* 
=a  WX]2  + C712  ; and  GW|2  = GF124  WF)2.  (Eucl. 
p.  7.  B.  II.)  CG  2 + GF  2aa  2CG  X GF  4-  CF!*  ; and  by 
tranfpofition  CF  * aa  GT]2  + CG  1 — 2 C G x GF. 
Then  by  fubftitution  (viz.  by  putting  inftead  of  CF  % its 
equal  GF*2  -f  CGi2  — 2GG  x GF)  the  above  ftated 
equation  becomes  CW  2 — WFj2  4 Gb)2  4 CGl2  — 
2CG  X GF  z=  (putting  GW]2  for  its  equal  GF2  4 
WF]*)  GW]2  4 CG]2  — 2CGXGF.  And  multiplying 
both  fides  by  W,  we  have  the  fum  of  all  the  products  W x 
CW]2  aa  the  fum  of  ail  the  W x GW]2  4 all  the  W 
x CGl2  — the  fum  of  all  the  W x 2CG  x GF. 

But  by  the  nature  of  the  centre  of  gravity  the  fum  of  all 
the  W xGF  is  ~ 0 ; for  thofe  which  are  one  fide  of  the 
axis  mult  balance  thofe  which  are  on. the  other  fide;  and 
of  courfe  all  the  W x 2 CG  X GF  alfo  become  aa  o. 
Therefore  there  remains  the  fum  of  all  the  W x C W]2ar 
fum  of  all  the  W x Gvv)2  4 fum  of  all  the  W x CG  ' — 
fum  of  all  the  W x G W")*  4 the  whole  bo'dy  X CG]2. 
Or  (taking  away  the  fum  of  all  the  W x GW]2  from  both 
3 lides 
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On  a clock  or  watch  with  a ieconds  hand,  the  ob- 
ferver  mud  count  the  vibrations,  and,  if  poflible, 
even  the  part  of  a vibration,  that  are  performed  by 

that 


hides  of  the  equation)  the  fum  of  all  the  W x CG)1— 
the  whole  body  X CxJl2 


Then  00-^  of -mi,e  WxCWP  , mIe  th<; 
whole  body  x CG 


ifljrCGl 


fum  of  all  the  W x G W 


the  whole  body  x CG 


And  lafily, 


on-m-nn-^  ofa11  the  wx(Jw)».  hich 

the  whole  body  x CG  ’ 


is 


rule  the  2d. 

In  the  application  of  the  above-mentioned  rules,  it  is  fre- 
quently very  difficult  to  find  the  fum  of  the  products  of  all 
the  weights  multiplied  by  the  fquares  of  their  rcfpe&ive  dif- 
tances.  The  method  of  fluxions  is  undoubtedly  the  mod: 
extenfive,  as  it  may  be  applied  to  all  fucn  figures  cr  bodies 
as  have  fome  regularity  of  fhape,  or  fuch  as  may  be  expref- 
fed  by  an  algebraical  equation.  But  in  fome  cafes  the  irre- 
gularity of  form  is  fo  very  great,  that  the  centre  of  ofciliation 
can  only  be  found  out  by  means  of  the  above-defcribed  me- 
chanical method. 

In  order  to  find  the  fum  of  the  weights,  &c.  you  muff 
confideran  indefinitely  fmall  part,  or  increment,  or  fluxion, 
of  the  figure,  as  being  a fmall  weight,  and  multiply  it  by  the 
fquare  of  its  diftance  from  the  centre  of  fufpenfion  or  axis 
of  vibration,  according  to  rule  the  iff,  or  elfe  multiply  it 
by  the  fquare  of  its  diftance  from  the  centre  of  gravity,  or 
from  a line  paffing  through  the  centre  of  gravity,  and  pa- 


rallel to  the  axis  of  vibration,  according  to  rule  the  i\, ; then 


VOL.  I. 


the 


p 
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that  pendulum  in  one  minute,  and  note  the  nnnv 
ber.  N,  B.  Should  the  pendulum  appear  likely  to 
flop  before  the  expiration  of  the  minute,  a gentle 

and 


the  fluent  of  that  expreflion  will  be  the  fum  of  the  products 
of  all  the  weights,  multiplied  by  the  fquares  of  their  refpec- 
tive  diftances,  either  from  the  axis  of  vibration,  or  from  the 
centre  of  gravity,  &c.  Laftly,  thi.-  fluent  mud  be  divided 
by  the  produdt  of  the  whole  body  (to  be  had  by  common 
menfuration)  multiplied  by  the  distance  of  the  centre  of  gra- 
vity, from  the  point  of  fufpenfion  ; and  the  quotient  will  be 
the  diflance  of  the  centre  of  ofcillation  either  from  the 
point  of  fufpenfion,  or  from  the  centre  of  gravity,  according 
as  the  operation  was  performed  either  by  rule  the  firft,  or 
rule  the  fecond. 

A few  examples  will  render  the  application  of  this  method 
more  intelligible. 

Example  I.  Let  CB,  fig.  5,  Plate  V.  be  a right  line,  or 
very  {lender  cylinder  iufpended  at  C ; and  call  it  <7,  (meaning 
either  its  length  or  weight,  for  the  one  is  proportionate  to 
the  other).  G is  its  centre  of  gravity.  Now  if  you  call  any 
part  of  this  line  a*,  reckoning  from  C,  then  the  increment  or 
fluxion  of  a-  is  *,  which  x may  be  confidered  as  one  of  the 
vaft  many  weights  which  form  the  whole  line  or  {lender 
cylinder.  The  product  of  this  weight  by  the  fquare  of  its 
diflance  from  C is  -vV,  and  the  fluent  of  this  expreflion  is 

—y  which,  when  *•  reprefents  the  whole  extent  CB,  becomes 

3 

3 

f_,  and  is  the  fum  of  the  products  of  all  the  weights  multi- 

3 

plied  by  the  fquares  of  their  refpedtive  diflances  from  C. 

We 
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and  dexterous  application  of  a finger  once  or  twice, 
will  increafe  a little  its  vibrations,  and  prolong  its 
a&ion  without  altering  the  time  of  vibration. — 

For 


We  mud  now  find  the  produ6l  of  the  whole  line  mul- 
tiplied by  the  diftance  of  the  centre  of  gravity  G from  C. 

But  CG  “ therefore  the  produft  in  queftion  is  a X 

2 2 


g 3 j 

Laftly,  divide  the  above  fluent  _ by  the  laft  prO- 

3 


duett,  viz.  — — — , and  the  quotient  — is  the  diftance  of 

3 ' 2 3 

the  centre  of  ofcillation  O from  the  point  of  fufpenfion  C ; 
fo  that  CO  is  equal  to  \ of  CB. 

Example  2.  Let  AB,  fig.  6,  Plate  V.  be  a right  line  or 
very  (lender  cylinder  fattened  to  a line  GO  void  of  weight, 
and  fufpended  at  O.  The  ends  A and  B are  equidittant 
from  O,  and  the  axis  of  vibration  is  perpendicular  to  the 
plane  which  pafies  through  ABOG  ; fo  that  every  part  of 
the  given  line  from  A to  G,  or  from  B to  G,  is  at  a dif- 
ferent diftance  from  the  axis  of  fufpenfion.  Put  OG  == 
and  GP  = whofe  fluxion  is*,  and  is  a particle  or  final! 
weight  of  the  given  line,  which  multiplied  by  the  fquare  of 
OP,  which  is  (Eucl.  p.  47.  B.  1.)  = c?  + xz>  becomes 


a'x  + x^x-  The  fluent  of  this  expreflion  is  a1 x -f  — . 

The  produfl  of  the  body  GP  by  the  diftance  of  the  cen- 
tre of  gravity  G from  O is  (GP  x OG)  ax.  Therefore  the 


diftance  of  the  Centre  of  ofcillation  is 


ax- f — 


ax 


a + 
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For  the  fake  of  greater  accuracy,  the  attentive 
obfervcr  may  count  the  number  of  vibrations  for  a 
longer  time,  as,  for  inftance,  during  two,  or  three, 

or 


‘1_  ; which  when  GP  = GB,  becomes  OG  + ^ ; to  that 

3"  3°G 

the  centre  of  ofcillation  is  at  C,  viz.  lower  than  G by  the 


quantity 


BGl1 

-<OG 


Example  3.  Let  the  pofition  be  exa£Hy  as  in  the  pre- 
ceding example,  excepting  only  that  the  axis  of  fufpenfion 
or  of  vibration,  which  was  then  perpendicular,  be  now  pa- 
rallel, to  the  line  AB,  as  in  fig.  7,  Plate  V.  and  in  this  cafe, 
the  centre  of  ofcillation  will  coincide  with  the  centre  of 
gravity  G ; for  here,  all  the  parts  of  the  given  line,  as  A, 
G,  P,  B,  &c.  are  equidiftant  from  the  axis  of  fufpenfion  ; 
fo  that  the  weight  x multiplied  by  the  fquare  of  its  diftance 
from  the  axis  of  vibration  DOC,  becomes  «\v  ; the  fluent 
of  which  is  axx,  and  this  fluent  divided  by  ax , quotes  a ; 
that  is  OG  for  the  diftance  of  the  centre  of  ofcillation. 


Example  4.  Let  the  pendulum  confift  of  an  ifofceles 
triangle  ABC,  fig.  8,  Plate  V.  fufpended  at  A,  and 
the  axis  of  vibration  parallel  to  BC.  Put  the  altitude 
AD  - a ; bafe  BC  zc  b ; and  AF  = x.  Through  F 


draw  GH  parallel  to  the  bafe. 


Then  a : b : 


GH;  and  is  its  fluxion,  which  multiplied  by  the  fquare 

a 

of  AF,  viz.  by  becomes  _A  -.  The  fluent  of  this  ex- 

a 

. b'* 
prcflionis— . 

4“ 
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or  four  minutes,  and  then  taking  the  half,  or  third 
part,  or  fourth  part  of  the  number ; for  that  part 

will 


The  triangle  ABC  r= 


— : and  the  diftance  of  its  centre 
2 


of  gravity  from  A is  rr — ; hence  the  produdt  of  the  tri- 


angle by  this  diftance  is  ^ 


ab  ^ o.a  \ o'1!) 


Therefore 

2 3 1 

divide  the  above  fluent,  ^L,  by  and  the  quotient  is  ; 

4a  3 4-T 

which  when  x is  equal  to  the  altitude  AD  — a , becomes 


— fo  that  the  diftance  of  the  centre  of  ofcillation  from  A 

4 

is  equal  to  | of  the  altitude  of  the  triangle. 

Example  5.  Let  the  pendulum  confift  of  a fpherical  body 
fufpendcd  at  O,  fig.  9,  Plate  V.  by  means  of  a line  OD, 
which  line  weighs  fo  little  with  refpedf  to  the  body,  that  its 
weight  may  be  confidered  as  = o.  Imagine  DERD  to  be 
a fedtion  of  the  fphere  through  its  axis,  and  perpendicular 
to  the  axis  of  ofcillation  KL.  GE  the  radius  perpendicular 
to  DR.  G the  centre  of  gravity,  and  V the  centre  of  of- 
cillation. 

Let  SFPS  be  any  concentric  circle  ; and  put  the  ordinate 
P M —y  ; GP~x;  era  the  circumference  of  a circle  whole 
radius  is  one,  and  draw  NAd  parallel  to  GR.  Suppofe  a 
cylindric  furtace  to  ftand  on  the  circumference  SFPS, 
and  to  be  terminated  by  the  furface  of  the  fphere  ; then  the 
circumference  SrPSrrrx,  and  the  juft  mentioned  cylindric 
furface  will  be  n 2 cyx. 

The  diftance  of  the  particles  in  each  fedtion  of  this 
cylindric  furface,  from  the  centre  o,  gravity  of  the  fedfion, 

p 3 


or 
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will  be  the  number  of  vibrations  anfwering  to  one 
minute. 

With 


or  of  a line  palling  through  G parallel  to  K.L,  is  GParx; 
therefore  the  fluxion  of  the  weight  or  furiace  is 
which  multiplied  by  the  fquare  of  the  diftance  GP>  viz. 

. c y x* 

by  x % gives  the  fluxicn  2 cyx3x  ; whofe  fluent  is  - . 


In  order  to  expunge  from  this  expreflion  one  of  the  va- 
riable letters,  it  mull  be  confidered  that  in  a circular  arch 
the  fine  is  to  the  cofine  as  the  fluxion  of  the  latter  is  to  the 
fluxion  of  the  former;  for  in  fig.  IO,  Plate  V.  where  BE 
— y is  the  fine;  AErz.v  is  the  cofine  ; if  you  draw  CF 
indefinitely  near  and  parallel  to  BE,  and  BD  parallel  to  AG, 
BD  becomes  *,  or  the  fluxion  of  the  cofine,  and  CD  be- 
comes y,  or  the  fluxion  of  the  fine  ; and  fince  the  right- 
angled  triangles  aBE,  BCD,  are  equiangular  (the  angles 
CBD,  EBA,  being  equal,  becaufe  each  of  them  is  the  com- 
plement of  ABD  to  a right  angle)  and  fimilar,  we  have  AE 

toEB,  as  CD  to  DB,  viz.  x:y  ::  j:x=  Alfo  if  the 

radius  be  called  a \ fince  the  fquare  of  AB,  or  a\  is  equal  to 
xi . x — Now  by  fubflitution  the  fluent 


cJJdl  becomes  § (for  the  fluxion  of  the  for 

2 


mer ; 


viz.  2cyx3x^2<-)’xJ  X 


"2  cy  x3  X — — 2 cy  X 
x V or—y 


7-71 


yy 


a :• 


— 2cy~y  X az—y  — 2 ca  y y — 2 cy  y\ 


W — y1 

and  the  fluent  of  this  laft  expreflion  is  f c af— fry5).  And 
when  y = <z  = radius,  this  fluent  becomes  £ ca5  — 
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With  that  number  of  vibrations,  performed  in 
one  minute,  the  diftance  of  the  centre  of  ofcillation 

from 


The  folidity  of  a fphere,  whofe  radius  is  a,  is  exprefl'ed  by 
y ca3,  which  multiplied  by  the  diftance  GO  — d,  in  fig.  9* 
becomes  i ca  3d. 

Laftly,  divide  the  above  fluent  by  the  laft  produd  ; viz. 
divide  T*f  ca%  by  | ca3d,  and  the  quotient  3f_is  the  diftance 

of  the  centre  of  ofcillation  V from  the  centre  of  gravity  G, 


and  of  courfe  OV  — d-\-  3—  . 

5 d 

Should  the  point  of  fufpenfion  be  fituated  clofe  to  the  fur- 
face,  as  at  D;  then  the  diftance  between  the  centres  of 
fufpenfion  and  of  gravity  would  become  equal  to  radius, 
viz.  d~a\  and  in  that  cafe  the  diftance  between  the  centres 

of  ofcillation  and  of  gravity  will  be  — ; and  the  diftance  be- 
tween the  centres  of  ofcillation  and  fufpenfion  will  be 


If ; that  is  t75  of  the  diameter  of  the  fphere. 

5 

It  plainly  appears  from  the  foregoing  explanations  and  ex- 
amples, that  when  the  firing  of  a pendulum  is  fiiortened, 
every  thing  elfe  remaining  unaltered,  the  centre  of  ofcillation 
changes  its  place;  unlefs  indeed  the  weight  of  the  pendulum 
or  bob  be  fuppofed  to  be  condenled  in  one  point,  which 
cafe  can  have  place  only  iri  the  imagination. 

Confequently  what  has  been  dernonftrated  refpetfling  the 
cycloidal  pendulum  muft  be  confidered  as  a matter  merely 
of  ufeful  ('peculation,  fince  from  it  we  derive  the  time  in 
which  a circular  pendulum  performs  its  vibrations.  But  in 

p 4.  pradice 
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from  the  point  of  fufpcnfion  is  determined  by 
means  ot  the  following  ealy  calculation. 

Divide  fixty  feconds  by  the  number  of  vibrations, 
which  the  pendulum  m queftion  has  performed  in 
one  minute,  and  the  quotient  is  the  time  of  one 
vibration.  Square  this  time,  (viz.  multiply  it  by 
itfelf)  and  multiply  its  fquare  by  the  length  of  the 
pendulum  that  vibrates  feconds,  viz.  by  39,1196 
inches,  and  the  lafl  product  fhews  the  diflance  in 
inches  of  the  centre  of  ofcillation  or  percuffion 
from  the  point  of  fufpenfioli  in  the  pendulum  in 
queftion. 

Example  1.  Let  a cylinderical  flick  AB,  fig.  3, 
Plate  V.  of  about  a yard  in  length,  be  fulpended  at 
A,  and  be  caufed  to  vibrate.  Having  obferved  that 
it  performs  76  vibrations  in  a minute,  it  is  required 
thereby  to  find  the  diftance  of  its  centre  of  ofcilla- 
tion from  the  point  of  fufpenfion  A. 

Divide  60  feconds  by  76  vibrations,  and  the 
quotient,  o",79  nearly  (viz.  79  hundreths  of  a 
lecond)  is  the  time  in  which  the  pendulum  in 
queflion  performs  one  vibration.  Then  fince  the 
lengths  of  pendulums  are  as  the  fquares  of  the  times 
of  vibration 3 therefore  fay  as  the  fquare  of  one 

fecond. 


practice  a cycloidal  pendulum  would  not  perform  all  its 
vibrations  in  equal  limes;  becaufe  by  the  application  of  the 
firing  to  the  cycloidal  cheeks,  the  free  part  of  the  tiring  would 
be  thertened,  and  the  centre  of  ofcillation  would  change  its 
place  continually. 
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fecond,  which  is  one,  is  to  the  fquare  of  0,79 
hundredth  parts  of  a fecond,  viz.  0,6241  ; fo  is  the 
length  of  the  pendulum  which  vibrates  feconds, 
viz.  39,1196  to  the  length  fought;  that  is, 
1 : 0,6241  : : 39,1196  ; where  fince  the  fir  ft  num- 
ber is  unity,  you  need,  according  to  the  preceding 
rule,  only  multiply  39,1  196  by  0,6241  ; and  the 
product  24,4  is  the  diftance  fought ; fo  that  the 
centre  of  ofcillation  C in  the  flick  AB  is  24  inches 
and  4 tenths  diftant  from  its  extremity  A;  viz, 
about  ;wo  thirds  of  its  length. 

Ex.mple  2.  An  irregular  body  fufpended  by 
one  end  has  been  found  to  perform  20  vibrations 
in  a minute.  Required  the  diftance  of  its  centre 
of  ofcillation  from  the  point  of  fufpenfion  ? 

Here  the  time  of  one  vibration  is  (E°)  3 feconds; 
the  fquare  of  which  is  9;  and  39,1196,  multiplied 
by  9,  gives  352,0764  inches,  or  nearly  29  feet,  for 
the  diftance  fought. 
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CHAPTER  XII. 


OF  THE  MECHANICAL  POWERS. 

9 HE  preceding  chapters  contain  the  dodrine 


of  motion  in  a manner  rather  extenfive  for 


an  elementary  work.  The  abftrad  mode  in  which 
this  fubjed  has  been  delivered,  may  poffibly  have 
deterred  the  novice  from  the  ftudy  of  natural  phi- 
lofophy.  Perhaps  he  expected  that  after  every 
theoretical  chapter  his  attention  fhould  be  relieved 
by  fome  experimental  application  of  the  doctrine. 
But  if  fuch  had  been  the  plan,  either  the  work 
would  have  been  protracted  to  an  immoderate 
length,  or  many  ufeful  branches  of  the  theory  would 
have  been  fuppreffed. 

The  importance  of  the  dodrinc  of  motion,  and 
its  being  the  foundation  of  almoft  all  the  pheno- 
mena.of  nature,  were  the  motives  which  placed  it 
before  every  other  branch  of  natural  philofophy, 
and  the  reader  may  perhaps  be  pleafed  to  hear,  that 
whoever  underftands  the  leading  principles  of  the 
foregoing  theory,  will  meet  with  very  little  diffi- 
culty in  the  perufal  of  the  following  parts  of  phi- 
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lofophy.  He  will  alio  find  that  the  dodrine  of 
motion,  which  he  may  formerly  have  looked  upon 
as  a difficult  and  almoft  a ufelefs  fubjed  of  fpecu- 
Jation,  is  of  general  and  extenfive  application. 
Every  tool,  every  engine  of  art,  every  (Econo- 
mical machine,  all  the  inftruments  of  hufbandry, 
and  of  navigation,  the  celeftial  bodies,  &c.  are 
ccnftruded,  and  ad  conformably  to  the  laws  of 
motion. 

The  knowledge  of  this  dodrine  anfwers  two  ex- 
tenfive objeds.  It  ferves  to  explain  natural  ap- 
pearances, and  it  furnifhes  the  human  being  with 
ufefu'l  machines,  which  enable  him  to  accomplifh 
fuch  effeds,  as  without  that  affiltance  would  be 
utterly  out  of  his  power. — The  application  to  na- 
tural phenomena  will  be  inftanced  in  almoft  every 
chapter  of  this  work. — The  fecohd  objed  will  be 
confdered  immediately. 

Mechanics , in  its  full  and  extenfive  meaning,  is 
the  fcience  which  treats  of  quantity , of  extenfion , and 
of  motion.  Therefore  it  confiders  the  ftate  of  bodies 
either  at  reft  or  in  motion.  That  branch  of  it 
which  confiders  the  ftate  of  bodies  at  reft,  as  their 
equilibrium  when  conneded  with  one  another, 
their  preffure,  weight,  See.  is  called  Statics.  That 
which  treats  of  motion,  is  called  Dynamics.  Both 
thofe  expreffions  are,  however,  ufed  in  treating  of 
folid  bodies;  for  the  mechanics  of  fluids  has  two 
denominations  analogous  to  the  above.  It  is  called 
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Hydrojlatics , when  it  treats  of  the  equilibrium  or 
quiefcent  Hate,  and  Hydrodynamics  or  Hydraulics , 
when  it  treats  of  the  motion,  of  fluids. 

What  belongs  exclufively  to  fluids  will  be  no- 
ticed in  the  fecond  part  of  thefe  elements.  The 
equilibrium  of  folids  has  been  fufficiently  examined 
in  the  preceding  pages,  and  will  be  taken  farther 
notice  of  in  the  following;  fince  in  treating  of  mo- 
tion, of  actions,  of  forces,  &c.  it  will  naturally  ap- 
pear that  when  thofc  forces  are  equal  and  oppolite 
to  each  other,  an  equilibrium  takes  place. 

The  a&ive  application  of  the  doctrine  of  motion 
confifts  in  the  conftruction  of  machines  for  the 
purpofes  of  overcoming  refittances,  or  of  moving 
bodies.  Thus  if  a man  with  to  remove  a Hone  of 
a ton  weight  from  a certain  place,  for  which  pur- 
pofe  he  finds  his  ftrength  inadequate,  he  makes  ufe 
of  a long  pole,  which  being  applied  in  a certain 
manner,  actually  enables  him  to  move  the  ftone. 
Thus  alio  another  perfon  may  with  to  convey  fome 
heavy  article  to  tire  top  of  his  houte,  he  makes  ufe 
of  a fet  of  pullies  with  a rope,  &c.  and  by  that 
means  eafily  accomplillies  his  object. 

Infinite  is  the  number,  and  the  variety  of  ma- 
chines; but  they  all  confiit  of  certain  parts  or  Am- 
ple mechanifms,  varioufly  combined  and  connected 
with  each  other.  Of  thoie  Ample  machines  we  can 
reckon  no  more  than  Ax  or  at  moil  feven;  viz. 
the  Lever , the  IV heel  and  Axle,  the  moveable  Pul- 
ley 
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ley  or  Sxftem  of  Pulleys , the  Inclined  Plane , the 
IVeche,  and  the  Screw  *. 

o ' * 

The  adtion  or  the  efFedt  of  every  one  of  thofe 
mechanical  powers,  depends  upon  one  and  the  lame 
principle;  which  has  been  fully  explained  in  chapter 
IV,  V,  and  VI;  but  we  fh all  for  the  fake  of  perfpicuity 
briefly  repeat  it  in  the  following  three  or  four  para- 
graphs, wherein  the  attentive  reader  will  And  the 
principles  or  analyfis  of  ail  forts  of  machines. 

The  force  or  momentum  of  a body  in  motion, 
is  to  be  derived  not  merely  from  its  quantity  of 
matter,  or  only  from  its  velocity,  but  from  both 
conjointly;  for  the  heavier  any  body  is,  the  greater 
power  is  required  to  flop  it  or  to  move  it ; and  on 
the  other  hand  the  fwifter  it  moves,  the  greater  is 
its  force,  or  the  ftronger  oppofition  mull:  be  made 
to  flop  it.  Therefore,  the  force  or  momentum,  is 
the  produdt  of  the  weight  or  quantity  of  matter  by 
the  velocity.  Thus  if  a body  weighing  10  pound's 

move 


* The  writers  on  mechanics  do  not  agree  with  refpedt  to 
the  number  of  the  mechanical  powers.  Some  exclude  the 
inclined  plane  from  the  number ; whilft  others  rtekon  it 
one  of  the  principal,  and  confider  the  wedge  and  the  ferew 
as  only  fpec.es  of  it.  The  balance  has  been  likevvife  reck- 
oned a peculiar  mechanical  power.  But  it  has  been  re- 
jected by  others,  either  on  account  of  its  being  nothing 
more  than  a lever,  or  becaufe  by  the  ufe  of  a balance  no  ad- 
ditional power  is  obtained,  which  advantage  ought  in  truth 
to  be  the  characteriflic  property  cf  a mechanical  power. 
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move  at  the  rate  of  12  feet  per  fecond,  and  another 
body  weighing  5 pounds  move  at  the  rate  of  24 
feet  per  fecond,  their  momentums  will  be  equa:  i 
that  is,  tiiey  will  ftrike  an  obftacle  with  equal  force, 
or  an  equal  power  mull  be  exerted  to  hop  them  ; 
for  the  produdt  of  10  by  12,  viz.  120,  is  equal  to 
the  product  of  5 by  24. 

The  forces  of  bodies  acling  on  each  other  by  the 
interpolition  of  machines  is  derived  from  the  fame 
principle.  Thus  the  two  bodies  A and  B,  fig*  it* 
Plate  V.  are  connected  with  each  other  by  the  in- 
terpofition  of  an  inflexible  rod  AB  (the  fimpleft  of 
all  machines)  which  refts  upon  the  prop  or  fixed 
point  F.  If  the  rod  move  out  of  its  horizontal 
fituation  into  the  oblique  pofition  CFE,  the  body 
A will  be  forced  to  defenbe  the  arch  AE,  wmlfl 
the  body  B deferibes  the  arch  BC ; and  thole 
arches,  being  deferibed  in  the  fame  time,  will  re- 
prelent  the  velocities  of  thole  oodles  relpectiveh  5 
therefore,  the  momentum  of  A is  to  the  momen- 
tum of  B,  as  the  weight  of  A multiplied  by  the  arch 
AE,  is  to  the  weight  of  B multiplied  by  the  arch 

BC. 

The  velocities  of  A and  B are  likewife  reprefented 
by  their  diflances  from  F;  for  the  arches  AE,  BC, 
are  as  their  radii  FA,  FB.  Thofe  velocities  are 
all'o  reprelented  by  the  perpendiculars  EG,  CP* 
for  fince  the  triangles  EFG,  CDF,  are  equiangular 
and  fimilar,  (the  angles  at  G and  D being  right, 
and  thofe  at  F being  equal)  we  have  EF  to  FC,  as 


Of  the  Mechanical  Powers  < 223 

GE  to  CD.  Therefore  the  re  fpeeftive  moment  urns 
of  A and  B may  be  reprefented  cither  by  Ax  AE, 
and  BxBC;  or  by  Ax  AF,  and  B x BF ; or  ladly 
by  Ax  EG,  and  BxCD. 

Note.  The  lad  expreflion  is  ufed  when  the  mo- 
tion of  bodies  that  are  fo  circumftanced,  refults 
from  the  a&ion  of  gravity ; viz.  when  one  body  re- 
cedes from,  whild  the  other  approaches,  the  centre 
of  the  earth  ; becaufe  gravity  aids  in  that  direc- 
tion. 

This  is  the  principle  of  all  forts  of  mechanifms;  fo 
that  in  every  machine  the  following  particulars  mud 
be  indifpenfably  found,  id.  One  or  more  bodies 
mud  be  moved  one  way,  whild  one  or  more  bodies 
move  the  contrary  way.  One  of  thofe  bodies  or 
fets  of  bodies  is  called  the  weight , and  the  other  is 
called  the  pozver , or  they  may  be  called  oppofite 
pozvers.  2dly.  If  the  product  of  the  weight  of  one 
of  thofe  powers,  multiplied  by  the  fpace  it  moves 
through  in  a certain  time,  be  equal  to  the  produdt 
of  the  weight  of  the  oppofite  power  multiplied  by 
the  fpace  it  moves  through  in  the  fame  time  ; then 
the  oppofite  momentums  being  equal,  the  machine 
will  remain  motionlefs.  But  if  one  of  thofe  pro- 
ducts or  momentums  exceeds  the  other,  then  the 
former  is  (aid  to  preponderate,  and  the  machine 
will  move  in  the  diredlion  of  the  preponderating 
power;  whild  the  oppofite  power  will  be  forced  to 
move  the  contrary  way.  And  the  preponderance 
is  reprefented  by  the  excefs  of  one  momentum  over 
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the  other;  for  inflancc,  if  one  of  the  above-men- 
tioned products  or  moment ums  be  24,  and  the 
other  12,  then  the  former  is  faid  to  be  double  the 
latter ; or  that  the  former  is  to  the  latter  as  two 
to  one. 

By  a drift  adherence  to  thofe  particulars,  the  at- 
tentive reader  will  be  enabled  to  eftimate  the 
power  and  effeft  of  every  machine,  excepting,  how- 
ever, the  obftruftion  which  arifes  from  the  irnper- 
feftion  of  materials  and  of  workmanfhip;  as  will 
fully  appear  from  the  following  paragraphs. 

In  the  explanation  of  the  properties  of  the  me- 
chanical powers,  we  luppofe  the  rods,  poles,  planes, 
ropes,  &c.  to  be  deftitute  of  weight,  roughnefs,  ad- 
hefive  property,  and  any  imperfection ; for  when 
the  properties  of  thofe  powers  have  been  eftabl idl- 
ed, we  fhall  then  point  out  the  allowances  proper 
to  be  made  on  the  fccre  of  friftion,  irregularity  of 
figure,  &:c. 

THE  LEVER. 

A lever  is  a bar  of  wood,  or  metal,  or  other 
folid  fubftance,  one  part  of  which  is  fupported  by 
or  refts  againft  a Heady  prop,  called  the  fulcrum , 
about  which,  as  the  centre  of  motion,  the  lever  is 
moveable. 

The  ufe  of  this  machine  is  to  overcome  a given 
obftacle,  by  means  of  a given  power. — Thus  if  the 
Hone  A,  fig.  12,  Plate  V.  weighing  1000  pounds, 

be  required  to  be  lifted  up  (fo  as  to  pafs  a rope  un- 
„ der 
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der  it,  or  for  fome  other  purpofe),  by  means  of 
the  ordinary  fhrength  of  a man,  which  may  be 
reckoned  equal  to  100  pounds  weight ; a pole  or 
lever  CE  is  placed  with  one  end  under  the  Hone 
at  E ; it  is  relied  upon  a ftone  or  other  Heady  body 
at  B,  and  the  man  pretfes  the  lever  down  at  C.  In 
this  cafe  the  man’s  ftrength  is  equal  to  the 
tenth  part  of  the  Hone’s  weight,  therefore  its  ve- 
locity muH  be  ten  times  greater  than  that  of  the 
Hone ; that  is,  the  part  BC  of  the  lever  muH  be  ten 
times  as  long  as  the  part  BE,  in  order  that  the 
power  and  the  weight  may  balance  each  other ; 
and  if  CB  is  a little  longer  than  ten  times  BE, 
then  the  Hone  will  be  railed.  Indeed  in  this  cafe 
the  part  CB  needs  not  be  lo  long ; for  as  the  Hone 
is  not  to  be  entirely  lifted  from  the  ground,  a 
lelfer  momentum  is  required  on  the  part  of  the 
power  at  C. 

In  general,  to  find  the  proper  length  of  the  lever, 
we  need  only  multiply  the  weight  by  that  part  of 
the  lever  which  is  between  it  and  the  fulcrum  ; 
and  divide  the  produdl  by  the  power;  for  the 
quotient  will  be  the  length  BC,  which  is  neceflary 
to  form  an  equilibrium,  and  of  courfe  a little  more 
than  that  length  will  be  fufficient  to  overcome  the 
obHacle. 

If  when  the  length  of  the  lever  is  given,  you 
wilh  to  find  what  power  will  be  neceflary  to  over- 
come a known  obHacle  or  weight ; multiply  the 
weight  by  that  part  of  the  lever  which  is  between 
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it  and  the  fulcrum,  then  divide  the  product  by 
the  other  part  of  the  lever,  and  the  quotient  is  the 
anfwer. 

The  poflible  different  fituations  of  the  weight,  the 
fulcrum,  and  the  power,  are  not  mope  than  three  ; 
hence  arife  three  kinds  of  levers;  to  all  of  which, 
however,  the  preceding  calculations  are  equally  ap- 
plicable. Thofe  fpecies  are,  i.  when  the  fulcrum 
is  placed  between  the  weight  and  the  power,  as 
the  one  already  deferibed.  i.  When  the  ful- 
crum is  at  one  end,  the  power  at  the  other  end, 
and  the  weight  between  them,  as  in  fig.  13,  Plate 
V.  And  3.  When  the  fulcrum  is  at  one  end,  the 

. 1 

weight  at  the  other  end,  and  the  power  between 
them,  as  in  fig.  14,  Plate  V. 

Some  writers  add  a fourth  fpecies,  viz.  the  bent 
lever;  but  as  this  differs  only  in  fhape  from  the 
others,  it  does  not  conflitute  a proper  difference  of 
kind. 

Hitherto  we  have  fuppoled  that  the  weight  and 
the  power  a 61  in  diredions  perpendicular  to  the 
arms  of  the  lever ; but  when  this  is  not  the  cafe, 
the  diftances  of  the  power  and  of  the  weight  from  the 
centre  of  motion  muff  not  be  reckoned  by  the 
diftances  of  the  points  of  fufpenfion  from  that 
centre,  but  by  the  lengths  of  the  perpendiculars  let 
fall  from  the  centre  of  motion  on  the  lines  of  the 
direction  of  the  forces.  For  inltance,  in  fig.  15, 
Plate  V.  the  power  at  P,  ads  by  means  of  the 
firing  PB,  on  the  end  B of  the  lever,  in  adiredion 

BP, 
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PB,  oblique  to  the  lever ; and  in  eftimating  the 
momentum  of  the  power,  you  muff  multiply  the 
force  or  power  applied  to  the  firing,  not  by  the 
length  CB,  but  by  the  length  CD,  of  the  perpen- 
dicular, let  fall  from  the  centre  of  motion  C,  on  the 
line  BP,  which  is  the  line  of  direction  of  the  power. 

Thus  all'o  in  the  bent  lever  ABC,  fig.  16,  Plate 
V.  whole  centre  ot  motion  is  at  B the  momentums 
of  D and  E are  the  weight  of  D multiplied  by 
BG,  and  the  weight  of  E multiplied  by  BF.  The 
reafon  of  the  lafl  remark  is  eafily  derived  from  the 
compofition  and  refolution  of  forces  (fee  chap.  VIII.) 
Therefore  we  may  in  general  fay,  that  in  any  fort  of 
lever,  and  in  whatever  directions  the  power  and  the 
weight  aft  on  it,  if  their  quantities  be  inverfely  as  the 
-perpendiculars  let  fall  from  the  centre  of  motion  on  their 
refpeftive  directions,  they  will  be  in  equilibria  ; that  is} 
balance  each  other. 

It  will  be  hardly  neceffary  to  remark,  that  when 
the  lever  is  loaded  with  feveral  weights  at  different 
diftances  from  the  centre  of  motion,  the  momen- 
tum on  each  fide  of  the  centre  of  motion  is  equal 
to  the  fum  of  the  produdts  of  all  the  weights  on 
that  fide  multiplied  each  by  its  diflance  from  the 
centre  of  motion.  Thus  in  fig.  17,  Plate  V.  the 
momentum  of  the  fide  AD  is  equal  to  the  fum  of 
the  products  of  E multiplied  by  DA,  F multiplied 
by  GA,  and  H multiplied  by  OA;  and  the  mo- 
mentum of  the  fide  AB  is  equal  to  the  fum  of  C 
multiplied  by  BA,  and  K multiplied  by  LA. 

Q 2 
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The  ufe  of  the  lever  is  fo  general  and  fo  extenfive, 
that  levers  of  all  forts  and  varieties  arc  to  be  found 
in  almoft  every  mechanifm; — in  the  works  ol  na- 
ture as  well  as  thofe  of  human  ingenuity. 

The  bones  of  a human  arm,  AC,  fig.  18,  Plate 
V.  and  indeed  the  greateft  number  of  the  move- 
able bones  of  animals,  are  levers  of  the  third  kind. 
In  fig.  1 8,  D is  the  centre  ot  motion;  the  power 
(viz.  the  infertion  of  the  mufcle  BC,  the  contraction 
of  which  moves  the  arm)  is  at  C,  and  the  effect  is 
produced,  or  the  weight  is  lifted,  at  A. 

In  this  natural  lever  the  power  is  not  advantage- 
oufly  fituated ; for  as  it  lies  very  near  the  centre 
of  motion,  it  muff  be  much  greater  than  the  weight 
which  is  to  be  lifted  at  A.  But  the  lofs  ot  power 
is  abundantly  compenfated  by  other  advantages, 
the  principal  of  which  is  the  compactnefs  of  the 
limb. 

The  iron  crow , fig.  19,  Plate  V.  which  is  com- 
monly ufed  by  carpenters,  blackfmiths,  ftone-ma- 
fons,  £:c.  is  a bent  lever,  flattened  at  A.  It  is  bent 
a little  in  order  that  the  weight  may  be  lets  apt  to 
flip  off’;  and  it  is  flattened  for  the  purpofe  of  its 
being  more  eafily  admitted  into  narrow  crevices. 

The  common  balance , fig.  2,0,  Plate  V.  or  pair  of 
fcalcs,  is  a lever,  whole  fulcrum  or  centre  of  motion 
is  in  the  middle,  and  the  weights  are  lufpended  at 
the  two  extremities;  but  as  thofe  extremities  .ate 
equidiftant  from  the  fulcrum,  the  velocities  ot  the 
weights  are  equal  ; and  ot  courie  when  neitnei  end 
of  the  beam  preponderates,  the  oppofite  weights 


Of  the  Mechanical  Powers.  229 

mud  be  equal ; but  when  one  of  the  weights  ex- 
ceeds the  other,  then  that  arm  to  which  the  former 
is  fufpended,  will  defcend,  &c.  And  this  is  all  the 
ufe  that  can  be  made  of  the  balance,  viz.  to  find 
when  two  weights  are  equal  or  unequal*. 


* Common  balances  are  fubjeCt  to  many  imperfections, 
the  principal  of  which  are  as  follows: 

lit.  A balance  is  frequently  in  equ ilibrio,  when  the  oppo- 
fite  weights  in  its  fcales  are  not  equal.  This  arifes  from 
the  points  of  fufpenfion  being  not  equidiftant  from  the 
centre  of  motion;  in  which  cafe  the  empty  fcales  may  be 
made  to  balance  each  other  ; yet  when  equal  weights  are 
put  in  them,  thofe  weights  will  not  balance  each  other  ; for 
as  they  are  fufpended  at  unequal  diftances  from  the  centre  of 
motion,  their  momentums  are  actually  unequal. 

2dly.  The  beam  is  frequently  made  too  flight  ; in  which 
cafe  it  is  apt  to  be  bent  more  or  lefs  by  the  weights  that 
are  put  into  the  fcales;  and  of  courfe  the  apparent  equili- 
brium cannot  be  depended  upon. 

3dly.  Balances  feldom  are  fufficiently  fcnfible.  This 
defeCt  arifes  from  various  caufes,  as  from  the  great  weight 
of  the  beam,  from  roughnefs  and  friCtion  at  the  point  of 
fufpenfion,  from  the  centre  of  gravity  of  the  beam  being 
confiderably  below  the  centre  of  motion,  &c. 

Balances  have  been  made  in  this  country  and  elfewhere, 
of  a wonderful  degree  of  fenfibility  ; viz.  capable  of  having 
their  equilibrium  difturbed  by  fo  frnall  a quantity  s rroewo 
part  of  the  weight  in  each  feale.  See  the  Journal  de  Phijique , 
vol.  33d.  and  the  Phil.  Tranf.  for  the  year  1798,  p.  148. 
And  I have  heard  of  fcales  even  of  a greater  degree  of  fen  - 
Ability, 
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The  fteelyard , fig.  21,  Plate  V.  (which  many 
writers  called  by  the  latin  name  Jlatera  rim  anal)  is 
a lever  of  the  firft  kind,  whole  fulcrum  or  centre 
of  motion  is  at  A ; the  weight  B is  fufpended  al- 
ways at  the  fame  diftance  CA  from  the  centre  of 
motion  ; but  the  power  or  counterpoife  E may  be 
Ihifted  from  one  point  to  another  all  along  the  arm 
AD ; by  which  means  a great  variety  of  weights 
may  be  balanced  by  the  fame  counterpoife  E,  whofe 
momentum  increafes  in  the  proportion  of  its  dif- 
tance from  A.  The  whole  length  of  the  arm  AD 
is  marked  with  numbered  divifions,  each  of  which 
indicates  the  weight  of  B,  which  is  balanced  by 
the  counterpoife  E,  when  E is  placed  at  that  par- 
ticular divifion.  Thole  divifions  are  afcertained  by 
trial ; for  the  two  arms  of  the  fteelyard  being  un- 
equal in  weight,  their  momentums,  when  loaden 
with  the  weights  B and  E,  cannot  be  eftimated 
merely  by  the  products  of  thofe  weights  multiplied 
each  by  its  diftance  from  A. 

The  fteelyard  was  rendered  more  perfect  by  Mr. 
B.  Martin,  a philolophical  inftrument  maker  of  very 
diftinguifhed  ability,  who  fixed  a weight  C to  the 
ftiort  end  of  the  beam  (as  is  fhewn  in  fig  22,  Plate 
V.)  capable  of  juft  balancing  the  oppofite  arm  AD  ; 
in  which  cafe  the  momentums  of  E and  B are 
equal  to  their  weights  multiplied  by  their  refpe&ive 
diftances  from  A;  confequently  the  divifions  on 
the  arm  AD  may  be  ealily  determined  by  mea- 
furement, 


When 
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When  a lever  is  lupported  at  its  two  extremities 
A and  C,  fig.  23,  Plate  V.  and  the  weight  W is 
fufpended  at  a point  B between  A and  C,  thole 
two  points  A and  C may  be  alternately  conlidered 
one  as  the  power  and  the  other  as  the  fulcrum ; 
from  which  confideration  it  appears  that  the  pro- 
portion of  the  weight  which  is  lupported  by  one  of 
thofe  props,  is  to  the  other  in  the  inverfe  propor- 
tion of  the  diftances  AB,  BC  ; hence  when  a weight 
is  carried  by  means  of  a pole  between  two  men,  in 
the  manner  commonly  pradtiied  by  draymen  when 
they  carry  a calk  of  beer,  the  weight  may  be  made 
to  bear  harder  upon  one  of  the  men  than  upon  the 
other  ; by  placing  it  nearer  to  the  one  than  to  the 
other, 

THE  WHEEL  AND  AXLE, 

The  wheel  and  axle  (by  fome  called  axis  in  pe- 
ril roc  hio  ) con  fills  of  a cylinder,  AB,  fig.  1,  Plate 
VI.  and  awheel  DF  fattened  to  the  cylinder,  and 
all  moveable  round  the  common  axis,  which  is  fup- 
ported  at  its  two  ends  B and  G. 

In  this  mechanical  power,  the  weight  C is  raifed 
by  a rope  which  coils  about  the  axle,  and  the  power 
E is  applied  to  the  circumference  of  the  wheel. 
Here  it  is  plain  that  the  velocity  of  the  weight  is 
to  the  velocity  of  the  power,  as  the  circumference 
of  the  axis  is  to  the  circumference  of  the  wheel,  or 
(becaufe  circles  are  as  their  diameters)  as  the  dia- 
meter of  the  axle  is  to  the  diameter  of  the  wheel  j 

q 4 hence 


2SZ  Of  the  Mechanical  Powers. 

hence  the  equilibrium  in  this  mechanifm  takes  place 
when  the  weight  of  E is  to  the  weight  of  C,  as 
the  diameter  of  the  axle  is  to  the  diameter  of  the 
wheel. 

Inftead  of  the  power  E,  the  wheel  may  be  fur- 
niflied  with  little  handles  or  fpokes,  as  reprefented 
in  the  figure,  which  may  be  moved  by  hand.  Or 
long  fpokes  may  be  fixed  through  the  axis,  and  the 
hands  of  one  or  more  men  may  be  applied  to  the 
ends  of  thofc  fpokes,  as  in  fig.  2,  for  the  effedt  will 
be  the  fame  as  if  there  were  a wheel  ; which  is  fo 
evident  as  not  to  need  any  farther  illuftration. 

Cranes  for  raifing  great  weights,  capftans,  and 
windlafs,  fuch  as  are  ufed  on  board  of  fhips,  are 
engines  of  this  fort. 

Fig.  3,  Plate  VI.  reprelents  a very  powerful  en- 
gine, nearly  of  this  fort.  ABKI,  and  CIDH,  are 
two  cylinders  of  unequal  diameters,  (but  the  dif- 
ference of  thofe  diameters  mutt  not  be  very  great) 
firmly  connected  together  and  moveable  by  means 
of  the  handle  F round  the  common  axis  EG,  whofe 
extremities  reft  upon  two  tupports.  The  lame 
rope  is  fattened  with  one  end  at  D,  and  is  wound 
round  the  frnall  cylinder  CD;  then  it  defeends  and 
pates  round  the  pulley  Z,  to  the  frame  of  which 
the  weight  W is  fufpended ; and  laftly,  the  other 
end  of  the  rope  is  fattened  at  A to  the  larger  cy- 
linder. Now  by  moving  the  cylinders  round,  the 
rope  will  unwind  itfelf  from  the  ifnall  cylinder,  and 
will  coil  itfelf  round  the  large  cylinder,  as  is  clearly 

fhewn 
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thewn  by  fig.  4,  which  reprefents  the  cylinders  as 
l'een  by  an  eye  placed  in  the  direction  ol  the  axis. 
If  the  cylinders  were  of  equal  diameters,  the  lower 
part  Z of  the  rope,  or  the  weight  W which  is  fuf- 
pended  to  it,  would  not  be  moved  ; for  in  that  cafe, 
as  much  of  the  rope  as  is  dilengaged  from  one  cy- 
linder at  each  revolution,  would  be  coiled  round 
the  other  cylinder;  but  the  cylinders  being  of  un- 
equal diameters,  it  is  evident  that  at  each  revolu- 
tion of  the  handle  F,  more  of  the  rope  will  be 
coiled  round  the  cylinder  ABIK  than. will  be  dif- 
engaged  from  the  cylinder  CDIH;  and  of  courfe 
the  weight  W will  be  railed. 

THE  MOVEABLE  PULLEY,  OR  SYSTEM  OF 
PULLEYS. 

The  pulley  is  a thick  circular  piece  ol  wood,  or 
metal,  or  other  folid  matter,  moveable  round  a 
centre  pin  or  axis,  which  is  fixed  in  a block  or 
frame,  in  the  manner  reprefented  by  A.  fig.  5, 
Plate  VI.  In  this  fig.  the  frame  is  fattened  to  a 
fteady  beam ; a rope  is  palled  over  the  pulley,  to 
one  end  of  which  the  weight  W is  fufpended,  and 
the  power  P is  applied  to  the  other  end  of  the  rope. 
In  this  cafe  it  is  evident,  that  in  order  to  raife  the 
weight,  the  power  P muff  move  downwards  as  much 
as  the  weight  W moves  upwards;  or  in  other  words, 
that  their  velocities  are  equal;  hence  no  advantage 
is  gained  by  this  mechanifm,  excepting  the  con- 
veniency  of  changing  the  dire&ion  of  the  motion  ; 

fo 
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;’o  that  the  atfiion  ot  this  pulley  is  exactly  analagous 
to  that  ot  the  balance.  Therefore  the  third  me- 
chanical power  is  not  faid  to  be  the  pulley  in  ge- 
neial,  but  it  is  faid  to  confift  of  a moveable  pulley , 
or  moveable  pulleys,  as  (hewn  in  the  figures  6,  7,  and 
8,  Plate  VI.  for  in  thofe  cafes,  power  is  evidently 
gained. 

In  fig.  6,  the  rope  is  fattened  to  the  hook  at  F; 
it  paftes  round  the  pulley  BD,  to  the  block  of  which 
the  weight  W is  fufpefided,  and  is  then  held  by  the 
power  at  E.  When  the  power  pulls  the  rope,  the 
block,  with  the  weight,  are  railed,  and  the  rope  is 
fliortened  on  both  fides;  for  infiance,  when  the 
pulley,  block,  &c.  are  at  the  dotted  fituation  w, 
the  rope  has  been  Ihortened  of  the  lengths  AB, 
CD;  viz.  double  the  height  mD;  and  that  quantity 
of  rope  has  been  drawn  by  the  power;  therefore  in 
order  to  pull  the  weight  up  from  the  fituation  W 
to  that  of  the  dotted  reprefentation,  the  power  muft 
have  moved  through  twice  that  fpace;  that  is, 
with  double  the  velocity  of  the  weight;  hence  the 
equilibrium  in  this  cafe  takes  place  when  the  power 
is  to  the  weight  as  one  is  to  two. 

Fig.  7,  reprefents  the  fame  cafe,  excepting  only 
that  in  this  the  dire&ionof  the  powder  E is  changed 
by  the  interpofition  of  a fixed  pulley  F;  fo  that  if 
W weigh  two  pounds,  the  power,  or  oppofite  weight 
E,  muft  weigh  one  pound  to  balance  it ; and  then, 
if  a little  more  weight  be  added  to  E,  the  weight 
W will  be  raifed. 


In 
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la  fig.  S,  there  is  a block  or  frame  containing 
three  pulleys,  and  having  the  weight  W fattened  to 
its  hook ; there  is  alfo  another  block  fattened  to  a 
fteady  beam,  and  containing  three  other  pulleys. 
The  fame  rope  palfes  through  them  all,  and  is  faf- 
tened  with  one  end  to  the  upper  block,  whilft  the 
power  E is  applied  to  its  other  end.  Here  it  is 
evident,  that  in  railing  the  weight,  the  rope  mutt 
be  fhortened  at  a , h,  c,  if  c,  and  /;  viz.  fix  times 
as  much  as  the  weight  is  railed;  and  of  courfe  the 
power  E mutt  move  with  fix  times  the  velocity  of 
the  weight;  therefore  the  equilibrium  takes  place 
when  E is  the  fixth  part  of  \V ; viz.  if  W weighs 
fix  pounds,  E needs  not  weigh  more  than  one 
pound,  in  order  to  balance  the  weight  W ; but  if 
E weigh  a little  more  than  one  pound,  then  the 
weight  W will  be  railed  The  hke  reafoning  may 
be  extended  to  any  other  number  of  pulleys. 

Fig. 

* The  circumferences  of  pulleys  are  generally  grooved, 
or  hollowed,  in  order  to  receive  and  retain  the  rope.  The 
axis,  or  centre  pin,  is  fometimes  fixed  to  the  block,  and  the 
pulley  moves  round  it ; and  at  other  times  the  axis  is  fixed 
in  the  pulley,  and  its  tvVo  ends  move  in  two  holes  made  in 
the  block. 

A great  degree  of  friction  is  the  principal  defect  to  which 
this  mechan  cal  power  is  liable,  and  which  arifes  from  three 
caufes;  viz.  from  the  diameter  of  the  axis  bearing  a con- 
fiderab'e  proportion  to  that  of  the  pulley,  from  the  pulley’s 
rubbing  againft  the  fides  of  the  block,  and  from  the  ropes 
not  being  Efficiently  pliable. 


The 
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Fig.  9,  of  Plate  VI.  reprefents  another  variety  of 
this  mechanical  power.  It  confifts  of  one  fixt,  and 
one  moveable  pulley  ; but  in  fad  each  of  thofe 
pulleys  performs  the  office  of  three  pulleys,  for  it 
confifts  of  three  grooves  of  unequal  diameters,  as  is 
ihewn  by  the  lateral  reprefentation  of  one  of  them 
at  R.  The  fame  rope  which  is  fattened  with  one 
extremity  to  one  of  the  blocks,  paffes  fucceffively 
over  the  fix  grooves,  and  the  power  is  applied  at 
its  other  end  E. 

In  order  to  underftand  the  action  of  this  con- 
struction, it  muft  be  confidered,  that  in  the  com- 
bination of  fig.  8,  where  the  pulleys  are  all  of  the 
fame  diameter,  each  pulley  muft  move  fafter  than 
the  preceding  pulley,  becaufe  a greater  length  of 
rope  muft  pal's  over  each  pulley  than  over  the  pre- 
ceding pulley,  as  may  be  eafily  comprehended  by 

infpecting 


The  principal  contrivances,  which  have  been  made  for 
the  purpofe  of  diminifhing  thofe  cauies  of  cbftrudtion,  will 
be  mentioned  in  the  next  chapter. 

In  the  description  of  this  mechanical  power  we  have  con- 
fidered the  ropes  as  acting  always  perpendicular  to  the 
horizon ; but  when  that  is  not  the  cafe,  as  for  inftance,  it 
would  be,  if  in  fig.  7,  Plate  VI.  the  hook  S and  the  pulley 
F were  placed  at  a greater  diftance  from  each  other;  then 
the  velocity  of  the  weight  is  to  be  eflimated  not  by  the 
length  of  the  rope  which  is  drawn,  but  by  the  perpendi- 
cular height  to  which  the  weight  is  raifed.  And  the  fame 
thing  muft  be  underftood  with  refpedt  to  the  direction  of 
the  power. 
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infpe&ing  fig.  the  7th,  where  it  is  evident,  that  it 
the  weight  be  raifed  one  foot,  the  ropes  mult  be 
fhortened  of  a foot  each,  viz.  a foot  from  B to  A, 
and  another  foot  from  I)  to  C ; hence  whilft  the 
length  A B palfes  ever  rhc  pulley  B D,  twice  that 
length  mull  pals  over  the  pulley  F ; lo  that  the 
pulley  F,  if  equal  in  diameter  to  BD,  mull  mane 
two  revolutions,  whilft  the  pulley  BD  makes  one 
revolution.  It  is  alfo  evident,  that  if  the  pulley 
F were  of  double  the  circumference,  or,  which  is 
the  fame  thing,  of  double  the  diameter  of  BD,  then 
each  of  the  pulleys  would  make  one  revolution  in 
the  fame  time.  Now  returning  to  the  conftru£tion 
of  fig.  9,  it  will  be  eafily  comprehended,  that  as 
the  three  grooves  of  the  upper  pulley,  as  alfo  the 
three  of  the  lower  pulley,  belong  to  one  foiid  body, 
they  mull  revolve  in  the  fame  time;  therefore, 
their  diameters,  or  their  circumferences,  mull  be 
made  in  the  proportion  of  the  quantity  of  rope, 
which  mull  pafs  over  them  in  the  fame  time. 
Thus  whilft  one  foot  length  of  the  rope  paffes  over 
the  firft  groove  a , two  feet  of  rope  mull  pafs  o\ei 
the  fecond  groove  b , three  feet  of  rope  mull  pais 
over  the  third  groove  c , and  fo  forth.  Therefore, 
the  diameter  of  the  fecond  groove  mull  be  twice 
the  diameter  of  the  firft  groove  a ; the  diameter  of 
the  third  groove  r,  muft  be  three  times  that  of  the 
firft  a ; the  diameter  of  the  fourth  groove  d,  muft 

be  four  times  that  of  a ; &c.  or,  in  other  words, 

the 
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the  diameters  of  the  grooves  a , h,  c,  d , e,f , mud 
oe  in  arithmetic  progreffion  ; the  difference  of  the 
lei  ms  being  equal  to  the  diameter  of  the  firft  or 
fmalleft  groove. 

It  is  evident,  that  in  this  condruftion,  in  order  to 
raife  the  weight,  fix  ropes  mud  be  fliortened,  and 
of  courle  the  power  mud  move  through  fix  times 
the  fpace  that  the  weight  moves  through,  confe- 
quently  the  equilibrium  takes  place  when  the  power 
is  equal  to  the  fixth  part  of  the  weight  W. 

The  principal  advantage  which  is  attributed  to 
this  condrudtion,  is  the  reduction  of  fridion  ; for 
in  this,  there  are  only  two  axes  and  four  furfaces 
which  rub  againd  the  blocks;  whereas  in  the  con- 
ftru&ion  of  fig.  8,  where  the  pulleys  are  all  fepa- 
rate,  there  are  fix  axes  and  12  furfaces  which  rub 
againd  the  blocks.  But,  in  my  opinion,  this  ad- 
vantage is  more  than  compenfated  by  the  imper- 
feidions  which  are  peculiar  to  this  condruction ; 
for,  in  the  fird  place,  if  the  grooves  are  not  made 
exactly  in  arithmetic  progrefiion,  or  if  they  be- 
come otherwife  by  the  accumulation  of  dirt.  See. 
then  the  rope  mud  partly  dide  over  them,  which 
will  occafion  a confiderable  degree  of  friction  , 
and  fecondly,  even  when  the  grooves  are  of  the 
proper  dimenlions,  if  the  rope  happens  to  dretch 
more  in  one  place  than  in  another,  which  is  gene- 
rally the  cafe,  then  the  above-mentioned  Hiding 
and  friction  will  alfo  to,ke  place. 
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THE  INCLINED  PLANE. 

A plane  fuperfkies  inclined  to  the  horizon,  is 
another  mechanical  power ; its  ufe  being  to  raife 
weights  from  one  level  to  another,  by  the  applica- 
tion of  much  lels  force  than  would  be  neceflary  to 
raife  them  perpendicularly.  Thus  in  fig.  10,  Plate 
VI.  AB  reprefents  a plane  inclined  to  the  horizon- 
tal plane  AC  ; where  if  the  weight  D be  rolled  up- 
wards from  A to  B,  the  force  neceflary  for  the  pur- 
pofe  will  be  found  to  be  much  lei's  than  that 
which  would  be  required  to  raife  it  directly  and 
perpendicularly  from  C to  B. 

In  this  cafe  the  effebt  which  is  produced,  con- 
fifts  in  the  railing  of  the  weight  from  the  level  of 
AC  to  the  level  of  B ; but  to  effect  this,  the  power 
mull  have  moved  from  A to  B;  (for  the  power 
acts  in  that  direction,  whilft  the  weight  or  gravity 
of  the  body  afts  in  the  direction  of  the  perpendi- 
cular CBj)  therefore  the  velocity  of  the  weight  in 
this  engine,  being  to  the  velocity  of  the  power,  as 
the  perpendicular  height  BC  of  the  plane  is  to  its 
length  AB,  the  equilibrium  takes  place  when  the 
weight  is  to  the  power,  as  the  length  of  the  plane 
is  to  its  perpendicular  height. 

This  property  may  be  clearly  (hewn  by  the  fol- 
lowing experiment  : — Let  AB,  fig.  1 r,  Plate  VI. 
be  a plane  moveable  upon  the  horizontal  plane  AC ; 
viz.  l'o  as  to  admit  of  its  being  placed  at  any  re- 
quired 
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qiiired  angle  of  inclination,  which  is  eafily  accom- 
plice! by  means  of  a hinge  at  A,  and  a prop  be- 
tween the  two  planes.  The  upper  part  of  the 
plane  mull  be  furnished  with  a pulley  B,  over 
which  a firing  may  eafily  run.  Let  the  cylin- 
drical weight  D be  made  to  turn  upon  flender  pins 
in  the  frame  F,  in  which  the  hook  e is  fattened  with 
a firing  (?RH,  which  patting  over  the  pulley  B,  holds 
the  weight  E lufpended  at  its  other  extremity. — 
The  pulley  fhould  be  fituated  fo  that  the  rope  eB, 
may  be  parallel  to  the  plane. 

This  plane  may  be  fixed  at  any  angle  of  incli- 
nation, and  it  will  always  be  found,  that  if  the 
weight  of  the  body  E be  to  the  weight  of  the 
body  D,  together  with  that  of  its  frame  F,  as  the 
perpendicular  height  CB  of  the  plane  is  to  its  length 
AB,  the  power  E will  juft  fupport  the  cylinder  D, 
with  its  frame  F upon  the  plane,  and  the  leaft 
touch  of  a finger  will  caufe  the  cylinder  D to  attend 
or  defeend  ; the  counterpoife  or  power  E moving 
at  the  fame  time  the  contrary  way. 

It  is  evident,  that  the  fmaller  the  angle  of  incli- 
nation is,  the  lefs  force  is  required  to  draw  up  the 
weight  D ; and  of  courfe  when  the  angle  of  incli- 
nation vanifhes  or  becomes  nothing,  the  leaft  force 
will  be  fufiicient  to  move  the  body  ; that  is,  when 
the  plane  AB  becomes  parallel  to  the  horizon,  or 
upon  an  horizontal  plane,  the  heavieft  body  might 
be  moved  with  the  leaft  power,  w'ere  it  not  for  the 

fri&ion 
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fridtion,  which  is  occafionecl  by  the  irregularity  of 
the  contiguous  furfaces,  &c.  (1.) 

the 


(1.)  The  above-mentioned  explanation  of  the  property  of 
the  inclined  plane,  applies  only  to  one  direction  of  the 
power;  namely  when  the  power  afts  in  a direction  parallel 
to  the  plane;  but  the  general  theory  will  be  found  in  the 
following  proportion : 

JVhen  a body  or  ideigft  IV  is  fuflained  upon  a plane , 
which  is  inclined  to  the  horizon-,  viz.  when  the  power  P is 
juft  fuff  dent  to  balance  the  weight  upon  that  plane-,  then  the 
power  is  to  the  weight , as  the  fine  of  the  plane's  inclination  is 
to  the  fine  which  the  direction  of  the  power  makes  with  a line 
perpendicular  to  the  plane. 

Let  AB  fig.  12,  Plate  VI.  be  the  plane  inclined  to  the 
horizon  AC,  and  let  a u’eight  at  O be  fupported  partly  by 
the  plane,  and  partly  by  a power  which  a£ts  in  the  direction 
OV.  Through  O draw  LOC  perpendicular  to  AB,  and 
at  C,  where  EC  meets  the  horizontal  plane,  ere£t  CV  per- 
pendicular to  the  horizon,  to  meet  the  diredtion  of  the 
power  as  at  V. 

Now  the  body  W,  fituated  at  O,  is  balanced,  or  kept  at 
reft,  by  three  powers,  which  (fee  prop.  IV.  chap.  VIII.) 
have  the  fame  proportion  to  each  other  as  have  the  right 
lines  parallel  to  their  refpedtive  directions,  and  terminated 
by  their  mutual  concurfe;  namely,  by  the  power  which  is 
as  OV  ; by  the  gravitating  power,  which  is  as  VC  ; and 
by  the  reaction  of  the  plane,  which  is  as  OC ; hence  the 
power  is  to  the  weight,  viz.  P : W : : O V : VC  ; or  (fmee 
the  ftdes  of  plane  triangles  are  as  the  fines  of  their  oppofite 
angles)  P:  W : : fin.  OC  V,  or  BAG  : (for  thofe  angles  are 
equal  fince  the  right-angled  triangles  BGC,  and  BAG 
vol.  x.  r have 
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TIIE  WEDGE. 

I he  wedge  has  been  juftly  confidered  as  a fpe- 
cies  of  inclined  plane  ; for  it  confifts  of  two 

inclined 


have  a common  angle  at  B)  : fin.  VOE,  or  VOC  ; forthofe 
angles  being  the  complement  of  each  other  to  two  right 
angles,  have  the  fame  fine. 

From  this  propofition  the  following  corollaries  arc  evi- 
dently deduced  : 

1.  Since  P : W : : fin.  B A C : fin.  V O C;  it 

will  be  P : l—~  ::  W : - — ; therefore  if  the 

fin.  VOC  iin.  LAC 

weight  W,  and  the  inclination  of  the  plane,  or  fin.  BAC 
remain  the  fame,  the  power  muft  increafe  or  decreafe  in- 
verfely  as  the  fine  of  VOC  ; hence  when  the  direction  of  the 
power  is  perpendicular  to  EC,  or  parallel  to  the  plane  AB, 
then  the  fine  of  VOC,  being  the  fine  of  a right  angle,  is 
the  ereateit  fine  pofiible,  and,  of  courfe  in  that  cafe  the 
power  P,  which  is  required  to  fuftain  the  weight  W,  is  the 
leaft  pofiible , or,  which  amounts  to  the  lame  thing,  then 
the  greateft  weight  may  be  fuftained  by  a given  power. 
All'o  when  the  direction  of  the  power  coincides  with  OC, 
namely  when  the  power  ads  in  a diredion  perpendicular 
to  the  plane,  then  the  angle  VOC  vanilhes,  and  the  power 
mult  be  infinitely  great. 

2 if  the  diredion  of  the  power  be  parallel  to,  or  coin- 
cide with  the  plane,  then  the  equilibrium  takes  place  when 
the  power  is  to  the  weight  ::  OB  : BC  : : (Eucl.  p.  8. 
B.  Vi.)  BC  : BA  ; viz.  as  the  elevation  of  the  plane  is  to 
its  iength  ; or  as  the  fine  of  its  inclination  is  to  radius. 

3.  If  the  diredion  of  the  power  be  OR;  that  is,  parallel 
to  the  horizon,  then  the  equilibrium  takes  place  when  the 

power 
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inclined  planes  joined  bafe  to  bafe,  as  fhewn  in 
fig.  l,  Plate  VII.  where  AB  or  GC  is  the  thick- 
nets  of  the  wedge  at  its  back,  upon  which  the  force 
or  power  is  applied  (be  it  the  Broke  of  a mallet,  or 
any  other  preflure)  ; the  middle  line  FD  is  the  axis 
or  height  of  the  wedge;  DG  and  DC  are  the 
lengths  of  its  flant  tides;  and  OD  is  its  edge, 
which  is  to  be  forced  into  the  wood  or  other  {olid  ; 
iince  the  ufe  ot  this  inftrument  is  for  cleaving  of 
wood.  Bone,  and  other  folid  fubBances;  or,  in  ge- 
neral, for  feparating  any  two  contiguous  furfaces^ 


power  is  to  the  weight  ::  OR  : CR  : : (fince  the  triangles 
ORC  and  BAC  are  funilar)  BC  : CA;  viz.  as  the  eleva- 
tion of  the  plane  is  to  its  bafe. 

4.  I he  power  muft  fuftain  the  whole  weight,  when  its 
direction  is  perpendicular  to  the  horizon. 

5.  The  power  is  to  the  pretTure  on  the  plane  : : OV  ; 
OC  . : fin.  OCV  : fin.  OVC  : : fin.  BAC  : tin.  OVC. 

6.  1 he  preceding  analogy, by  alternation,  becomes  P : fin. 
BAC  : : preiT.  : fin.  OVC,  from  which  it  appears  that  when 
the  power  and  the'inclination  of  the  plane,  or  angle  BAC, 
remain  invariable,  the  prelfure  on  the  plane  mull  increafeor 
decreafe  according  as  the  fine  of  OVC  increafes  or  de- 
creates ; therefore  when  the  direction  of  the  power  is  pa- 
rallel to  the  bafe,  and  O'/C  becomes  a right  angle,  whofe 
fine  is  the  greateft,  then  the  pretTure  on  the  plane  will  like- 
wife  be  greateft. 

7.  When  the  direction  of  the  power  is  parallel  to  the 
plane,  P : pretTure  : : OB  : OC  : : BC  : AC. 

b\  When  the  direction  of  the  power  is  paanllel  to  the 
bafe  AC,  then  P : pretTure  : : OR  ; OC  : : BC  : BA. 

i Icnce 
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Hence  its  application  is  very  extenfive,  and  in  fa<St, 
fciffars,  knives,  nails,  chifels,  hatchets,  &c.  arc 
nothing  but  wedges  under  different  thapes. 

Stri&ly  fpeaking,  in  the  geometrical  language,  a 
wedge  may  be  called  a triangular  prifnrt  for  it  may 
be  conceived  to  be  generated  by  the  motion  of  a 
plane  triangle  in  a direction  parallel  to  itfelf,  as  that 
ot  the  triangle  GCD,  from  GCD  to  ABO.  And 
it  is  called  an  ifofceles  or  fealene  wedge,  according  as 
the  generating  triangle,  or  face,  GCD,  is  ifofceles 
or  fealene. 

The  action  of  the  wedge,  is  evidently  derived 
from  that  of  the  inclined  plane ; yet  a variety  of 
circumftances  has  rendered  the  inveftigation  of  the 
power  of  the  wedge  more  perplexing  than  that  of 
any  other  mechanical  power  *. 

The  moft  rational  theory  fhews,  i.  That  when 
the  pr  effaces  on  thefides  of  the  ifofceles  zvedge  are  equal 
and  aft  in  directions  perpendicular  to  thofe  fidesy  the 
equilibrium  takes  place , when  the  force  on  the  back  of 
the  zvedge  is  to  the  fum  of  the  prefaces  on  the  fides , as 
GF,  viz.  half  the  thicknefs  of  the  back,  is  to  either  of 
its  Jl ant  fides , GD,  or  CD.  2.  That  when  the  pref- 
ixes 


* The  proportion  between  the  power,  which  is  applied 
to  the  back  of  the  wedge,  and  the  eft'eiff  which  is  produced 
on  the  fides,  has  been  dated  differently  by  different  authors. 
Thofe  who  with  to  examine  the  reafons  of  thofe  different 
opinions,  may  confult  Rowning's  Comp.  Syft,  of  Phil,  P.  I. 
chap.  10  j and  LudlanCs  Math  cm.  Efays. 
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/toes  are  equal , but  aft  in  direflions  equally  inclined  to 
the  fides  of  the  ifofceles  wedge,  the  equilibrium  takes 
place  when  the  force  on  the  back  is  to  the  J'um  of  the 
refinances  upon  the  fides,  as  the  produfl  of  the  fine  of 
half  the  vertical  angle  GDC  of  the  wedge,  multiplied 
by  the  fine  of  the  angle  which  the  direflions  of  the  re- 
fiflances  make  with  the  fides,  to  the  fquare  of  radius. 
And  3.  that  when  in  a fcalem  zvedge  three  forces  a fl- 
ing perpendicularly  upon  its  three  fides,  keep  each  other 
in  equilibria,  thofe  three  forces  are  refpeflively  propor- 
tional to  the  fides. 

The  three  parts  of  this  proportion  will  be  found 
demonftrated  in  the  note  (2). 

From 


(2)  In  order  to  demonftrate  the  firft  part  of  the  above- 
mentioned  propofition,  let  AKD,  fig.  2,  Plate  VII.  repre- 
fent  the  face  of  an  ifofceles  wedge.  B and  E arc  two  obftacles, 
which  prefs  upon  its  two  fides  in  directions  perpendicular  to 
thofe  fides.  Suppofe  the  wTedge  to  be  impelled  downwards 
as  far  as  the  dotted  reprefentation  GLF,  in  confequence  of 
which  the  obftacles  B and  E muft  be  driven  to  the  places 
O and  M.  Through  O and  M draw  OI  and  MQ_  pa- 
rallel to  the  middle  line  or  axis  CD  of  the  wedge;  which 
lines  will  meet  thofe  fides  in  two  points  I,  CX  Join  I, 
as  alio  O,  M,  with  the  lines  IQ_,  OM.  Then  it  is  evident 
from  the  paralleliftn  of  the  lines,  that  OM  is  equal  to  IQ  ; 
hence  the  part  IQ_  of  the  wedge  muft  have  advanced  as  far 
as  OM  ; therefore  YN,  or  IO,  or  QM,  reprefents  the  ve- 
locity of  the  wedge  (that  is  of  the  power) ; whilft  BO  and 
EM  reprefent  the  velocities  of  the  obftacles, 

*3 


Now 
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From  this  it  follows  that  by  the  addition  of  a 
little  more  force  on  the  back  of  the  wedge,  than 
that  which  is  fufficient  to  form  the  equilibrium, 
the  refinances  will  be  overcome,  <kc. 

It 


Now  the  triangles  IOB,  and  ACD  are  equiangular; 
(the  angles  at  C and  B being  right,  and  the  angle  BIO 
equal  to  CDA;  Eucl.  p.  29.  and  32.  B.  I.'  and  of  courfe 
fimilar  (Eucl.  p.  4.  B.  VI.)  therefore  confidering  half  the 
wedge  and  one  obftacle,  OB  :OI::  AC:  AD;  that 
is,  the  velocity  of  the  obftacle  B is  to  the  velocity  of  the 
power,  as  half  the  thicknefs  of  the  wedge  is  to  its  fiant  fide. 
Likewife  tor  the  fame  reafons  we  fay  that  the  velocity  of  the 
preffing  obftacle  E is  to  that  of  the  power,  as  half  the 
thicknefs  of  the  wedge  is  to  its  fiant  fide.  Therefore,  by 
adding  thofe  proportional  quantities-  we  fay  that  the  velocity 
of  the  obftacle  B plus  the  velocity  of  the  other  obftacle  E, 
is  tp  the  velocity  of  twice  the  half  wedge,  (viz.  of  the 
whole  wedge)  as  the  whole  length  AK  of  the  back,  is  to 
the  fum  of  the  fides  AD,  DK;  or  as  half  the  length  of  the 
back  is  to  one  fide. 

But  when  oppofite  powers,  which  a£t  upon  each  other, 
are  inverfely  as  their  velocities,  they  form  an  equilibrium  ; 
therefore  when  the  power  on  the  back  of  the  wedge  is  to 
the  fum  of  the  refifiances  on  the  fides,  as  half  the  length  of 
the  back  is  to  one  fiant  fide,  the  wedge  remains  motionlefs, 
which  is  the  firft  part  of  the  propofition. 

In  order  to  prove  the  fecond  part  of  the  propofition  ; let 
ABC,  fig.  3,  Plate  VII.  be  the  face  of  an  ifofceles  wedge, 
I1C  its  height  or  middle  line,  E and  e two  obftaclcs  which 
p:efs  upon,  or  are  to  be  removed,  in  the  directions  EF,  ef 
equally  inclined  to  the  fides  of  the  wedge.  Let  the  force, 

repiefcuted 
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It  alto  appears  that  the  fmaller  the  angle  GDC 
is,  the  let's  force  will  be  required  to  drive  the  wedge 
into  any  1'olid  fubftance. 

We 


reprefented  by  the  line  EF,  be  refolvcd  into  two  other  forces; 
viz.  FD  parallel,  and  DE  perpendicular,  to  AC;  then  the 
former  of  thofe  forces,  being  parallel  to  the  fide  ot  the  wedge, 
cannot  have  any  power  upon  it;  therefore  the  original  force 
EF  will  have  juft  the.  fame  effect  upon  the  wedge  as  the 
leffer  perpendicular  force  DE ; the  former  being  to  the 
latter  as  radius  to  the  fine  of  the  inclination  of  the  force  EF 
to  the  fide  AC.  But,  by  the  firft  part  of  this  propofition, 
this  perpendicular  force  DE  is  to  the  power  on  the  back  of 
the  wedge  which  balances  it,  as  AC  is  to  AH,  or  as  radius 
to  the  fine  of  the  angle  ACH,  (viz.  half  the  angle  at  the 
vertex  of  the  wedge)  therefore,  by  compounding  thofe  ratios, 
EF  xED  : power  on  the  back  x ED  : : force  EF  : power 
on  the  back  : : fquare  of  radius  : fine  of  half  the  vertical 
angle  x fine  of  the  inclination  of  the  refiftance. 

The  oblique  force  ef  on  the  other  fide  of  the  wedge,  being 
equal  to  EF,  will  require  another  power  equal  to  the  former 
on  the  back  of  the  wedge,  to  balance  it ; therefore  the  fum 
of  the  refiftances  on  the  fides  of  the  wedge  is  to  the  whole 
power  on  the  back,  as  the  fquare  of  radius  is  to  the  produ£t 
of  the  fine  of  half  the  vertical  angle  multiplied  by  the  fine  of 
the  inclination  of  the  refiftances  to  the  lides  of  the  wedge. 

In  order  to  prove  the  laft  part  of  the  propofition,  let  G D, 
GF,  and  GE,  fig.  4,  Plate  VII.  reprefent  the  directions  of 
the  three  forces  perpendicular  to  the  fides  of  the  fealene 
wedge  ABC.  Produce  E G ftraight  towards  O,  and 
through  F draw  FO  parallel  to  DG.  Then  fince  thofe 
three  forces  balance  each  other,  they  muft  be  (by  prop.  IV. 

i<  4 of 
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We  (hall  laftly  obferve,  that  when  the  wood 
fplits  below  the  edge  of  the  wedge,  as  is  fhewn  by 
fig*  5,  Plate  VII.  which  is  generally  the  cafe  ; then 
the  fide  of  the  wedge  muft  be  confidered  as  equal 
to  either  fide  of  the  cleft ; for  in  fact  if  we  luppofe 
that  the  wedge  is  lengthened  downwards  to  the 
very  apex  of  the  cleft;  the  effebt  will  be  the  fame. 

THE  SCREW. 

The  fcrew  is  the  laft  mechanical  power  that  re- 
mains to  be  defcribed.  This  is  likevwife  confidered 
as  a fpecies  of  inclined  plane;  it  being  in  faff  no- 
thing 


or  chap.  VIII.)  reflectively  proportional  to  the  three 
fides  of  the  triangle  GOF  j but  this  triangle  GOF  is 
equiangular,  and  therefore  { Fuel.  p.  4.  B.VI.)  fimilar,  to 
the  triangle  ABC ; therefore  the  three  forces  are  likewife 
respectively  proportional  to  the  three  Tides  of  the  triangle  or 
wedge  ABC. 

The  triangles  GOF  and  ABC  are  equiangular;  for  the 
four  angles  of  the  quatrilateral  figure  AEGF  are  equal  to 
four  right  angles  (Eucl.  p.  32.  B.  I.)  and  fince  the  angles 
at  E and  F are  right, the  two  angles  FAE  and  FGE  muft 
be  equal  to  two  right  angles ; that  is,  equal  to  FGE  plus 
FGO.  Therefore  taking  away  the  common  angle  FGE, 
there  remains  the  angle  FAE  equal  to  FGO.  All'o  in  the 
like  manner  is  proved  that  the  angle  DBF  is  equal  to  the 
angle  OGD,  and  likewife  equal  (Eucl.  p.  29.  B.  I.)  to 
FOG.  And  fince  the  two  angles  at  O and  G of  the  tri- 
angle FGO  are  refpcctively  equal  to  the  two  angles  at  A 
and  B of  the  triangle  ABC;  the  third  angle  of  the  former 
muft  be  equal  to  the  third  angle  of  the  latter. 
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thing  more  than  an  inclined  plane  coiled  round  a 
cylinder  ; and  the  nut  or  perforated  body  which 
moves  up  or  down  a lcrew,  moves  up  or  down  an 
inclined  plane  in  a circular,  inftead  of  a redili- 
ncar,  direction. 

Either  the  fcrew  A may  be  moved  forwards  and 
backwards  in  a fixed  nut  as  in  fie;.  6,  Plate  VII.  or 
the  fcrew  A remains  fixt,  and  the' nut  BC,  or  perfo- 
rated piece,  is  made  to  move  upon  the  fcrew  as  in 
fig.  7. — By  way  of  diftindicn  A is  called  the  male 
fcrew , and  the  nut  B with  its  perforation  fhaped 
like  an  hollow  fcrew,  is  called  the  female  fcrew. — - 
The  fpiral  projections  e,  fy  g,  Sec.  arc  called  the 
threads  of  the  fcrew. 

The  power  which  moves  this  moll  ufeful,  and 
moll  powerful  engine,  is  applied  either  to  one  end 
of  the  fcrew,  which  is  generally  furnifhed  with  a 
fort  of  head  or  projection,  or  to  the  end  of  a lever 
which  is  fixed  either  in  the  head  of  the  fcrew  as  in 
fig.  6.  or  in  the  nut  BC,  as  in  fig.  7.  And  then 
indeed  it  may  with  more  propriety  be  called  an 
engine  compounded  of  a fcrew  and  a lever. 

In  all  cafes  the  equilibrium  takes  place  between 
the  effect  which  is  produced  at  the  end  of  the  lcrew 
or  at  the  nut,  and  the  power,  when  the  former  is  to 
the  latter  as  the  circumference  deferibed  by  the 
power  in  one  revolution,  is  to  the  diltance  between 
two  contiguous  threads  of  the  fcrew.  1 hus  lup- 
pofing  that  the  diltance  between  the  threads  be 
half  an  inch  and  the  length  of  the  lever  CD  be  12 

inches ; 
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inches;  the  circle  deferibed  by  the  end  Dof  the  lever 
will  be  about  76  inches,  or  152  times  the  diftance 
between  t\>o  contiguous  threads ; therefore  it  the 
power  at  the  end  D of  the  lever  be  equivalent  to 
one  pound,  it  will  balance  a preffure  of  1 52  pounds 
a&ing  again  ft  the  end  of  the  (crew  in  fig.  6 ; or  it 
will  fupport  a weight  of  1 52  pounds  on  the  board 
B,  fig.  7,  &c. 

The  reafon  of  this  is  l'o  evidently  dependent  on 
the  properties  of  the  inclined  plane,  that  nothing 
more  needs  here  be  faid  about  it. 

The  Ieaft  reflection  on  the  preceding  explanation 
of  the  nature  and  properties  of  the  mechanical 
powers  will  fufficiently  prove  that,  ftriftly  fpeaking, 
the  real  and  original  mechanical  powers  are  not 
more  than  two  in  number;  namely,  the  lever  and 
the  inclined  plane ; fo  that  all  the  others  are  only 
fpecies  of  thole  two ; the  balance,  the  wheel  and 
axle,  and  the  pulley,  being  fpecies  of  lever ; and  the 
wedge  with  the  ferew  being  fpecies  of  inclined  plane. 
It  is  however  immaterial  whether  thofe  powers  be 
reckoned  all  primitive  and  diftindt  from  each  other, 
or  not;  for  the  theory  remains  always  true  and  the 
fame.  The  only  advantage  which  might  be  derived 
from  the  idea  of  the  original  mechanical  powers 
being  only  two,  is  that  their  properties  might,  in 
that  cafe,  be  explained  in  a much  more  concife 
manner;  yet  it  is  to  be  obferved  that,  after  a cer- 
tain limit,  theories  became  obicure  and  perplexing, 

in 
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in  proportion  as  they  are  rendered  more  concife 

and  comprehend ve. 

Before  we  quit  the  prefent  chapter  it  will  be 
proper  to  make  the  following  remark,  the  object  of 
which  is  to  prevent  the  eftablifhment  of  wrong  no- 
tions in  the  mind  of  the  reader,  with  refpedl  to  the 
powers  of  the  above-mentioned  engines. 

Beginners  in  this  branch  of  natural  phjlofopby 
frequently  imagine  that  by  means  of  the  mechani- 
cal powers,  a real  increafe  of  power  is  obtained  ; 
whereas  this  is  not  true.  For  inftance,  if  a man  be 
juft  able  to  convey  100  weight  from  the  bottom  to 
the  top  of  his  houfe  in  one  minute’s  time,  no  me- 
chanical engine  will  enable  him  to  convey  300 
weight  to  the  fame  height  in  the  fame  time ; but 
the  engine  will  enable  him  to  convey  the  300 
weight  in  three  minutes;  which  amounts  to  the 
fame  thing  as  to  fay  that  the  man  could,  without 
the  engine,  carry  the  300  weight  by  going  three 
times  to  the  top  of  the  houfe,  and  carrying  100 
weight  at  a time,  provided  the  load  admitted  of 
its  being  fo  divided.  Therefore  the  engine  increafes 
the  effedt  of  a given  force  by  lengthening  the  time 
of  the  operation;  or  (fince  uniform  velocity  is  pro- 
portional to  the  time)  by  increaiing  the  velocity  of 
that  force  or  power. 

Thus  again,  if  any  active  force  is  able  to  raife  a 
weight  of  to  pounds  with  a given  velocity,  it  will 
be  found  impoflible,  by  the  ufe  of  any  inftrument, 

to 
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io  make  the  iame  force  raile  a weight  of  20  pounds, 
01  in  genera]  a weight  more  than  10  pounds,  with 
the  fame  velocity ; but  it  may,  by  the  aid  of  the 
inftruments,  be  made  to  raile  the  weight  of  20 
pounds  with  half  that  velocity ; or,  which  is  the 
fame  thing,  it  may  be  made  to  raife  it  to  half  the 
height  in  the  fame  time  ; for  it  is  not  the  power  or 
force,  but  the  momentum,  (viz.  the  product  of  the 
force  by  the  velocity)  that  may  be  increafed  or  di- 
minilhed  by  the  ufeof  thofe  engines. 

The  power,  or  a&ing  force,  is  fo  far  from  being 
increafed  by  any  machine,  that  a certain  part  of  it 
is  always  loft  in  overcoming  the  re/iffance  of  me- 
diums, the  fridhon,  or  other  unavoidable  imperfec- 
tions of  machines.  And  this  lofs  in  fome  com- 
pound engines  is  very  confiderable. 
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CHAPTER  X!II. 


©F  compound  engines;  of  the  moving 
powers;  and  of  friction. 

LL  the  inftruments  or  machines  which  con- 


jlJL  ned  an  adive  force  with  a certain  effed, 
however  complicated  they  may  be,  will,  upon  ex- 
amination, be  found  to  confifl  of  the  already  de- 
feribed  mechanical  powers.  Thofe  component 
fimple  mechanifms  are  frequently  varied  in  fhape  ; 
their  connedion  is  infinitely  diverfified  ; but  their 
nature  and  their  properties  remain  invariably  the 


fame. 


Various  are  the  powers  which  have  been  em- 
ployed as  firft  movers  of  machines ; but  the  prin- 
cipal of  them  are,  i.  The  natural  llrength  of  a man 
or  number  of  men.  2.  The  flrength  of  other  ani- 
mals, and  principally  of  horfes.  3.  The  force  of 
running  waiter.  4.  The  force  of  the  wind.  5.  The 
elaftic  force  of  the  fleam  of  boiling  water.  6.  The 
elaftic  force  of  fprings.  7.  The  fimple  weight  of 
heavy  bodies. 

A great  part  of  moft  machines  relates  to  the 
power  itfelf ; viz.  it  confifls  of  contrivances  necef- 
lary  for  the  generation,  application,  prefer  vat  ion, 
and  renovation,  of  the  adive  power  or  force.  The 
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effedt  which  is  to  be  produced  by  that  adtive  force, 
is  derived  from  the  proper  application  of  the  above- 
mentioned  fimple  mechanical  powers  ; which  di- 
vide, or  concentrate,  or  regulate,  the  original  force. 
As  for  the  effedts  which  are  produced  by  machines, 
it  is  impofiible  to  atccrtain  their  number,  or  even 
to  arrange  them  under  general  and  comprehenfive 
titles. 

The  beft  machine  for  the  produdtion  of  any  par- 
ticular effedt,  is  that,  which  (all  ciicumftances  of 
iituation,  materials,  &c.  being  confidered)  will  pro- 
duce that  effedt:  in  the  fimpleft,  fteadieft,  fafeft, 
and  cheapcft  manner  poffible. 

It  is  not  my  intention  to  defcribe  the  principal 
machines,  that  aie  now  in  ufe  amongft  the  en- 
lightened nations  of  the  world  ; that  being  incom- 
patible with  the  nature  and  the  limits  of  the  prefent 
work.  Thofe  perfons  who  may  be  defirous  of  ex- 
amining the  peculiar  conftrudtions  of  the  various 
engines  of  arts,  manufactures,  navigation,  aeco- 
nomy,  See.  will  find  a great  variety  of  books  written 
exprefsly  on  the  fubjedt,  in  almoft  every  language 
of  Europe;  but  in  none  more  lo  than  in  the 
French. 

In  the  prefent  chapter,  the  methods  of  com- 
puting the  powers  and  the  effedts  of  machines  in 
genera],  will  be  briefly  ftated  ; and  the  defeription 
of  a few  mechanifms  will  be  inferted  merely  for  the 
purpofe  of  exemplifying  the  application  of  the 
methods  ; whence  the  reader  may  be  enabled  to 

judge 


judge  ot  the  power  and  effedt  of  any  other  machine 
that  may  fall  under  his  examination. 

A compound  engine  either  confifts  of  one  fimple 
mechanical  power  repeated  two  or  more  times;  or, 
it  confifts  of  feveral  fmiple  mechanical  powers 
varioufly  combined,  and  connected  with  each  other. 
In  any  cafe,  the  power  and  the  effect  mud.  be  efti- 
mated  from  the  refult  of  the  effects  of  all  the  com- 
ponent fimple  mechanifms  feparately  confidered, 
which  is  done  in  the  following  manner  : 

* Find  what  proportion  the  power  bears  to  the  ef- 
fect in  each  fimple  mechanifm  ; put  all  thofe  ratios 
one  under  the  other,  and  find  their  fum,  which  fum 
will  exprefs  the  proportion  between  the  power  and 
the  effect  of  the  whole  compound  engine  *.  Thus 
fuppofe  that  a machine  is  compounded  of  three 
fimple  mechanical  powers,  viz.  a lever,  an  inclined 
plane,  and  a moveable  pulley  ; and  fuppofe  that  a 
power  applied  to  one  end  of  the  lever  will  produce 
a double  effedt  at  the  other  end  ; for  inftance,  one 
pound  will  balance  two  pounds  ; then  the  propor- 
tion of  the  power  to  the  effedt,  is  as  one  to  two. 
Suppofe  alfo  that  in  the  inclined  plane,  the  power 

is 


* The  fum  of  two  or  more  ratios  is  obtained  by  multi- 
plying the  antecedents  together  and  the  confcquents  toge- 
ther ; and  the  two  products  will  form  a ratio,  which  is  cal- 
led the  lum  of  the  given  ratios.  Thus  the  ratio  of  2 to  3, 
plus  the  ratio  of  2 to  5 ; plus  the  ratio  of  4 to  7*  is  equal 
to  the  ratio  of  16  to  105;  viz.  of  2 X 2 x 4 to  3 x 5 x 7. 
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is  to  the  effect  as  three  to  feven  ; and  laftly,  that  in 
the  pulley,  the  power  is  to  the  effect  as  one  to 
two.  Now  thole  three  ratios  being  written  one 

under  the  other  thus  * and 

3 : 7 

multiplied,  viz.  all  the  antecedents  1 : 2 

together,  and  all  the  confequents  

3 : 28 

together,  the  two  products  thence  arifing  will  ex- 
hibit the  proportion  which  the  power  bears  to  the 
effect  in  the  whole  compound  engine  ; viz.  that  a 
power  of  3 pounds  will  balance  a weight  of  28 

Otherwife  the  effedt  of  a compound  engine  may 
be  computed  by  confidering  the  velocities  of  the 
power  and  of  the  effedt ; for  they  are  to  each  other 
inverfely  as  their  velocities,  viz.  the  power  is  to  the 
effedt  as  the  velocity  of  the  latter  is  to  that  of  the 
former.  Thus  in  a certain  compound  engine  I find 
that  the  power  muff  move  through  500  feet,, 
whilft  the  weight  moves  through  3 feet ; I there- 
fore conclude  that  a power  of  3 pounds  will  ba- 
lance a weight  of  500  pounds  in  that  machine,  and 
of  courfe  a little  more  than  3 pounds  will  raife 
the  500  pounds  weight. 

Fig.  8,  Plate  VII.  reprefentsan  engine  confifting 
of  three  levers  CD,  DG,  GH,  each  of  which  moves 
round  a pin  or  axis  fixed  to  a fteady  poll,  and  are 
difpofed  fo  as  to  adt  upon  each  other.  Let  CA, 
DE,  GK  be  each  one  foot  long,  and  AD,  EG„  KH 
6 be 
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'be  each  three  feet  long,  then  the  weight  I of  one 
pound  will  produce  a prefllire  of  three  pounds  at  G 
on  the  end  of  the  next  lever,  and  this  force  will 
produce  an  effed  equal  to  3 times  3,  or  9 pounds, 
on  the  end  D.  Laftly,  the  end  D of  the  third 
lever  CD  being  prefled  downwards  with  a force  of 
9 pounds,  will  balance  or  keep  iufpended  at  the 
oppohte  end  C the  weight  W,  of  3 times  9,  viz. 
ot  27  pounds.  And  a little  addition  of  power  to 
the  end  H will  enable  the  engine  to  lift  up  the 
weight  W*. 

By  increafing  either  the  number  of  levers,  or  the 
difference  of  length  between  the  two  parts  of  each 
lever,  the  effect  at  the  end  C may  be  increafed  to 
any  degree.  But  the  great  defect  of  this  engine  is, 
that  the  end  C with  the  weight  W can  be  raffed  a 
very  fhort  way. 


* The  effed  of  this  compound  engine  may  be  calculated 
according  to  the  preceding  rule,  by  fetting  down  the  pro- 
portion between  the  power  and  the  effed  in  each  of  the 
three  levers ; then  multiplying  the  antecedents  together  and 
the  confequents  together,  their  produds  will  give  the  an- 
fwer.  Thus  fince  the  two  parts  of  each  lever  are  as  one  to 
three,  therefore  we  have  - - 1 : 3 

1 • 3 
1 : 3 

1 ; 27 

which  fhews,  that  in  order  to  form  the  equilibrium,  the 
power  I muff  be  to  the  weight  W as  1 to  27,  the  fame  as 
above. — The  fame  thing  may  be  done  with  other  engines. 

vol,  1,  § Fig. 
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Fig.  9,  Plate  VII.  reprefents  a combination  of 
four  pulleys,  three  of  which  are  moveable  and  one 
is  fixt.  But  this  combination  mull  not  be  reckoned 
a fingle  mechanical  power,  becaufe  the  fame  rope 
does  not  run  over  all  the  pulleys.  It  is,  therefore,  a 
repetition  of  one  and  the  fame  mechanical  pow'er. 

Three  ropes  are  fattened  to  the  beam  EF,  at  G, 

H,  and  K.  The  firfh  rope  goes  round  the  pulley 
A,  to  the  block  of  which  the  weight  W is  fattened; 
and  is  then  tied  to  the  hook  of  the  block  of  B. 
The  fecond  rope  goes  round  the  pulley  B,  and  is 
fattened  to  the  hook  of  the  block  of  C.  The  third 
rope  goes  round  the  pulley  C,  as  alfo  round  the 
fixt  pulley  D;  and  holds  the  counterpoife  or  power 

I. 

The  pulley  D being  fixt  to  the  beam,  does  nothing 
more  than  change  the  direction  of  the  motion ; 
therefore  if  the  power  I weigh  one  pound,  it  will 
balance  a weight  of  two  pounds  affixed  to  the 
block  of  the  pulley  C.  Then  the  pulley  C acting 
with  a power  of  two  pounds,  will  balance  a weight 
of  twice  two,  or  of  4 pounds  affixed  to  the  block 
of  the  pulley  B,  and  this  will  balance  a weight  W 
of  twice  4,  or  8 pounds,  affixed  to  the  block  of  the 
pulley  A ; fo  that  in  order  to  pull  up  the  weight  W 
of  8 pounds,  the  power  I needs  be  very  little  hea- 
vier than  one  pound. 

This  engine  is  fubjedt  to  the  fame  inconvenience 
as  the  preceding;  viz.  the  weight  W can  be  raided 
but  a very  little  way. 
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Fig.  1 o,  Plate  VII.  rcprefents  a combination  of  five 
wheels  A,  B,  C,  D,  E;  each  of  which  turns  round 
a centre-pin,  which  is  fuppofed  to  be  fixed  to  a 
Heady  frame.  Thofe  wheels  are  connected  with 
each  other  in  the  following  manner:  The  wheel  A 
has  a fmall  wheel  or  pinion  o fattened  to,  and  con- 
centric with,  itfelf.  This  pinion  is  furnirhed  with 
teeth,  which  move  between  the  teeth  on  the  cir- 
cumference of  the  next  wheel,  which  is  likewife 
furnifhed  with  a pinion  which  ads  in  a fimilar 
manner  on  the  next  wheel,  and  fo  on,  excepting 
the  laft,  which  has  an  axle  inftead  of  a pinion, 
and  round  this  axle  a rope  is  applied,  to  which  the 
weight  W is  fufpended. — The  power  I is  applied  to 
the  circumference  of  the  firfi;  wheel. 

This  engine  confifts  of  a repetition  of  the  wheel 
and  axle  ; for  the  pinion  of  each  wheel  is  in  fad  its 
axle,  excepting  that  inftead  of  ading  immediately 
upon  the  weight  by  means  of  a rope,  here  it  exerts 
its  torce  againft  the  next  wheel  by  means  of  its 
teeth. 

Let  the  circumference  of  each  wheel  be  equal  to 
five  times  the  circumference  of  its  pinion.  Then  if 
a weight  I of  one  pound  be  fufpended  to  the  cir- 
cumference of  the  wheel  A,  the  pinion  o will  ad 
on  the  circumference  of  the  fecond  wheel  with  a 
force  equal  to  five  times  the  power  I,  viz.  equal  to 
5 pounds,  and  this  force  of  5 pounds  on  the  cir- 
cumference of  the  fecond  wheel  will  enable  its  pi- 
nion to  ad  on  the  circumference  of  the  third  wheel 

with 


s 2 
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with  a force  equal  to  5 times  5,  viz.  25  pounds. 
After  the  fame  manner  the  force  of  25  pounds  on 
the  circumference  of  the  third  wheel  will  enable  its 
pinion  to  aft  on  the  circumference  of  the  fourth 
wheel  with  a force  equal  to  5 times  25;  viz.  125 
pounds,  in  conlequence  of  which  force  applied  to  the 
circumference  of  the  fourth  wheel,  the  pinion  of  that 
wheel  will  aft  on  the  circumference  of  the  laft  wheel 
with  a force  equal  to  5 times  125;  viz.  625  pounds, 
which  force  will  balance  a weight  W of  5 times  625, 
viz.  of  3125  pounds.  Therefore  the  power  I ot 
one  pound  will  balance  the  weight  W of  3125 
pounds. 

Fig.  11,  Plate  VII.  reprefents  an  engine  com- 
pounded of  a lever,  a fcrew,  and  a wheel  and  axle. 
The  lever  AB  is  moved  by  the  application  of  a 
hand  to  the  handle  A.  As  the  lever  AB  turns  the 
axis  with  the  lcrew  D,  which  is  all  fixed  together, 
the  fcrew  D,  working  into  the  teeth  of  the  wheel 
C,  will  move  this  round  its  axis  E,  in  conlequence 
of  which  the  weight  W will  be  drawn  up  or  let 
down  according  as  the  lever  AB  is  turned  one  way 
or  the  other.  Let  the  power  which  is  communi- 
cated by  the  hand  be  equivalent  to  one  pound; 
then  if  the  circumference  which  is  percurred  by 
the  handle  A,  be  equal  to  100  times  the  diftance 
between  two  contiguous  threads  ot  the  fcrew  D, 
this  fcrew  will  aft  on  the  circumference  of  the 
wheel  C with  a force  equal  to  100  pounds;  and  if 
the  diameter  of  the  wheel  C be  to  the  diameter  of 

the 
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the  axle  E as  S to  one,  then  the  power  of  100 
pounds  on  the  circumference  of  the  wheel  C will 
act  with  a force  equal  to  8 times  100;  viz.  of  800 
pounds  on  the  circumference  of  the  axle  E,  about 
which  the  rope  of  the  weight  W is  wound.  There- 
fore it  appears  that  with  this  engine  a weight  or 
power  of  one  pound  will  balance  a weight  W of 
800  pounds. 

A fcrew,  like  D,  fituated  fo  as  only  to  turn  round 
an  axis,  but  without  moving  backwards  and  for- 
wards, and  always  working  on  the  circumference  of 
a wheel,  as  C,  is  ufually  called  an  endlefs  fcrew. 

Fig.  12,  Plate  VII.  reprefents  an  improved  crane 
for  railing  of  goods  or  heavy  weights.  This  de- 
fcription  has  been  taken  from  the  appendix  to  Mr. 
Fergufon’s  Lectures,  which  I have  preferred  to 
other  defcriptions  of  fimilar  engines ; firft,  on  ac- 
count of  the  improvements  it  contains,  which  will 
naturally  fhew  that  a variety  of  collateral  objects 
mull  be  kept  in  view  by  the  contrivers  of  fuch 
machines i and  fecondly,  for  the  purpofe  of  making 
the  reader  acquainted  with  the  meaning  of  the 
principal  terms  that  are  ufed  in  mechanics. 

A is  the  great  wheel  of  this  engine,  and  B its 
axle,  on  which  the  rope  C winds.  This  rope  goes 
over  a pulley  D in  the  end  of  the  arm  of  the 
gib  * E,  and  draws  up  the  weight  F,  as  the 


* Gib)  a projecting  tranfverfe  beam. 

s 3 
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winch*  G is  turned  round.  H is  the  larged  trundle-f, 
I the  next,  and  K is  the  axis  of  the  fmalleft  trun- 
dle, which  is  fuppofed  to  be  hid  from  view  by  the 
upright  fupporter  L.  A trundle  M is  turned  by  the 
great  wheel,  and  on  the  axis  of  this  trundle  is  fixed 
the  ratchet-wheel  '{.  N,  into  the  teeth  of  which  the 
catch  O falls.  P is  the  lever,  from  which  goes  a 
rope  QQ,  over  a pulley  R,  to  the  catch ; one  end 
of  the  rope  being  fixed  to  the  lever,  and  the  other 
end  to  the  catch.  S is  an  elaftic  bar  of  wood,  one 
end  of  which  is  ferewed  to  the  floor ; and,  from  the 
other  end  goes  a rope  (out  of  fight  in  the  figure) 
to  the  farther  end  of  the  lever,  beyond  the  pin  or 
axis  on  which  it  turns  in  the  upright  fupporter  T. 
The  ufe  of  this  bar  is  to  keep  up  the  lever  and 
prevent  its  rubbing  againd  the  edge  of  the  wheel 


* Winch  or  winder , an  inftrument  with  a crooked  handle, 
the  ufe  of  which  is  to  turn  any  thing  round. 

f A fmall  wheel,  which  is  turned  round  by  the  teeth  of  a 
large  wheel,  which  derives  various  denominations  from  its 
various  fhapes.  It  is  called  pinion  when  it  is  oblong,  and 
the  teeth  are  longer  than  the  infide  folid  part ; the  teeth  are 
then  called  the  leaves  of  the  pinion.  When  the  fmall  wheel 
is  fliapedlike  that  which  is  reprefented  at  H,  it  is  then  called 
a trundle , or  fometiines  a lantern , and  even  a drum . 

J A ratchet-wheel  ot  ratchet , is  a wheel  generally  having 
its  teeth  bent  one  way,  wherein  a folid  piece,  called  a catch  or 
click,  falls,  by  which  means  the  ratchet-wheel,  when  the  catch 
bears  upon  it,  can  turn  one  way  only,  but  not  the  contrary 
V/ay. 


V,  and 
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V,  and  to  let  the  catch  keep  in  the  teeth  of  the 
ratchet-wheel.  But  a weight  hung  to  the  farther 
end  of  the  lever  would  do  full  as  well  as  the  elaftic 
bar  and  rope. 

When  the  lever  is  pulled  down  it  lifts  the  catch 
out  of  the  ratchet-wheel,  by  means  ot  the  rope  Q.Q, 
and  gives  the  weight  F liberty  to  defeend;  but  if 
the  lever  P be  pulled  a little  farther  down  than 
what  is  fufficient  to  lift  the  catch  O out  of  the 
ratchet-wheel  N,  it  will  rub  againft  the  edge  of  the 
wheel  V,  and  thereby  hinder  the  too  quick  defeent 
of  the  weight,  and  will  quite  flop  the  weight,  if 
pulled  hard.  And  if  the  man  who  pulls  the  lever 
fhould  inadvertently  let  it  go,  the  elaftic  bar  will 
fuddenly  pull  it  up,  and  the  catch  will  fall  down 
and  flop  the  machine. 

WW  are  two  upright  rollers  above  the  axis  or 
upper  gudgeon  * of  the  gib  E,  Their  ufe  is  to  let 
the  rope  C bend  upon  them,  as  the  gib  is  turned 
to  either  fide,  in  order  to  bring  the  weight  over  the 
place  where  it  is  intended  to  be  let  down. 

N.  B.  The  rollers  ought  to  be  fo  placed,  that  if 
the  rope  C be  ftretched  clofe  by  their  utmoft  Tides, 
the  half  thicknefs  of  the  rope  may  be  perpendicu- 
larly over  the  centre  of  the  upper  gudgeon  of  the 
gib.  For  then,  and  in  no  other  pofition  of  the 


* The  pins  or  extremities  of  an  axle,  which  pins  move  in 
holes,  &c.  are  called  gudgeons  in  large  works,  and  pevets  or 
pivots  in  (mail  works. 
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rollers,  the  length  ol  the  ro.pc  between  the  pulley 
the  gib,  and  the  axle  of  the  great  wheel,  will  be  al- 
ways the  fame,  in  all  pofitions  of  the  gib,  and  the 
gib  will  remain  in  any  pofition  to  which  it  is 
turned. 

When  either  of  the  trundles  is  not  turned  by  the 
winch  in  working  the  crane,  it  may  be  drawn  off 
from  the  wheel,  after  the  pin  near  the  axis  of  the 
trundle  is  drawn  out,  and  the  thick  piece  of 
wood  is  raffed  a lirtle  behind  the  outward  fupporter 
of  the  axis  of  the  trundle.  But  this  is  not  matc- 
ml;  for,  as  the  trundle  has  no  friftion  on  its  axis 
but  what  is  occafioned  by  its  weight,  it  will  be 
turned  by  the  wheel  without,  any  fenfible  refi fiance 
in  working  the  crane. 

This  engine  is  to  be  tituated  in  a room  with  the 
gib  E projecting  out  of  it,  fo  that  the  load  may  be 
raffed  from  the  flreet  or  other  low'er  fituation,  by 
turning  the  winches  of  the  trundles  as  at  G. 

This  crane  has  four  different  powers.  The  three 
trundles  H,  I,  K,  are  furnifhed  with  different  num- 
bers of  ffaves* ; the  largeft  has  24  ftaves,  the  next 
12,  and  the  fmallefl  6.  The  great  w'hecl  A has  96 
cogs-f;  therefore  the  largefl  trundle  makes  four 
revolutions  for  one  revolution  of  the  wheel  ; the  • 
next  makes  8,  and  the  fmalleffc  makes  16.  A 


* 1 he  flicks  or  cylinJrical  bars  of  trundles,  which  per- 
form the  office  of  teeth,  are  called  ftaves. 

(■  Cogs  are  the  wooden  teeth  of  a large  wheel. 
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•winch  G is  occafionally  put  upon  the  axis  of  either 
of  thefe  trundles,  for  turning  it ; that  trundle  being 
then  ufed  which  gives  a power  bell  fuited  to  the 
weight.  The  length  of  the  winch  is  fuch,  that  in 
every  revolution  its  handle  defcribes  a circle  equal 
to  twice  the  circumference  of  the  axle  B of  the 
wheel.  So  that  the  length  of  the  winch  doubles 
the  power  gained  by  each  trundle. 

If  the  winch  be  put  upon  the  axle  of  the  largeft 
trundle,  and  turned  four  times  round,  the  wheel 
and  axle  will  be  turned  once  round  ; and  the  circle 
defcribed  by  the  power  that  turns  the  winch,  being 
in  each  revolution  double  the  circumference  of  the 
axle,  when  the  thick nefs  of  the  rope  is  added 
thereto,  the  power  goes  round  8 times  as  much 
fpace  as  the  weight  rifes  through ; and  therefore 
(making  fome  allowance  for  fridtion)  a man  will 
raife  8 times  as  much  weight  by  the  crane  as  he 
would  by  his  natural  ftrength  without  it ; the 
power,  in  this  cafe,  being  to  the  weight  as  8 to  i. 

If  the  winch  be  put  upon  the  axis  of  the  next 
trundle,  the  power  will  be  to  the  weight  as  1 6 to  i, 
becaufe  it  moves  16  times  as  fait  as  the  weight 
proves. 

If  the  winch  be  put  upon  the  axis  of  the  fmalleft 
trundle,  and  turned  round,  the  power  will  be  to 
the  weight  as  32  to  1 . 

But,  if  the  weight  fhould  be  too  great  even  for 
this  power  to  raife,  the  power  may  be  doubled  by 
drawing  up  the  weight  by  one  of  the  parts  of  a 

double 
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double  rope,  going  under  a pulley  in  the  moveable 
block  which  is  hooked  to  the  weight  below  the  arm 
of  the  gib.  And  fuch  is  the  adtual  reprefentation 
of  the  figure.  Then  the  power  will  be  to  the  weight 
as  64  to  1.  Whilft  the  weight  is  drawing  up,  the 
ratch-teeth  of  the  wheel  N flip  round  below  the 
catch  or  click  that  falls  fucceflively  into  them,  and 
thus  hinders  the  crane  from  turning;  backward,  or 
detains  the  weight  in  any  part  of  its  afeent,  if  the 
man,  who  works  at  the  winch,  fhould  accidently 
quit  his  hold,  or  choofe  to  reft  himfelf  before  the 
weight  be  quite  drawn  up. 

In  order  to  let  down  the  weight,  a man  pulls 
down  the  end  Z of  the  lever,  which  lifts  the  catch 
out  of  the  ratchet-wheel,  and  gives  the  weight  liber- 
ty to  defeend.  But,  if  the  defeent  be  too  quick, 
he  pulls  the  lever  a little  farther  down,  fo  as  to 
make  it  rub  againft  the  outer  edge  of  the  round 
wheel  V,  by  which  means  he  lets  down  the  weight 
as  flowly  as  he  pleafes ; and  by  pulling  a little 
harder,  he  may  flop  the  weight,  if  neceffary,  in  any 
part  of  its  defeent.  If  he  accidentally  quits  hold  of 
the  lever,  the  catch  immediately  falls,  and  Hops 
both  tire  weight  and  the  whole  machine. 

T11  the  conftruftion  of  machines  in  general,  the 
qucflions  which  occur  in  the  firft  place,  relate  to 
the  choice  of  the  power,  and  to  the  eftimation  of 
its  quantity ; viz.  whether  the  force  of  wind  or 
water,  or  of  a man,  8cc.  fhould  be  preferred,  and 

what 
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what  is  the  value  or  quantity  of  any  one  of  thofe 
powers  ? 

Of  the  principal  active  powers  which  have  been 
enumerated  at  the  beginning  of  this  chapter,  we 
(hall  briefly  mention  the  common  eflimation  of 
their  forces  ; but  we  tliall  take  more  particular  no- 
tice of-  the  force  of  wind,  of  water,  and  of  fleam, 
when  we  come  to  treat  of  the  properties  of  air,  of 
the  fleam  of  water,  &c. 

The  power  which  can  be  applied  as  the  firft 
piover  of  a machine,  in  the  eafiefl  manner,  and 
whofe  adlion  is  molt  uniform,  is  the  Ample  weight, 
luch  as  is  applied  to  clocks,  jacks,  and  other  ma- 
chines ; but  this  fort  of  power  requires  to  be  re- 
newed after  a certain  period  ; that  is,  it  mull  be 
wound  up,  or  railed,  on  which  account  it  is  moflly 
ufed  for  flow  movements ; efpecially  when  a very 
regular  action  is  required. 

The  force  of  running  water,  and  that  of  the  wind, 
where  the  lituation  of  the  place  admits  of  their  be- 
ing ufed,  are  very  powerful  and  advantageous 
movers  of  machines,  fuch  as  mills,  pumps,  fawing 
engines,  &c. — They  maybe  applied  to  the  working 
of  the  greatefl  engines.  Running  water  is  prefer- 
able to  wind,  on  account  of  its  adling  with  much 
more  conflancy  and  uniformity. 

The  fleam  of  boiling  water  is  likewife  a moll 
powerful  agent;  and  the  recent  improvements  which 
have  been  made  by  feveral  ingenious  mechanics  in 
this  country  have  extended  the  application  of  it 

from 
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from  the  fmallcft  to  the  larged  engines.  The  ap- 
plication of  this  power  requires  a very  nice  con- 
druction  of  the  mcchanifm,  and  is  attended  with  a 
confiderable  confumption  of  fuel,  which  particulars 
are  not  to  be  obtained  in  every  fituation. 

A fpring  is  likewife  a ufeful  and  commodious 
moving  power;  but  a fpring,  like  the  weight,  re- 
quires to  be  wound,  or  fet  up,  after  a certain  time  ; 
viz.  when  it  is  quite  unbent  ; on  which  account  ic 
is  more  commonly  ufed  tor  flow  movements,  fucli 
as  watches,  table  clocks,  &c.  But  this  fort  of 
power  differs  from  the  weight  in  a very  remarkable 
circumftance  ; which  is,  that  its  action  is  never  uni- 
form. It  is  ftrongeft  when  mod  bent,  and  it  de- 
creafes  in  proportion  as  it  unbends. 

In  order  to  remedy  this  defeat,  and  to  render  the 
adion  of  a fpring  uniform  and  effedual,  a curious 
contrivance  has  been  long  in  ule,  and  is  as  follows : 
An  hollow  groove  ot  a fpiral  form  is  made  round  a 
folid  piece  of  metal,  fuch  as  is  reprefented  at  fig. 
13,  Plate  VIT.  which  is  furnifhed  with  an  axis  AB, 
round  which  it  turns  in  the  frame  of  the  machine, 
and  is  connected  with  a wheel  g,  whole  teeth  act: 
upon  the  other  wheels  of  the  machine.  This  fpiral 
piece  is  called  the  fufee,  and  ferves  to  render  the 
addon  of  the  fpring  equable  or  uniform.  It  is 
connected  with  the  fpring  by  means  of  a firing  or 
chain  F,  one  end  of  which  is  fattened  to  the  lpring 
which  is  not  feen  in  the  figure,  and  the  other  end 
is  fattened  to  the  lowed  part  d of  the  fpiral  groove. 

When 
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When  thefufce  is  turned  fo  as  to  wind  the  firing  or 
chain  upon  it,  the  lpring  is  thereby  fet  up,  or  bent, 
and  when  afterwards  the  machine  is  left  to  itfelf, 
the  force  of  the  fpringwill,  by  pulling  the  chain  or 
tiring,  force  the  fufee  to  turn  round  its  axis  in  a 
direction  contrary  to  that  in  which  it  was  wound 
up.  Now  when  the  firing  bears  upon  the  fmallell 
part  c of  the  fufee ; viz.  nearefl  to  the  axis  where 
a greater  force  is  required  to  produce  a certain  ef- 
fed,  the  fpring  pulls  the  chain  with  its  greatcfl 
force,  becaufe  it  is  then  bent  moll ; whereas  when 
the  firing  bears  upon  the  lower  and  larger  part  of 
the  fufee,  where  lets  force  is  required  to  produce  the 
above-mentioned  effed,  there  the  fpring  pulls  the 
firing  or  chain  with  let's  force,  becaufe  then  it  is 
bent  lefs.  Therefore  the  decreafing  force  of  the 
fpring  is  compenlated  by  the  increafe  of  power  with 
which  the  firing  or  chain  ads  on  the  axis  AB ; 
hence  the  teeth  of  the  wheel  g ad  always  with  the 
fame  degree  of  force  upon  the  next  wheel  ; and 
thus  the  motion  of  the  mechanifm  is  rendered  uni- 
form. This  mechanifm  will  be  found  almofl 
univerfally  applied  to  pocket  watches  and  fpring 
clocks. 

The  natural  flrength  of  living  animals  is  the  lafl 
power  that  remains  to  be  taken  notice  of ; and  here 
we  fhall  not  extend  our  obfervations  beyond  the 
force  of  men  and  horfes,  concerning  which  the  fol- 
lowing particulars  are  deferving  of  notice.  The 
different  writers  on  mechanics  do  not  quite  agree 

in 
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in  the  eftimation  of  the  mean  flrength  of  a man ; 
nor  is  it  likely  they  fhould,  confidering  how  the 
conflitution  of  men  varies  according;  to  the  dif- 
ference  of  climate,  of  nourifhment,  and  of  other 
circumftances.  Upon  the  whole,  a man  of  ordi- 
nary ftrength  is  reckoned  capable  of  raifing  a weight 
©f  600  pounds  avoirdupoile  ten  feet  high  in  one 
minute,  and  to  be  able  to  work  at  that  rate  for  10 
hours  out  of  24 ; or  to  do  any  other  work  that 
may  be  equivalent  to  it.  I am  however  inclined 
to  think  that  this  eftimation  is  rather  above  than 
below  the  real  fadt. 

By  means  of  a judicious  application  of  the  human 
ftrength,  the  effedt  may  in  fome  cafes  be  increafed, 
and  on  the  other  hand  an  improper  application  of 
it  will  diminifh  the  effect.  Thus  if  two  men  work 
at  a windlafs,  or  axle,  by  means  of  handles  or  le- 
vers, they  will  be  able  to  draw  a weight  of  70 
pounds  more  eafily  than  one  man  can  a weight  of 
■}0  pounds,  provided  the  handles  or  levers  are  at 
right  angles  to  each  other. 

A man  is  able  to  draw  horizontally  not  above 
70  or  80  pounds  j for  in  that  cafe  he  can  only  em- 
ploy half  the  weight  of  his  body. 

N.  B.  Here  it  is  not  to  be  underftood  that  a 
man  cannot  draw  a cart  or  carriage  that  weighs 
more  than  80  pounds ; for  the  weight  of  the  cart 
is  fupported  by  the  ground  ; but  we  mean,  that  a 
man  will  not  be  able  to  draws  fuch  a cart  as  will 
require  more  than  So  pounds  to  move  it  along. 
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If  a man  weigh  about  140  pounds,  he  can  exert 
no  greater  force  in  thrufting  horizontally  at  a height 
even  with  his  (boulders,  than  what  is  equal  to  27 
pounds. 

A liorfe,  in  general,  is  reckoned  capable  of  doing 
as  much  work  as  five  men. 

A liorfe  draws  with  the  greatefl  advantage  when 
the  line  of  diredion  is  a little  elevated  above  the 
horizon  ; and  the  power  ads  again  ft  its  bread. 

A horfe  is  reckoned  capable  of  drawing  againft  a 
refiftance  of  200  pounds  at  the  rate  of  2f  miles  an 
hour,  and  to  continue  that  exertion  for  eight  hours 
out  of  24. 

The  ftrength  of  the  horfe,  like  that  of  a man, 
may  be  rendered  more  or  lefs  efficacious,  by  means 
of  a proper  or  improper  application  of  it.  In  go- 
ing up  a fteep  afcent,  five  men  can  carry  a much 
greater  weight  than  a horfe.  And  in  certain  ac- 
cents, men  will  be  able  to  carry  fome  weight,  where 
a horfe  will  not  be  able  to  carry  himfelf.  In  mills 
and  other  machines,  where  the  circular  motion  of  a 
horfe  is  employed,  the  diameter  of  the  circular 
walk  fhould  not  be  lefs  than  25  or  30  feet ; other- 
wife,  the  motion  is  neither  very  advantageous,  nor 
pleafant  to  the  animal.  With  refped  to  the  quan- 
tity of  power,  it  muft  be  obferved,  that  in  the 
pradical  application  of  a moving  power  to  a ma- 
chine of  any  fort,  it  is  not  enough  to  employ  a 
power  which  is  barely  fuflicient  to  overcome  the 
obftacle,  or  to  produce  the  e fifed  ; but  fuch  a 

power 
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power  mud  be  applied  as  will  produce  the  defirecl 
elfed  in  the  mod  advantageous  manner  podible; 
for  inftance  if  a power  of  a pound,  applied  to  a 
machine,  will  produce  a certain  effect  in  one  hour  ; 
whereas  it  a power  of  two  pounds  were  applied  to 
the  fame  machine,  it  would  produce  the  like  ef- 
fed  in  20  minutes,  it  is  evident,  that  the  applica- 
tion of  the  latter  power  would  be  more  advan- 
tageous than  of  the  former;  for  though  the  latter 
power  be  double  the  former,  yet  the  time  of  its 
performing  the  operation  is  Id's  than  half  the  time 
of  the  former  powers  performing  the  fame  opera- 
tion. So  that  the  mojl  advantageous  power  for 
moving  a machine  is  that , which  being  multiplied  by 
the  time  of  performing  a determined  effect,  produces 
the  leaf  product*. 

With  refped  to  fridion,  two  objeds  mud  be 
obferved  ; viz.  the  lofs  of  power  which  is  occa- 
fioned  by  it,  and  the  contrivances  which  have  been 
made,  and  are  in  ule,  for  the  purpofe  of  di  mini  fir- 
ing its  effeds. 

A body  upon  an  horizontal  plane  fhould  be  ca- 
pable of  being  moved  by  the  application  of  the 
lead  force  ; but  this  is  not  the  cafe  ; and  the  prin- 
cipal caules  which  render  a greater  or  lets  quantity 


* For  a farther  invedigation  of  the  mod  advantageous 
application  of  powers  to  machines,  fee  Gravefand’s  Mat. 
Elem.  of  Nat.  Phil.  B.  I.  chap.  21,  and  the  following 
fcholia  ; alfo  almoft  all  the  writers  on  mechanics. 
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of  force  neceflary  for  it,  are,  ift,  the  roughnefs  of 
the  contiguous  furfaces ; adly,  the  irregularity  of 
the  figure,  which  ariles  either  from  the  imperfedt 
workman fh ip,  or  from  the  preflure  of  one  body 
upon  the  other;  3dly,  an  adhefion  or  attradion 
which  is  more  or  lefs  powerful  according  to  the 
nature  of  the  bodies  in  queftion ; and  qthly,  the 
interpofition  of  extraneous  bodies  ; fuch  as  moif- 
ture,  duft,  &c. 

Innumerable  experiments  have  been  made  for 
the  purpofe  of  determining  the  quantity  of  ob- 
ftrudion,  or  of  fridtion,  which  is  produced  in  par- 
ticular circumftances*.  But  the  refults  of  appa- 
rently fimilar  experiments,  which  have  been  made 
by  different  experimenters,  do  not  agree  ; nor  is  it 
likely  they  fhould,  fince  the  lead  difference  of 
fmoothnefs  or  polifh,  or  of  hardnefs,  or  in  fhort  of 
any  of  the  various  concurring  circumftances,  pro- 
duces a different  refult.  Hence  no  certain  and  de- 
terminate rules  can  be  laid  down  with  refped  to 
the  fubjeeft  of  friction. 

If  a body  be  laid  upon  another  body,  and  foon 
after  be  moved  along  the  furface  of  it,  a leffer 
force  will  be  found  fufficient  for  the  purpofe,  than 
if  the  body  be  left  fome  time  at  reft  before  it  be 
moved.  This  arifes  principally  from  an  adtual 


* See  Mr.  Coulomb’s  Effay  in  the  tenth  vol.  of  the 
Memoires  ties  Savants  Etrangers.  And  M.  de  Prony’s  A r« 
chitedure  Hydraulique,  § 1089,  and  following. 

vol.  1.  t change 
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change  of  figure,  which  is  produced  in  a longer  ot 
fhorter  time  according  to  the  nature  of  the  bodies. 
Thus  the  maximum  of  adhefion  between  wood 
and  wood  takes  place  in  a few  minutes’  time  ; be- 
tween metal  and  metal  it  takes  place  almoft  imme- 
diately. A hard  and  heavy  body  laid  upon  a fofter 
one  will  lometnnes  continue  to  increafe  its  adhe- 
fion for  days  and  weeks. 

When  a cubic  foot  of  loft  wood  of  eight  pounds 
weight  is  to  be  moved  upon  a fmooth  horizontal 
plane  of  foft  wood,  at  the  rate  of  three  feet  per 
fecond,  the  power  which  is  neceflary  to  move  it, 
and  which  is  equivalent  to  the  fridtion,  amounts  to 
between  { and  of  the  weight  of  the  cube. — 
When  the  wood  is  hard  the  friction  amounts  to  be- 
tween and  4-  of  the  weight  of  the  cube. 

In  general  the  loiter  or  the  rougher  the  bodies 
are,  the  greater  is  their  fridtion.  Yet  when  two 
pieces  of  metal,  extremely  well  polifhed,  are  laid 
one  upon  the  other  with  an  ample  furface  of  con- 
tact, they  adhere  to  each  other  much  more  forcibly 
than  when  they  are  not  lb  well  polifhed. 

Iron  or  heel  moves  eafieft  in  brafs.  Other  me- 
tals, acting  againll  each  other,  produce  more  fric- 
tion. 

The  fridtion,  cateris  paribus , increafes  with  the 
weight  of  the  fuperincumbent  body,  and  almoft  in 
the  fame  proportion. 

The  fridtion  or  obftrudtion  which  arifes  from 
the  bending  of  ropes  about  machines,  is  influenced 

by 
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by  a variety  of  circumftances,  fucli  as  their  pecu- 
liar quality,  the  temperature  of  the  atmofphere, 
and  the  diameter  or  curvature  of  the  furface  to 
which  they  are  to  be  adopted.  But  when  other 
circumftances  remain  the  fame,  the  difficulty  of 
bending  a rope  increafes  with  the  fquare  of  its  dia- 
meter, as  alfo  with  its  tenfion  ; and  it  decreafes  ac- 
cording as  the  radius  of  the  curvature  of  the  body 
to  which  it  is  adapted,  increafes. 

Of  the  fimple  mechanical  powers  the  lever  is 
the  leaft  fubjedt  to  fridtion. 

In  a wheel,  the  fridtion  upon  the  axis  is,  as  the 
weight  that  lies  upon  it,  as  the  diameter  of  the  axis, 
and  as  the  velocity  of  the  motion.  But  upon  the 
whole,  this  fort  of  fridtion  is  not  very  great,  pro- 
vided the  machine  be  well  executed. — In  common 
pulleys,  efpecially  thofe  of  a fmall  fize,  the  fridtion 
is  very  great.  It  increafes  in  proportion  as  the  di- 
ameter of  the  axis  increafes,  as  the  velocity  in- 
creafes, and  as  the  diameter  of  the  pulley  decreafes. 
With  a moveable  tackle,  or  block,  of  five  pulleys* 
a power  of  150  pounds  will  barely  be  able  to  draw 
up  a weight  of  500  pounds. 

The  ferew  is  fubjedt  to  a great  deal  of  fridtion  ; 
fo  much  fo  that  the  power  which  muft  be  applied 
to  it,  in  order  to  produce  a given  effedt,  is  at  leaft 
-double  that  which  is  given  by  the  calculation  in- 
dependent of  fridion.  But  the  degree  of  fridtion 
in  the  ferew  is  influenced  confiderably  by  the  na- 
ture of  the  conftrudtion ; for  much  of  it  is  owing 

x 2 to 
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to  the  tightnefs  of  the  fcrew,  to  the  diftancc  be- 
tween its  threads,  and  to  the  lhape  of  the  threads ; 
thefquare  threads,  like  thofe  of  fig,  14,  Plate  VII. 
producing  upon  the  whole  lefs  friction  than  thofe 
which  are  fharp,  as  in  the  figures  6 and  7 of  the 
fame  plate. 

The  fridion  which  attends  the  ufe  of  the  wedge, 
exceeds,  in  general,  that  of  any  other  fimple  me- 
chanical power.  Its  quantity  depends  fo  much 
upon  the  nature  of  the  body  upon  which  the  wedge 
ads,  befides  other  circumftances,  that  it  is  impof- 
fible  to  give  even  an  approximate  eftimate  of  it. 

The  friction  of  mechanical  engines  does  not  only 
diminifh  the  effect,  or,  which  is  the  fame  thing, 
occafion  a lofs  of  power  ; but  is  attended  with  the 
corrofion  and  wear  of  the  principal  parts  of  the  ma- 
chine, befides  producing  a confiderable  degree  of 
heat,  and  even  a<5tual  fire  ; it  is  therefore  of  great 
importance  in  mechanics,  to  contrive  means  ca- 
pable of  diminifhing,  if  not  of  quite  removing,  the 
effects  of  fridion. 

In  compound  engines,  the  obftrudion  which 
arifes  from  fridion  can  be  afcertained  only  by  means 
of  actual  experiments.  An  allowance,  indeed,  may 
be  made  for  each  fimple  component  mechanical 
power;  but  the  error  in  eflimating  the  fridion  of 
any  one  fingle  power  is  multiplied  and  increafed 
fo  fail  by  the  other  parts,  that  the  eftimate  gene- 
rally turns  out  very  erroneous.  Befides,  much  de- 
pends on  the  execution  of  the  work ; the  quality 

of 
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of  which  cannot  be  learned  but  by  experience. 
Novices  are  generally  apt  to  expert  too  much 
or  too  little  from  any  mechanifm. — In  general 
it  can  only  be  laid,  that  in  compound  engines,  at 
leaft  one- third  ot  the  power  is  loft  on  account  of 
the  fri&ion. 

The  methods  of  obtaining  the  important  ob« 
jed  ot  diminifhing  the  fridion,  are  of  two  forts, 
viz.  either  by  the  interpolition  of  particular  undu- 
ous  or  oily  fubftances  between  the  contiguous 
moving  parts ; or  by  particular  mechanical  con- 
trivances. 

Oiive-oil  is  the  beft,  and  perhaps  the  only  fub- 
ftance  that  can  be  uted  in  lmall  works,  as  in 
watches  and  clocks,  when  metal  works  againft  me- 
tal. But  in  large  works  the  oil  is  liable  to  drain  oft, 
unlels  fome  method  be  adopted  to  confine  it. 
Therefore  for  large  works  tallow  is  moftly  ufed,  or 
greafe  of  any  fort  3 which  is  ufeful  for  metal,  as 
well  as  for  wood.  In  the  laft  cafe  tar  is  alfo  fre- 
quently ufed. 

In  delicate  works  of  wood,  viz.  when  a piece  of 
wood  is  to  Hide  into  or  over  wood,  and  when  a 
wooden  axis  is  to  turn  into  wood,  the  fine  powder 
of  what  is  commonly  called  black-lead,  when  inter-; 
pofed  between  the  parts,  eafes  the  motion  confider- 
ably,  and  is  at  the  fame  time  a clean  and  durable 
fubftance 

Though  olive-oil  be  the  beft  and  the  only  fub- 
Uance  that  is  uied  for  delicate  mechanilms  j yet  it  is 
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far  from  being  free  from  objections.  Oil,  when  in 
contaCt  with  brafs,  is  liable  to  grow  rancid,  in  which 
Hate  it  flowly  corrodes  the  brafs.  In  different 
temperatures  it  becomes  more  or  lefs  fluid  ; but 
upon  the  whole  it  grows  continually  thicker,  and  of 
courfe  lefs  fit  to  eafe  the  motion  of  the  parts,  See. 
Trifling  as  thofe  defeats  may  at  firft  fight  appear, 
they  are  however  of  fuch  moment  in  delicate  works, 
that  in  the  greatly  improved  ftate  to  which  watch- 
work  has  been  brought  in  this  country,  the  change- 
able quality  of  the  oil  feems  at  prefent  to  be  the 
principal,  if  not  the  only,  impediment  to  the  per- 
fection of  chronometers. 

The  mechanical  contrivances  which  have  been 
made,  and  are  in  ule,  for  the  purpofe  of  diminifhing 
the  effeCts  of  friClion,  cOnfifl:  either  in  avoiding  the 
contact  of  fuch  bodies  as  produce  much  friction, 
or  in  the  interpofltion  of  rollers,  viz.  cylindrical  bo- 
dies, between  the  moving  parts  of  machines,  01  be- 
tween moving  bodies  in  general.  Such  cylinders 
derive,  from  their  various  fize  and  application,  the 
different  names  of  rollers,  friftion-wheels,  and  fic- 
tion-rollers. 

Thus  in  mill-work  and  other  large  machines,  the 
wooden  axes  of  large  wheels  terminate  in  iron  gud- 
geons, which  turn  in  wood,  or  more  frequently  in 
iron  or  brafs,  which  conltruCtion  produces  lefs  dic- 
tion than  the  turning  of  wood  in  wood.  In  the 
fineft  fort  of  watch-work  the  holes  are  jewelled,  viz. 

many  of  the  pivots  of  the  wheels,  Sec.  move  in 
^ holes 


Of  Compound  Engines,  csV.  279 

holes  made  In  rubies,  or  topazes,  or  other  hard 
done,  which  when  well  finillied  are  not  liable  to 
wear,  nor  do  they  require  much  oil. 

In  order  to  underftand  the  nature  of  rollers,  and 
the  advantage  with  which  their  ufe  is  attended,  it 
mull  be  confidercd,  that  when  a body  is  dragged 
over  the  furface  of  another  body,  the  inequalities  of 
the  furfaces  of  both  bodies  meet  and  oppofe  each 
other,  which  is  the  principal  caufe  of  the  fridion 
or  obftrudion  ; but  when  one  body,  fuch  as  a calk, 
a cylinder,  or  a ball,  is  rolled  upon  another  body, 
the  turface  of  the  roller  is  not  rubbed  againft  the 
other  body,  but  is  only  fuccefilvely  applied  to,  or 
laid  on,  the  other ; and  is  then  fuccelTively  lifted 
up  from  it.  Therefore,  in  rolling,  the  principal 
caufe  of  fridion  is  avoided,  befides  other  advam 
tages ; hence  a body  may  be  rolled  upon  another 
body,  when  the  fhape  admits  of  it,  with  incompa- 
rably lefs  exertion  than  that  which  is  required  to 
drag  it  over  the  furface  of  that  other  body.  In 
fad  we  commonly  fee  large  pieces  of  timber,  and 
enormous  blocks  of  Hone,  moved  upon  rollers,  that 
are  laid  between  them  and  the  ground,  with  eafe 
and  fafety  ; when  it  would  be  almoll  impoffible  to 
move  them  otherwife. 

The  form  and  difpofttion  of  fridion- wheels  is  re- 
prefented  by  fig.  1.  Plate  VIII.  which  exhibits  a 
front  view  of  the  axis  d of  a large  wheel,  which 
moves  between  the  fridion-wheels  A,  B,  C.  Here 
the  end  d of  the  axis  (and- the  fame  thing  mult  be 
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underftood  of  the  oppofite  extremity  of  the  axis) 
inftead  of  moving  in  a hole,  moves  between  the 
circumferences  of  three  wheels,  each  of  which  is 
moveable  upon  its  own  axis,  and  is  unconnected 
with  the  others.  Now  if  the  end  d of  the  axis 
turned  in  a hole,  the  furface  of  the  hole  would 
ftand  ftill,  and  the  furface  of  the  axis  v/ould  rub 
againft  it  ; whereas  when  the  axis  moves  between 
the  circumferences  of  the  wheels  A,  B,  C,  its  fur- 
face does  not  rub  againft,  but  is  fucceflively  ap- 
plied to  the  circumferences  of  thole  wheels ; lo 
that  this  fort  of  motion  has  the  fame  advantage 
over  the  turning  of  the  axis  in  a hole,  that  the 
moving  of  a heavy  body  upon  rollers  has  over  the 
fimple  method  of  dragging  it  upon  the  ground. 
In  this  conftrudtion  the  contadt  of  the  axis  d , moves 
the  wheels  A,  B,  C,  round  their  axes,  where  indeed 
fome  fridlion  muft  unavoidably  take  place,  but 
that  fridlion  is  very  trifling ; for  if  the  circumfe- 
rence of  the  axis  d be  to  that  of  each  wheel  as 
one  to  20,  the  axis  muft  make  20  revolutions 
whilft  the  fridlion- wheels  will  turn  round  once  only. 

A few  years  ago  the  fame  principle  was  applied 
in  a very  ingenious  manner,  by  Mr.  John  Garnett 
then  of  Briftol,  to  pulleys,  and  other  forts  of  cir- 
cular motion  round  an  axis,  for  which  he  obtained 
a patent.  The  ufe  of  this  application  has  proved 
very  advantageous,  efpecially  on  board  of  fliips, 
where  it  has  been  found,  that  with  a let  of  Mr. 
Garnett’s  pulleys,  three  men  were  able  tQ  draw  as 

much 
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much  weight  as  five  men  were  barely  able  to  ac- 
complifli  with  a fimilar  fet  of  common  pulleys. 

One  of  thofe  pulleys  h reprefented  by  fig.  2,  Plate 
VIII.  where  the  (haded  part  EB  B is  the  pulley,  A 
is  the  axis,  and  c,  c,  c , c,  c,  c,  are  the  cylindrical  rol- 
lers, which  arc  fituated  between  the  axis  and  the 
infide  cavity  of  the  pulley.  The  ends  of  the  axis 
A,  are  fixed  in  a block,  after  the  ufual  manner. 
Every  one  of  the  rollers  has  an  axis,  the  extremi- 
ties of  which  turn  in  holes  made  in  two  brafs  or 
iron  flat  rings,  one  of  which  is  vifible  in  the  figure. 

After  having  given  a general  explanation  of  the 
ad  ion  of  rollers,  the  advantage  which  Mr.  Gar- 
nett’s pulleys  mud  have  over  thofe  of  the  common 
fort,  needs  no  farther  illuftration.  I fliall  however 
only  obferve,  that  the  fridion  of  the  pivots  of  each 
roller  in  the  holes  of  the  brafs  rings  is  very  incon- 
fiderable ; for  thofe  holes  are  made  rather  large, 
the  ufe  of  the  axes  to  the  rollers  being  only  to 
prevent  their  running  one  againft  the  other*  Nor 
does  the  addition  of  weight  upon  the  pulley  in- 
f reafe  that  fridion ; for  the  addition  of  weight 
upon  the  pulley  will  prefs  the  rollers  harder  upon 
the  axis  A ; but  not  upon  their  own  axes,  as  may 
be  eafily  underftood  by  infpeding  the  figure. 
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CHAPTER  XIV. 


DESCRIPTION  OF  THE  PRINCIPAL  MACHINES, 
WHICH  ARE  NECESSARY  TO  ILLUSTRATE  THE 
DOCTRINE  OF  MOTION,  AND  OF  THEIR  PAR- 
TICULAR USE. 

-IE  dodtrine  of  motion  in  all  its  extenfive 


A branches  is  derived,  as  we  have  already 
Ihewn,  from  a few  general  principles;  and  its  ap- 
plication to  particular  circumltances  requires  only 
the  knowledge  of  a few  experimental  facts,  fuch  as 
the  natural  defcent  of  bodies  towards  the  earth, 
the  time  of  vibration  of  a pendulum  of  a determi- 
nate length,  &c.  Then  whatever  relates  to  other 
complicated  movements  may  be  derived,  by  means 
of  Itridt  and  unequivocal  reafoning,  from  thofe  few 
principles,  and  few  afcertained  fadts  or  natural  laws. 
Yet  notwithltanding  the  afifent  which  a rational 
being  mult  give  to  the  clear  and  evident  demon- 
ftrations  that  are  derived  from  thofe  principles, 
it  mult  be  allowed  that  an  experimental  confirma- 
tion of  any  theoretical  propofition  never  fails  to 
imprefs  the  mind  with  a pleating,  lalting,  and  fatif- 
fadtory  convidtion.  Though  the  unavoidable  im- 
perfedtions  of  machines  render  the  refult  of  expe- 
riments feldora  fo  accurate  as  to  coincide  exadtly 
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with  the  theory,  yet  when  the  error  is  not  very 
exeat,  and  at  the  fame  time  it  Teems  to  be  propor- 
tionate  to  the  imperfections  of  the  mechanical 
conftrudion  and  operation,  the  mind  of  the  ob- 
ferver  will  always  feel  itfelf  fufEciently  fatisfied. 

In  this  chapter  the  reader  will  find  the  defeription 
of  the  principal  machines  which  have  been  con- 
trived for  the  purpofe  of  confirming  in  an  experi- 
mental manner  the  propofitions  which  relate  to 
motion. 

The  fpace  deferibed,  and  the  acceleration  gained, 
by  bodies  which  defeend  freely  towards  the  earth 
has  been  often  attempted  to  be  proved  by  means  of 
dired  experiments but  the  refiftance  of  the  air 
which  oppofes  a confiderable  and  fluduating  impe- 
diment, and  the  difficulty  of  meafuring  the  time  of 
defeent  when  falling  bodies  have  acquired  a great 
degree  of  velocity,  which  foon  increafes  beyond  the 
power  of  our  fenfes  to  eftimate,  have  always  ren- 
dered the  refill t of  fuch  experiments  precarious  and 
unfatisfadory.  * But  we  are  indebted  to  Mr. 


* Dr.  Defaguliers  obferved  the  time  that  a leaden  ball,  of 
two  inches  in  diameter,  employed  in  defeending  from  reft 
through  272  feet ; that  is,  from  the  infide  of  the  cupola  of 
St.  Paul’s  cathedral,  wherein  the  experiment  was  tried,  to 
the  floor;  and  found  it  to  be  4,5  feconds,  whereas  it  fhould 
have  been  4,1  feconds;  for  in  4,5  feconds  it  ought  to  have 
defeended  through  fomewhat  more  than  325  'feet*  Sec  his 
Courfe  of  Experimental  Philofophy, 
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Atwood,  F.  R.S.  for  a very  cuiious  machine  of  his 
contrivance,  which  obviates  the  abovementioned 
impediments,  and  exhibits  the  phenomena  of  acce- 
lerated and  retarded  motion  in  a commodious  and 
fatisfaeftory  manner  j or,  in  Mr.  Atwood’s  words, 
“ which  will  iubjebt  to  experimental  examination 
<c  the  properties  of  the  five  mechanical  quantities ; 
“ that  is,  the  quantity  of  matter  moved,  the  con- 
“ ftant  force  which  moves  it,  the  fpace  deferibed 
“ from  reft,  the  time  of  defeription,  and  the  velo- 
“ city  acquired.” 

The  reprefentation  of  this  machine  in  fig.  3, 
Plate  VIII.  is  divided  into  two  parts  for  the  con- 
veniency  of  the  plate,  which  however  can  make  no 
difference  with  refpeift  to  the  explanation  ; for  the 
reader  needs  only  imagine  that  thefe  two  parts  are 
placed  one  upon  the  other,  and  are  joined  at  the 
places  which  are  indicated  by  the  fame  letters,  EF 
G H,  fo  as  to  form  one  entire  figure. 

'The  foot  or  pedeftal  of  this  machine  is  in  the 
form  ol  a crols,  with  adjufting  ferews,  which  ferve 
to  let  the  machine  in  a fteady  and  perpendicular 
fituation.  A ftrong  wooden  pillar  XGT,  about  five 
feet  high,  is  firmly  fixed  upon  the  pedeftal,  and 
fupports  the  wooden  ftage  VD,  which  is  fecured 
upon  it  by  means  of  the ferew  at  D.  Upon  this  ftage 
there  is  another  ftage  or  ftand,  to  which  the  wheel- 
apparatus  is  fixed.  This  apparatus  connfts  of  a 
brafs  wheel  a,  b,  c,  whole  fteel  horizontal  axis  moves 
upon  four  frift  ion -wheels ; viz.  one  end  of  the  axis 

refts 
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lefts  upon  the  circumferences  of  two  fridtion- 
wheels,  and  the  other  end  refts  on  the  circumfe- 
fences  of  the  two  others.  1 nc  axes  of  the  four 
fridt ion-wheels  are  fupportedby,  and  move  in,  holes 
made  in  the  brafs  frame  which  is  faftened  to  the 
upper  ftage,  and  whole  fliapc  is  iufficiently  indicated 
by  the  figure. 

There  is  a groove  all  round  the  circumference  of 

O 

the  wheel  a,  b,c,  for  the  reception  of  a fine  flexible 
filk  line,  at  the  extremities  of  which  the  bodies 
A,  B are  fufpended.  By  this  means  the  motion  of 
the  wheel  a,  h , c,  with  the  filk  line  is  rendered  fo 
very  free,  that  when  the  bodies  A and  B are  equal, 
if  one  of  them  be  gently  impelled  upwards  or  down- 
wards, both  bodies  will  readily  move  in  contrary 
directions ; the  fridtion  of  the  axis  being  almoft 
entirely  removed  by  the  application  of  the  fridtion- 
wheels. 

KEL  is  a fcale  or  rod,  divided  into  inches  and 
tenths;  and  is  fo  fituated  that  one  of  the  bodies, 
viz.  A,  may  move  very  near  the  furface  of  it.  C and 
I are  two  little  flages,  either  of  which  may  be  fixed, 
by  means  of  the  lateral  fcrevv  M or  N,  on  any  part 
of  the  fcale  LEK.  The  former  of  thofe  flages 
ferves  to  flop  the  body  A,  when  defcending,  at  any 
required  height.  The  latter  ftage  has  a perforation 
fufficiently  large  to  permit  the  free  paflage  of  the 
body  A;  but  its  ufe  is  to  fupport  occafionally  a 
weight  in  the  form  of  a bar,  like  the  one  feen  upon 
it. — The  perfpedtive  reprefentation  of  this  ftage  I, 

.is 


a86 


Machines  to  illujlraie 

is  confiderably  flrained  for  the  purpofe  of  rendering 
its  conftrudtion  more  intelligible. 

O 

Upon  the  pillar  of  this  machine  there  is  adapted 
a fimple  fort  of  time-piece,  confiding  of  a pendu- 
lum which  vibrates  feconds,  and  is  kept  in  motion 
for  a few  minutes  by  means  of  a wheel  and  weight 
O.  On  the  axis  of  the  wheel  there  is  a hand  or 
mdex,  which  indicates  the  number  of  feconds  on 
the  dial  Z.  The  ufe  of  this  time-piece  is  to  fliew 
by  the  beats  of  the  pendulum,  the  time  which  is 
employed  by  the  bociy  A in  afeending  or  defend- 
ing through  a given  fpace  *. 

The  ufeful  property  of  this  machine  is  to  dimi- 
mlh  the  force  which  a<5ts  upon,  and  occafions  the 
defeent  of  bodies,  in  confequence  of  which  a body 
will  defend  much  flower ; hence  the  obferver  will 
be  enabled  to  perceive  the  fpace  it  moves  through, 
as  alfo  its  acceleration  in  a given  time,  &c.  in  a 
clear  and  commodious  manner.  I fin  all  endeavour 


* It  hardly  needs  be  obferved  thatthofe  who  have  a com- 
mon clock,  that  beats  feconds,  may  have  the  machine  con- 
ftruCted  without  the  laft-delcnbed  appendage.  Befidcs  this, 
I fhall  juft  mention  that  the  abovementioned  machine  has 
been  improved,  or  rather  altered,  by  fome  philofophical  in- 
ftrument  makers  j but  as  thofe  alterations  are  not  of  exeat 
importance  either  with  refpedt  to  its  conftruction  or  to  its 
performance,  I have  preferred  Mr.  Atwood’s  original  con- 
ftrudtion ; luch  as  is  deferibed  in  his  very  valuable  triatife 
on  the  rectilinear  motion,  and  rotation  of  bodies. 
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to  render  the  explanation  of  this  property  more  in- 
telligible, previoufly  to  the  narration  of  the  expe- 
riments. 

When  the  weights  or  bodies  A and  B are  exadtly 
equal,  they  will  balance  each  other,  and  of  courfe 
will  remain  at  reft.  But  if  a body  of  little  weight 
be  added  to  one  ol  thofe  bodies,  as  for  inftance  to 

A,  then  A will  preponderate,  and  conlequently  will 
defcend ; the  oppofite  weight  B afcending  at  the 
fame  time.  Now  in  this  cafe  both  the  bodies  A, 

B,  and  the  wheels  are  put  in  motion  by  the  gravity 
of  the  fmall  additional  body;  fo  that  the  fum  of 
all  thofe  bodies,  being  moved  by  a fmaller  force, 
mud  move  through  a (dorter  fpace  in  a given  time, 
than  if  the  force  were  greater. 

For  indance,  imagine  that  the  weights  A and  B, 
together  with  the  weight  which  is  required  to  put 
the  wheels  in  motion  (which  is  equivalent  to  the 
inertia  of  the  wheels)  amounts  to  4 ounces,  and 
let  the  weight  of  the  body  which  is  added  to  A be 
half  an  ounce,  then  it  is  evident  that  a mafsof  mat- 
ter of  4I  ounces  is  put  in  motion  by  the  gravity 
of  a body  of  half  an  ounce;  that  is  by  the  gravity 
of  a body  equal  to  the  9th  part  of  the  matter  which 
is  put  in  motion,  which  amounts  to  the  fame 
thing  as  if  that  mafs  of  matter  were  attracted  by 
the  earth  with  the  ninth  part  of  its  ordinary  at- 
traction. But  it  has  been  (hewn  in  page  64,  that 
the  fpace  which  is  defcribed  in  a given  time  by  a 
defccnding  body,  is  proportionate  to  the  force  of 

gravity ; 
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gravity;  therefore  if  in  the  natural  way  a body 
dcfcends  from  red  through  16,087  feet 
fecond  of  time,  in  the  above-dated  circumftance 
the  body  A will  defcend  through  the  ninth  part  of 
16,087  feet,  viz.  through  21,4  inches,  in  the  firfl 
fecond  of  time.  Thus  by  adding  a fmaller  weight 
to  the  body  A,  that  body  may  be  made  to  move  as 
flovvly  as  the  obferver  pleafes. 

The  other  properties  of  defending  bodies  remain 
unaltered  by  this  machine.  Thus  the  fpaces  which 
are  defcribed  by  the  defcending  body  A will  be 
found  to  be  as  the  fquares  of  the  times;  that  is,  if 
A defcribe  21,4  inches  in  the  firft  fecond  of  time, 
it  will  defcribe  4 times  21,4  inches  in  the  fecond 
fecond  of  time,  9 times  21,4  inches  in  the  third,  8zc. 
Thus  much  may  fuffice  with  refpeCt  to  the  princi- 
pal ededl  of  this  machine.  I fhall  now  add  Mr. 
Atwood’s  computation,  and  general  mode  of  con- 
ducting the  experiments. 

In  the  find  place  he  afcertained  the  inertia  of  the 
wheels  when  the  filk  line  with  the  bodies  A,  B was 
removed,  and  found  it  equivalent  to  z \ ounces  (1). 

“ The 


(1.)  Having  removed  the  weights  A and  B,  with  their 
filk  line,  Mr.  A.  affixed  a weight  of  30  grains  to  a filk  line 
(the  weight  of  which  was  not  io  much  as  | of  a grain,  and 
confequendy  too  inconfiderable  to  have  any  fcnfihle  effeft  in 
the  experiment);  this  line  being  wound  round  the  wheel 
abc , the  weight  of  30  grains,  by  defcending  from  reft,  com- 
municated 
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cc  The  refiftance  to  motion,  therefore,  arifing  from 
the  wheel’s  inertia  will  be  the  fame  as  if  they  were 
abfolutely  removed,  and  a mafs  of  2^  ounces  were 
uniformly  accumulated  in  the  circumference  of 
the  wheel  a h c.  This  being  premifed,  let  the 
boxes  A and  B be  replaced,  being  fufpended  by  the 
filk  line  over  the  wheel  a h c,  and  balancing  each 
other. 


municated  motion  to  the  wheel,  and  by  many  trials  it  was 
obferved  to  defcribe  a fpace  of  about  38,5  inches  in  three 
feconds.  From  thefe  data  the  inertia  of  the  wheels  may 
be  determined  in  the  following  manner: 

If  the  weight  of  30  grains  had  delcended  through  9 times 
193  inches  in  three  feconds,  as  it  would  have  done  by  itfelf, 
the  inertia  of  the  wheels  would  have  amounted  to  nothing; 
but  fince  it  moved  through  38,5  inches  in  three  feconds,  its 
retardation  was  occafioned  by  the  inertia  of  the  wheels,. 
Let  the  quantity  of  this  inertia  be  called  x ; then  the  attrac- 
tive force  of  the  earth  upon  the  mafs  *+30  muft  be  lefs 
than  upon  the  body  of  30  grains  alone;  therefore  x + 30 
defcends  flower  than  the  body  of  30  grains  would  by  itfelf; 
or,  properly  fpealcing,  the  fpaces  which  are  defcribed  in 
the  fame  time,  are  inverfely  as  the  malfes  ; for  the  quantity 
of  force  being  the  fame,  the  effedt  upon  x-|-  30  muft  be  as 
much  lefs  than  the  effect  upon  30,  as  30  is  lefs  than  x-f  30  ; 
hence  in  the  prefent  experiment  the  fpace  defcribed  by  the 
body  of  30  grains  in  three  feconds,  is  to  the  fpace  defcribed 
by  x-f- 30  in  the  fame  time,  as  x + 30:  30,  viz.  9 x 193: 

38,5  : : x + 30  : 30;  therefore  x + 30  ra  3 

3«>5 

= 1 3 53:5  grains,  and  x = 1323,5  grains,  or  2|  ounces. 

“ To 
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“ T°  proceed  in  defcribing  the  conftru&ion  of 
the  cnluing  experiments.  In  order  to  avoid  trou- 
blefome  computations  in  adjufting  the  quantities 
of  matter  moved,  and  the  moving  forces,  fome  de- 
terminate weight  of  convenient  magnitude  may  be 
aflumed  as  a ftandard,  to  which  all  others  are  re- 
ferred. This  ftandard  weight  in  the  fubfequent 
experiments  is  £ of  an  ounce,  and  is  reprefented  by 
the  letter  m.  The  inertia  of  the  wheels  being 
therefore  equal  to  2 1 ounces,  will  be  denoted  by 
1 iw.  A and  B are  two  boxes  conftructed  fo  as  to 
contain  different  quantities  of  matter,  according  as 
the  experiment  may  require  them  to  be  varied: 
the  weight  of  each  box,  including  the  hook  to 
which  it  is  fufpended,  is  equal  to  i|  oz.  or  6m  • 
thefe  boxes  contain  fuch  weights  as  are  reprefented 
by  Q,  each  of  which  weighs  an  ounce,  or  4 m:  other 
weights  of  \ an  ounce  — im,  \ and  aliquot 
parts  of  m,  may  alio  be  included  in  the  boxes, 
according  to  the  conditions  of  the  different  expe- 
riments. 

“ If  4 i oz.  or  1 gm,  be  included  in  either  box, 
this  with  the  weight  of  the  box  itfelf  will  be  25;;;  5 
fo  that  when  the  weights  A and  B,  each  being 
25  Wj  are  balanced  in  the  manner  above  reprefented, 
their  whole  mals  will  be  50 m,  which  being  added 
to  the  inertia  of  the  wheels,  1 1 w,  the  ium  will  be 
61  m.  Moreover,  three  circular  weights,  fuch  as 
that  which  is  reprefented  by  Y,  are  conflruded  ;• 
each  of  which  is  equal  to  J oz.  or  m\  if  one  of  thefe 

be 
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be  added  to  A and  one  to  B,  the  whole  mafs  will 
now  become  63  w,  perfectly  in  cquilibrio,  and 
moveable  by  the  leaft  weight  added  to  either  (bet- 
ting abide  the  efforts  of  fri&ion)  in  the  fame  man- 
ner precifely  as  if  the  fame  weight  or  force  were 
applied  to  communicate  motion  to  the  mafs  63  ms 
exifting  in  free  (pace  and  without  gravity.” 

OF  THE  MOVING  FORCE. 

“ Since  the  natural  weight  or  gravity  of  any- 
given  fubftance  is  conftant,  and  the  exa&  quantity 
of  it  eafily  eftimated,  it  will  be  convenient  in  the 
iubfequent  experiments  to  apply  a weight  to  the 
mafs  A,  as  a moving  force  : thus  when  the  fyf- 
tem  confifts  of  a mafs  — 63W,  according  to  the 
preceding  defcription,  the  whole  being  perfectly  ba- 
lanced, let  a weight  of  £ oz.  or  my  fuch  as  Y,  be 
applied  to  the  mats  A,  this  will  communicate  mo- 
tion to  the  whole  fyftem.”  But  tince  now  the 
whole  mafs  is  64,  and  the  moving  force  is  the  gra- 
vity of  one  of  thofe  parts  only  ; “ therefore  &t he 
force  which  accelerates  the  defeent  of  A,  is  part 
of  the  accelerating  force  by  which  bodies  defeend 
freely  towards  the  earth’s  furface.” 

Thus  by  varying  the  weights,  the  moving  force 
may  be  altered  without  ahering  the  mafs;  or  the 
tnoving  force  may  be  mace  to  be  in  any  required 
rario  to  the  mafs. 
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OF  THE  SPACE  DESCRIBED. 

4C  The  method  of  eftimating  p radically  the  fpace 
defcribed  from  quiefcence,  is  next  to  be  conlidered. 
The  body  A defeends  in  a vertical  line,  and  a fcale 
of  about  64  inches  in  length,  graduated  into  inches 
and  tenths  of  an  inch,  is  adjufted  vertically,  and  fo 
placed  that  the  defeending  weight  A may  fall  in  the 
middle-  of  the  fquare  ftage,  fixed  to  receive  it  at 
the  end  of  the  defeent ; the  beginning  of  the  de- 
feent  is  eftimated  from  o on  the  fcale,  when  the 
bottom  of  the  box  A is  on  a level  with  o.  The 
defeent  of  A is  terminated  when  the  bottom  of 
the  box  firikes  the  ftage,  which  may  be  fixed  at 
different  diftances  from  the  point  o,  fo  that  by 
altering  the  pofition  of  the  ftage,  the  fpace  de- 
feribed  from  quiefcence  may  be  of  any  given  mag- 
nitude let's  than  64  inches.” 

9 

CONCERNING  THE  TIME  OF  MOTION. 

“ The  time  of  motion  is  obferved  by  the  beats 
of  the  pendulum  which  vibrates  leconds : and  the 
experiments  intended  to  illuftrate  the  elementary 
propofitions  may  be  eafily  fo  conftru&ed,  that  the 
time  of  motion  (hall  be  a whole  number  of  fe- 
conds ; the  eftimation  of  the  time  therefore  admits 
of  confiderable  exaeftnefs,  provided  the  obferver 
take  care  to  let  the  bottom  of  the  box  A begin 
its  defeent  precifely  at  any  beat  of  the  pendulum 
0 then 
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then  the  coincidence  of  the  ilroke  of  the  box 
againft  the  ftage,  and  the  beat  of  the  pendulum 
at  the  end  of  the  time  ot  motion,  will  fhew  how 
nearly  the  experiment  and  the  theory  agree  to- 
gether. There  might  be  various  mechanical  de- 
vices thought  of  for  letting  the'  weight  A begin 
its  defcent  at  the  inftant  of  a beat  of  the  pendu- 
lum ; but  the  following  method  may  perhaps  be 
lufficient  : let  the  bottom  of  the  box  A,  when  at 
o on  the  fcale,  reft  on  a flat  rod  held  in  the  hand 
horizontally,  its  extremity  being  coincident  with 
o ; by  attending  to  the  beats  of  the  pendulum, 
and  with  a little  practice,  the  rod  which  fupports 
the  box  A,  may  be  removed  at  the  inftant  the 
pendulum  beats,  fo  that  the  defcent  of  A (hall 
commence  at  the  fame  inftant.” 

OF  THE  VELOCITY  ACQUIRED. 

“ It  remains  only  to  defcribe  in  what  manner 
the  velocity  acquired  by  the  defcending  weight  A, 
at  any  given  point  of  the  fpace  through  which  it 
has  defcended,  is  made  evident  to  the  fenfes.  The 
velocity  of  A’s  defcent  being  continually  accele- 
rated, will  be  the  fame  in  no  two  points  of  the  fpace 
defcribed  : this  is  occafioned  by  the  conftant  ac- 
tion of  the  moving  force;  and  fince  the  velocity  of 
A at  any  inftant  is  mealured  by  the  lpace  which 
would  be  defcribed  by  it,  moving  uniformly  for  a 
given  time  with  the  velocity  it  had  acquired  at 
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tliat  inftant,  this  meafure  cannot  be  experimentally 
obtained,  except  by  removing  the  force  by  which 
the  defcending  body’s  acceleration  was  cayfed.” 

In  order  to  drew  in  what  manner  this  is  ef- 
fected praCtically,  let  u£  fuppofe  that,  according 
to  a former  example,  the  boxes  A and  B = 2 
each,  fo  as  together  to  be  ~ 50 m ; this  with  the 
wheels  inertia  ism  will  make  61  m:  now  let  m 
be  added  to  A,  and  an  equal  weight  m to  B,  thofe 
bodies  will  balance  each  other,  and  the  whole  mafs 
will  be  6jw.  If  a weight  m be  added  to  A,  mo- 
tion will  be  communicated,  the  moving  force 
being  w,  and  the  mafs  moved  64 /y.  In  a former 
example,  the  circular  weight,  equal,  m,  was  made 
ufe  of  as  a moving  force  ; but  for  the  prefent  pur- 
pofe  of  fhewing  the  velocity  acquired,  it  will  be 
convenient  to  ufe  a flat  rod  (like  that  which  is 
fhewn  at  I on  the  perforated  ftage)  the  weight  of 
which  is  alfo  equal  to  m.  Let  the  bottom  of  the 
box  A be  placed  on  a level  with  o on  the  fcale,  the 
w'hole  mafs  being  asdefcribed  above,  63W,  perfectly 
balanced  in  equilibrio.  Now  let  the  rod,  the  weight 
of  which  = m,  be  placed  on  the  upper  furface  of 
A ; this  body  will  defcend  along  the  fcale  precifely 
in  the  fame  manner  as  when  the  moving  force  m 
was  applied  in  the  form  of  a circular  weight.  Sup- 
pofe  the  mafs  A to  have  defcended  by  conftant  ac- 
celeration of  the  force  m,  for  any  given  time,  or 
through  a given  fpace  : let  the  perforated  flage 

be 


be  fo  affixed  to  the  fcale  contiguous  to  which  the 
weight  defcends,  that  A may  pafs  centrally  through 
it,  and  that  this  perforated  (lage  may  intercept  the 
rod  m,  by  which  the  body  A has  been  accelerated 
from  quieicence.  After  the  moving  force  m has 
been  intercepted  at  the  end  of  the  given  fpace  or 
time,  there  will  be  no  force  operating  on  any  part 
of  the  fyftem,  which  can  either  accelerate  or  retard 
its  motion  ; this  being  the  cafe,  the  weight  A,  the 
inftant  after  m has  been  removed,  mud  proceed 
uniformly  with  the  velocity  which  it  had  acquired 
that  inftant : in  the  fubfequent  part  of  its  defcent, 
the  velocity  being  uniform  will  be  meafured  by 
the  fpace  defcribed  in  any  convenient  number  of 
feconds.” 

> 

OF  RETARDED  MOTION. 

“ The  motion  of  bodies  refilled  by  conftant 
forces  are  reduced  to  experiment  by  means  of  the 
inftrument  above  defcribed,  with  as  great  eafe  and 
precifion  as  the  properties  of  bodies  uniformly  ac- 
celerated. A Tingle  inftance  will  be  fufficient : 
thus  fuppofe  the  mals  contained  in  the  weights  A 
and  B,  and  the  wheels,  to  be  6iw,  when  perfecftly 
in  equilibrio,  as  in  a former  example  j let  a circular 
weight  m be  applied  to  B,  and  let  two  long  weights 
or  rods,  each  equal  to  m,  be  applied  to  A,  then 
will  A defcend  by  the  adlion  of  the  moving  force 
m,  the  mafs  moved  being  64 m : fuppofe  that  when 
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it  has  defcribed  any  given  fpace  by  conflant  ac- 
celeration, the  two  rods  m are  intercepted  by  the 
peifoiated  llage,  while  A is  defcending  through  it; 
the  velocity  acquired  by  that  defcent  is  known,  and 
when  the  two  rods  are  intercepted,  the  weight  A 
will  begin  to  move  on  with  the  velocity  acquired, 
being  now  retarded  by  the  conflant  force  m ; and 
fince  the  mafs  moved  is  62 my  it  follows,  that  the 
force  of  retardation  will  be  part  of  the  force 
whereby  gravity  retards  bodies  thrown  perpendi- 
cularly upwards.  The  weight  A will  therefore 
proceed  along  the  graduated  fcale  in  its  defcent 
with  an  uniformly  retarded  motion,  and  the  fpaces 
defcribed,  times  of  motion,  and  velocities  deftroy- 
ed  by  the  refilling  force,  will  be  fubjed  to  the  fame 
meafures  as  in  the  examples  of  accelerated  motion 
above  defcribed.” 

Befides  thofe  properties,  Mr.  Atwood’s  machine 
may  be  eafily  adapted  to  other  ufes,  fuch  as  the  ex- 
perimental ellimation  of  the  velocities  communi- 
cated by  the  impact  of  bodies  elaftic  and  non- 
elaftic;  the  quantity  of  refiftance  occafioned  by 
fluids,  See.  Mr.  Atwood  alfo  fhews  its  ufe  in  ve- 
rifying pradically  the  properties  of  rotatory  mo- 
tion*. 

After  the  preceding  fufficiently  ample  deferip- 
tion  of  the  general  mode  of  ufing  this  inllrument. 


* See  his  Treatife  on  Motion,  Sed.  VIII, 

we 
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wo  fhall  by  way  of  example  fubjoin  three  or  four 
experiments,  and  fhall  leave  its  further  application 
to  particular  cafes,  for  the  exercife  of  the  reader’s 
ingenuity.  It  is  however  neceffary,  in  the  firfl 
place,  to  obviate  fome  doubts  which  may  naturally 
occur  with  refpedt  to  the  performance  of  this  ma- 
chine ; the  accuracy  of  which  may  be  difturbed  by 
three  caufes,  viz.  the  fridtion  of  the  axes  of  the 
wheels,  the  weight  of  the  filk  line,  and  the  refi fi- 
ance of  the  air. 

“ The  effedts  of  fridtion  are  almoft  wholly  re- 
moved by  the  fridtion-wheels ; for  when  the  fur- 
faces  are  well  polilhed  and  free  from  duft,  he.  if 
the  weights  A and  B be  balanced  in  perfedt  equili- 
brio,  and  the  whole  mals  confifls  of  6 yn>  accord- 
ing to  the  example  already  deferibed,  a weight  of 
I * grain,  or  at  moft  2 grains,  being  added  either 
to  A or  B,  will  communicate  motion  to  the  whole, 
which  fhews  that  the  effects  of  friction  will  not  be 
fo  great  as  a weight  of  1 \ or  2 grains.  In  fome 
cafes,  however,  efpecially  in  experiments  relating  to 
retarded  motion,  the  effedts  of  fridtion  become 
fenfible;  but  maybe  very  readily  and  exactly  .re- 
moved by  adding  a fmall  weight  of  1 § or  2 grains 
to  the  defeending  body,  taking  care  that  the 
weight  added  is  fuch  as  is  in  the  leaft  degree 
fmaller  than  that  which  is  juft  fufficient  to  fet  the 
whole  in  motion,  when  A and  B are  equal,  and 
balance  each  other,  before  the  moving  force  is  ap- 
plied.” 


The 
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The  filk  line  by  which  the  weights  are  fufpend- 
ed  is  72  inches  long,  and  weighs  about  3 grains  ; 
a quantity  too  fmall  to  affe£l  fenfibly  the  refult  of 
the  experiments. 

The  effect  of  the  refinance' of  the  air  is  likewife 
infenlible ; for  that  refiftance  increafes  with  the  ve- 
locity, and  in  the  experiments  which  are  performed 
with  this  machine,  the  greateft  velocity  communi- 
cated to  the  bodies  A and  B,  cannot  much  exceed 
that  of  about  26  inches  in  a fecond. 

Experiment  iff.  Let  A and  B,  together  with  the 
2 | oz.  (which  are  equal  to  the  inertia  of  the 
wheels),  amount,  to  16  oz.  or  63W;  then  add  a 
weight  of  i oz.  that  is  m,  to  A,  and  A will  defeend 
and  will  defenbe  from  reft  three  inches  in  the  firfb 
fecond  ; fo  that  if  the  fquare  ftage  be  fixed'  even 
with  the  3 inches  on  the  fcale,  and  A be  permitted 
to  defeend  from  o on  the  fcale  juft  when  the  pen- 
dulum ftrikes,  it  will  be  found  that  exadly  when 
the  pendulum  ftrikes  the  next  ftroke,  the  body  A 
will  ftrike  againft  the  ftage.  If  the  experiment  be 
repeated  with  this  variation  only,  viz.  with  the 
ftage  fixed  even  with  the  12  inches  on  the  fcale, 
then  the  weight  A will  ftrike  the  ftage  exa<ftly 
when  the  pendulum  ftrikes  the  fecond  ftroke  after 
the  commencement  of  A’s  motion.  And  if  the 
ftage  be  fixed  even  with  the  27  inches,  the  ftroke 
of  A on  the  ftage  will  coincide  with  the  third 
ftroke  of  the  pendulum ; and  fo  on. 

Here 
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Here  it  is  evident  that  the  quantity  of  matter 
in  motion  is  reprefented  by  64  parts,  and  this  quan- 
tity is  put  in  motion  by  the  gravity  of  one  of  thofe 
parts ; therefore  the  moving  force  being  the  64th 
part  of  what  the  earth  would  otherwife  exert  upon 
the  whole  mafs,  this  mafs  muft  move  through  the 
64th  part  of  that  fpace  which,  if  defending  ireely, 
it  would  move  through  in  the  fame  time.  But  in 
the  natural  way  defcending  bodies  pafs  through 
16,087  feet,  or  193  inches,  in  the  firfl  fecond; 
therefore  in  this  experiment  the  body  A muft  de- 
fcend  through  the  64th  part  of  193,  viz.  3 inches 
nearly.  In  twofeconds  it  muft  defcend  through  4 
times  3,  or  12  inches;  in  three  feconds  it  muft 
defcend  through  9 times  3,  or  27  inches,  &c.  the 
fpaces  being  as  the  fquares  of  the  times. 

Experiment  cd.  If  the  weight  of  A and  B, 
together  with  the  inertia  of  the  wheels,  be  made 
equal  to  62  w,  and  a weight  of  2 m be  added  to  A, 
then  the  whole  mafs  in  motion  will  be  64 m,  and 
the  moving  force  2 m,  viz.  T'a-  of  the  mafs ; there- 
fore in  the  firfl  fecond  of  time  A will  be  found  to 
defcend  through  a fpace  equal  to  the  3 2d  part  of 
!93i  v'z-  6 inches.  In  two  feconds  it  will  defcend 
t trough  four  times  6,  viz.  24  inches,  and  fo  on. — 
Thus  the  force  may  be  varied  at  pleafure,  and  the 
fpace  defcribed  by  the  defcending  body  in  a given 
time  will  be  found  proportionate  to  the  force. 

Experiment  3d.  Let  the  quantity  of  matter  be 
63^,  as  in  the  firfl  experiment;  add  a bar  of  the 
weight  m to  A,  and  place  the  perforated  flage  even 

with 
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with  the  12  inches,  and  let  the  weight  A commence 
its  defeent  when  its  upper  furface  is  even  with  the 
o on  the  feale.  It  will  be  found  that  in  two  feconds 
the  bar  on  the  body  A will  ftrike  againft,  and  re- 
main on,  the  perforated  ftage,  after  which  the  body 
A,  not  being  any  longer  afted  upon  by  any  acce- 
lerative force,  will  continue  to  defeend  with  an 
equable  motion,  and  will  deferibe  (according  to  the 
law  which  has  been  mentioned  and  proved  in 
page  67.)  a fpace  equal  to  twice  the  above-men- 
tioned defeent  in  the  fame  time,  that  is,  24  inches 
in  2 feconds.  Thus  the  degree  of  velocity  acquired 
after  any  other  defeent  may  be  proved  experi- 
mentally. 

Experiment  4th.  Let  A be  equal  to  24- «, 
and  B equal  25 1 w,  and  apply  to  the  upper  furface 
of  A two  rods,  each  of  which  is  equal  m,  then  will 
the  weight  A preponderate  and  defeend  by  the 
adlion  of  a moving  force  equal  to  m ; the  whole 
mafs-  moved  being  equal  to  63??;.  Fix  the  per- 
forated ftage  at  26,44;  then- the  weight  A by  de- 
fcending  from  reft  through  26,44  inches,  will 
acquire  a velocity  equal  to  18  inches  per  fecond  : 

4 X IQ3  X 26,44 


f viz.  the  fquare  root  of 


-j  and 


at 


that  infant  the  two  rods,  each  of  which  is  equal  to 
w,  being  intercepted  by  the  ftage,  the  body  A will 
continue  to  defeend  with  an  uniformly  retarded 
motion;  which  will  be  precifely  the  fame  as  if  a 
mats  ot  61  m,  without  gravity,  were  projected  with 
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a velocity  of  iS  inches  in  a fecond  in  free  fpace,  and 
a force  or  refiftance  equal  to  m were  oppofed  10  its 
motion;  wherefore  A (with  the  other  parts  of  the 
fyftem)  will  lofe  its  motion  gradually,  and  will 
deferibe  a fpace  equal  to  25,6  inches  (that  is, 


motion  is  entirely  de- 


4X193  J 

ftroyed  : A will  therefore  be  obferved  in  the  expe- 
riment to  defeend  as  low  as  52  inches,  before  it 
begins  to  afeend  by  the  fuperior  weight  of  B, 

The  next  machine  we  lliall  deferibe  is  called  a 
whirling-table , and  its  ufe  is  for  (hewing,  in  an  ex- 
perimental way,  the  nature  and  properties  of  cen- 
tripetal and  centrifugal  forces. 

The  machine  itlelf  is  exhibited  by  fig.  1,  Plate 
IX.  and  the  apparatus  is  reprelented  by  the  num- 
bers 1,  2,  3,  &c.  adjoining  to  it*. 

Upon  the  fteady  table ///,  the  two  flrong  pillars 
e,  e are  immoveably  fixed,  which  are  alfo  fteadily 
ferewed  to  the  crofs  piece  a b.  Within  this  frame 
the  two  upright  hollow  axes  are  fituated  fo  that 
each  of  them  may  turn  with  a pointed  pin  in  a hole 
on  the  table,  and  with  its  upper  extremity  through 
a hole  in  the  crofs  piece  a b.  The  lower  part  of 


* Whirling  tableshave  been  varied  more  or  lefs  in  (hape  and 
fize  by  almoft  all  the  different  makers  of  thofe  inftruments. 
That  which  I have  preferred  has  confiderable  advantage  in 
point  of  fimplicity  and  durability.  This  machine  was  con- 
trived and  made  by  Mr.  J.  B.  Haas. 
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each  axis  is  immoveably  connected  with  a doubly 
grooved  wheel  or  pulley  KH,  CY  parallel  to  the 
table.  The  grooved  wheel  B turns  alfo  parallel  to 
the  table,  round  a firong  pin  or  axis  which  is  fixed 
to  the  table;  and  a catgut-firing  is  difpofed  round 
the  wheel  B,  and  round  the  large  or  fmall  circum- 
ference of  the  wheel  at  the  bottom  of  each  axis,  in 
the  manner  which  is  clearly  indicated  by  the  figure. 
In  this  difpofition  it  is  eafy  to  conceive  that  by 
applying  the  hand  to  the  handle  at  A,  and  turning 
the  wheel  B,  both  the  axes  will  be  caufed  to  turn 
round.  A iocket,  or  tube  I,  I is  connected  with  a 
circular  brafs  plate  FG,  ED,  and  fiides  freely  up 
and  down  each  axis.  From  the  infide  of  each  of 
thole  tubes  or  fockets  a wire  pafles  through  an 
oblong  flit,  and  projects  within  the  cavity  of  the 
axis,  where  it  is  fhaped  like  a hook;  fo  that  a firing 
may  be  tied  to  this  hook,  which  pafiing  upwards 
through  the  aperture  of  the  axis;  may  be  pulled  or 
let  down  in  filch  a manner  as  to  let  the  plate  and 
iocket  move  up  or  down  the  axis.  Upon  thofe 
plates*  femicircular  leaden  weights  o o may  be 
placed  occafionally. — Thole  weights,  being  per- 
forated, are  flipped  over  two  wires  which  proceed 
from  the  plate  ED,  or  F G,  as  they  are  indicated 
by  the  figure;  by  which  means  the  weights  are 
prevented  from  tailing  oil. 

To  the  upper  part  of  each  axis  (viz.  to  the  part 
of  it  which  projects  above  the  crofs  piece  ab)  a 
variety  of  different  mechanifms  may  be  occafion- 

ally 
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ally  (crewed  To  fail  as  to  turn  with  the  axis  wheii 
the  machine  is  in  action. 

The  oblong  pieces  which  arc  reprefented  in  the 
figure  as  being  actually  fixed  to  the  axes,  are  called 
hearers. — Their  conflruction  being  exactly  the  fame, 
we  need  defcribe  only  one  of  them. 

A perforated  brafs  plate  with  a ftrong  fcrew 
which  fits  the  fcrew  at  the  top  of  the  axis,  is  fixed 
in  the  middle  of  the  bearer  ML;  fo  that  when  the 
bearer  is  (crewed  to  the  axis,  the  hole  in  it  com- 
municates with  the  cavity  of  the  axis.  On  one 
fide  of  this  hole,  a perpendicular  projection  T rifes 
above  the  furface  of  the  bearer,  and  a fimiiar  pro- 
jection lifes  above  the  end  L of  the  bearer,  which 
is  on  the  other  fide  of  the  central  hole.  Twd 
fmooth,  ftrong,  and  parallel  wires  are  ftretched 
between  thofe  two  projections  by  means  of  the 
ferew-nuts  at  W.  A cylindrical  heavy  body  V is 
perforated  with  two  longitudinal  holes,  through 
which  the  abovementioned  wires  pafs,  fo  that  the 
body  may  be  freely  moved  backwards  and  forwards 
Upon  thofe  wires.  On  that  fide  of  the  cylinder  V, 
which  lies  towards  d , there  is  a hook,  to  which  a 
flung  is  faftened.  This  firing  pafies  through  a 
hole  in  the  projection  T ; after  which  it  goes  round 
the  grooved  pulley  S,  which  moves  round  an  axis 
in  an  upright  frame  //,  fixed  to  the  bearer,  and 
whofe  fituation  is  l'uch  that  the  firing  in  its  defceot 
at  T,  may  pafs  through  the  middle  of  the  hole  in 
fhe  bearer,  and  of  the  cavity  of  the  axis,  fb  as  t<j» 

be 
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be  fattened  with  its  extremity  to  the  hook  of  the 
wire  which  proceeds  from  the  focket  of  the  plate 
E D.  After  this  defeription  it  is  eafy  to  under- 
ftand,  that  the  cylinder  V and  the  plate  ED  are 
connected  together  by  means  of  the  firing,  and 
that  if  V be  drawn  towards  W,  in  which  fituation 
it  appears  in  the  figure,  the  plate  E D with  its 
iuperincumbent  weights  will  be  pulled  towards  the 
upper  part  of  the  axis ; otherwife  the  weight  of 
the  plate  E D will  draw  the  cylinder  V towards 
T,  and  will  ilfelf  defeend  towards  the  lower  part 
of  the  axis. 

Either  of  thofe  bearers  may  be  removed  from, 
and  one  of  the  following  mechanifms  may  be 
fc rewed  fait  upon,  the  axis. 

No.  i.  reprefents  a circular  board,  turned  upfide 
down,  having  a ftrong  ferevv  in  its  middle,  which 
fits  the  ferew  at  the  top  of  either  axis  of  the  ma- 
chine. There  is  a hole  through  the  middle  of  this 
board  and  of  its  ferew,  which  opens  the  communi- 
cation with  the  cavity  of  the  axis.  But  this  hole 
in  the  middle  of  the  board  may  be  occafionally 
filled  up  with  a piece  of  wood  in  the  form  of  a 
ttopple,  which  is  furnifhed  with  a fhort  pin,  that, 
when  the  piece  of  wood  is  fixed  in  the  hole,  pro- 
icds  a little  above  the  furface  of  the  board. 

No.  2.  is  an  oblong  bearer,  which  may  be  ferewed, 
like  any  of  the  others,  upon  one  of  the  axes  of  the 
machine.  It  lias  an  upright  projedtion  at  each 
end,  and  a ftrong  and  Imootli  wire  is  ftretched  be- 
tween 
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tween  thofe  projections  by  means  of  the  (crew  nuts, 
A,  B.  C and  D are  two  perforated  brafs  balls,  of 
unequal  weights,  which  arc  connected  together  by 
means  of  a brafs  tube,  dnd  are  freely  moveable 
upon  - the  wire  AB  from  one  end  to-  the  other. 
On  the  outfide  of  the  brafs  tube  which  conneCts 
the  two  balls,  there  is  fixed,  exaCtly  at  the  com- 
mon centre  of  gravity  of  thofe  balls,  a fhort  wire 
E as  an  index,  which  ferves  to  (hew  when  the 
common  centre  of  gravity  of  thofe  balls  is  placed 
exaCtly  again  ft  the  middle  of  the  bearer. 

No.  3.  reprefents  a board  having  at  its  lower  end 
C,  a lcrew  which  fits  the  ferew  at  the  too  of  one 
of  the  axes  of  the  machine,  upon  which  it  may 
be  firmly  ferewed  but  this  ferew  is  fituated  a 
little  afiant  to  the  board,  fo  that  when  placed  upon 
the  axis  of  the  machine  this  board  may  Hand  in- 
clined to  the  horizon,  making  an  angle  of  30  or  40 
degrees  with  it. 

On  the  upper  fide  of  this  board  are  fixed  two 
glafs  tubes,  A G and  B F,  dole  flopped  at  both 
ends ; and  each  tube  is  about  three-quarters  full 
of  water.  In  the  tube  B F is  a little  quickfilver, 
which,  in  confequence  of  its  weight,  remains  un- 
der the  water  at  the  end  B.  In  the  other  tube  A G 
is  a piece  of  cork,  which  being  lighter  than  water, 
floats  upon  it  towards  the  end  G,  and  is  fo  fmall 
as  not  to  flick  fail  within  the  cavity  of  the  tube. 

No.  4.  is  an  axis  or  ftrong  wire  fixed  to  a board, 
and  having  a ferew  at  its  lower  part  beneath  the 
vol.  1.  x board 
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board,  which  fits  the  fcrew-hole  at  the  top  of  one 
of  the  axes  of  the  whirling  table.  Two  circular 
brals  hoops,  AC,  BD,  made  very  thin  and  pliable, 
foldered  to  each  other,  and  foldered  or  ferewed 
to  the  axis,  at  I,  have  each  a hole  at  the  upper 
part  through  which  the  axis  pafles  freely  ; fo  that 
if  a hand  be  applied  to  the  upper  part  E of  thofe 
hoops,  they  may  be  flattened  down  as  far  as  the 
pin  O,  which  is  feen  acrofs  the  axis.  In  this  cafe 
the  hoops  will  change  their  circular  form  into  an 
elliptical  one  ; but,  being  elaflic,  they  will  relume 
their  circular  form  as  foon  as  the  preflure  is  re- 
moved. 

/ 

No.  5.  reprefents  a hemifphere,  which  is  to  be 
fituated  upon  the  board  No.  1,  when  that  is  fixed 
upon  one  of  the  axes  of  the  machine,  in  the  fol- 
lowing manner ; A pin  with  a ferew  e (which  is 
not  fixed  to  the  hemifphere)  is  ferewed  in  the  mid- 
dle of  the  board  fo  as  to  projeft  a little  above  it, 
and  the  hemifphere  A is  laid  upon  it,  there  being  a 
cavity  d i on  the  flat  part  of  the  hemifphere  made  on 
purpofe  to  lodge  the  pin ; but  this  cavity  is 
an  oblong  groove,  as  is  pretty  well  indicated  by 
the  dotted  line  on  the  figure  of  the  hemifphere; 
and  it  is  made  fo  that  the  hemifphere  by  Hiding 
over  the  pin  the  whole  length  of  that  groove,  may 
be  placed  either  concentric  with  the  board,  or  out 
of  centre  with  it.  The  lateral  wire  C,  with  the 
frnall  ball  B,  may  be  fprewed  occafionally  on  the 

fide 
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fide  of  the  hemifphere  A,  in  a direction  oppofite 
to  that  of  the  abovementioned  groove. 

No.  6.  reprefents  a forked  wire  with  a fcrew  at 
its  lower  part,  which  fits  the  fcrew  in  the  middle 
of  the  board  No.  1.  This  fork  ferves  to  fupport 
the  wire  C with  the  two  unequal  balls  A and  B ; 
but  this  wire  being  in  no  way  connected  with  the 
forked  wire,  niuft  be  balanced  upon  it,  that  is,  it 
mutt  be  laid  with  the  common  centre  of  gravity 
upon  the  fork ; which  is  eafily  done  by  trial. 

No.  7.  reprefents  a ball  of  about  two  inches  in 
diameter,  having  a hole  from  fide  to  fide,  through 
which  a wire  BA  paffes  quite  freely.  This  wire 
out  of  the  ball  at  A is  lhaped  like  the  letter  T, 
each  of  whofe  projeftions  is  longer  than  the  ra- 
dius of  the  ball,  and  has  a blunt  termination.  On 
the  other  fide  B the  wire  terminates  in  a ring,  to 
which  a firing  is  tied. — We  {hall  now  proceed  to 
defcribe  the  experiments  which  are  to  be  made 
with  the  whirling  table  and  its  apparatus. 

Experiment  1.  Fix  the  board  No.  1.  upon  one 
of  the  axes  of  the  machine,  and  put  the  piece  of 
wood  or  flopper  with  the  pin,  in  the  middle  of  it 
Take  the  ball  apparatus,  No.  7,  make  a loop  on  the 
fend  C of  the  firing,  taking  care  that  the  length 
CA  be  not  greater  than  the  radius  of  the  board. 
Put  the  loop  of  the  firing  over  the  pin  in  the  mid- 
dle of  the  board,  and  leave  the  ball  upon  the 
board.  Then  apply  a hand  at  A,  and  turn  the 
Wheel  B of  the  machine,  which  will  give  the  board 

x 2 a whirl- 
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a whirling  motion.  It  will  be  found  that  the  ball 
does  not  immediately  begin  to  move  with  the 
board  ; but,  on  account  of  its  inertia , it  endeavours 
to  continue  in  its  {late  of  reft,  in  which  it  flood 
before  the  machine  was  put  in  motion.  But,  by 
means  of  the  fruition  on  the  board,  that  inertia  is 
gradually  overcome ; fo  that  by  continuing  to 
whirl  the  board,  the  ball’s  motion  will  become 
equal  to  that  of  the  board ; after  which  the  ball 
will  remain  upon  the  fame  part  of  the  board,  it 
being  then  relatively  at  reft  upon  the  board.  But 
if  you  flop  the  board  fuddenly,  by  applying  a hand 
to  it,  the  ball  will  be  found  to  go  on  in  virtue  of 
its  inertia , and  continue  to  revolve,  until  the  fric- 
tion of  the  board,  by  gradually  diminifliing  its  ve- 
locity, finally  flops  it.  This  thews  that  matter  is 
as  incapable  of  flopping  itfelf  when  in  motion,  as 
it  is  incapable  of  moving  itfelf  from  a ftate  of 
reft. 

Experiment  2.  Remove  the  piece  of  w'ood  with 
the  pin  from  the  middle  of  the  board.  Inftead 
of  the  firing  with  the  loop,  put  a longer  firing  to 
the  ring  B of  the  ball  No.  7.  L?t  this  firing  down 
through  the  hole  in  the  middle  of  the  boaic,  mid 
through  the  cavity  of  the  axis,  and  fallen  it  to 
the  ring  of  the  wire  which  proceeds  from  the  locket 
of  the  plate  FG  ; the  weight  of  which  will  draw 
the  ball  towards  the  centre  of  the  board.  Care 
muft  be  had  to  let  the  firing  be  of  fuch  a length 

as  that  when  the  plate  FG  is  quite  down,  the  ring 

B of 
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B of  No.  7.  be  about  an  inch  from  the  hole  in  the 
middle  of  the  circular  board.  The  weight  of  the 
plate  FG  muft  be  very  little  more  than  fufficient 
to  draw  the  ball  to  the  abovementioned  fituation ; 
for  which  purpofe  the  leaden  weights  muft  be  re- 
moved from  over  the  plate  FG,  its  own  weight 
alone  being  fufficient  for  the  purpofe. 

Having  placed  the  ball  fo  that  the  ring  B may 
be  about  one  inch  diftant  from  the  centre  of  the 
board,  put  the  machine  in  motion  by  turning  the 
wheel  B ; and  it  will  be  found  that  the  ball  by 
going  round  and  round  with  the  board,  will  gra- 
dually fly  off  to  a greater  and  greater  diftance  from 
the  centre  of  the  board,  raffing  up  the  plate  FG 
at  the  fame  time;  which  thews  that  all  bodies 
which  revolve  in  circles,  have  a tendency  to  fly. off, 
fo  that  a certain  power  from  the  centre  muft  a£t 
upon  them  in  order  to  prevent  their  flying  off.  If 
the  machine  be  flopped  fuddenly,  the  ball  will 
continue  to  revolve  for  fome  time  longer;  but  the 
friftion  of  the  board  gradually  diminithing  its  ve- 
locity, its  tendency  to  fly  off  will  alfo  decreafe,  and 
the  weight  of  the  plate  FG  will  gradually  draw  it 
nearer  and  nearer  the  centre,  until  its  motion 
eeafes  entirely. 

Experiment  3d.  Let  the  apparatus  remain  as 
in  the  preceding  experiment,  excepting  only  that 
the  firing,  being  difengaged  from  the  plate  FG 
muft  be  let  out  of  the  flit  in  the  axis,  and  the  ope- 
rator muft  hold  its  extremity  in  his  hand.  With 
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his  other  hand  the  operator  mud  throw  the  ball 
upon  the  circular  board  as  it  were  in  a dire<fh ion 
perpendicular  to  the  firing,  by  which  means  the  ball 
will  make  feveral  revolutions  upon  the  board  (the 
machine  being  in  this  experiment  at  reft).  But  if 
whiHl  the  ball  is  revolving  you  gradually  pull  the 
lower  end  of  the  firing  below  the  board,  you  will 
find  that  the  ball,  in  proportion  as  it  comes  nearer 
to  the  centre  of  motion,  and  of  courfe  it  performs 
its  revolutions  in  fmaller  circles,  will  revolve  fader; 
which  fhews, asfar  as  fuch  a machine  can  do  it,  that 
the  lame  moving  force  will  enable  a revolving  body 
to  deferibe  a circular  orbit  fatter  when  the  circle  is 
fmaller,  and  flower  when  the  circle  is  larger.  (See 
chap.  VIII.) 

Experiment  4th.  Remove  the  circular  board, 
and  in  dead  of  it,  put  the  bearer  on  the  axis;  fo 
that  both  the  bearers  may  be  upon  the  machine,  as 
is  reprefented  in  the  figure. 

Let  the  cylinders  R V,  be  of  equal  weights ; 
place  equal  weights  upon  the  plates  FG,  ED;  and 
adjud  the  lengths  of  the  firings  which  connect, 
thofe  cylinders  with  thole  plates,  fo  that  when  the 
plates  are  quite  down  the  cylinders  may  dand  at 
equal  but  fmall  didances  from  the  centres  of  their 
refpedlive  bearers.  The  catgut  firing  mud  be  put 
either  over  both  the  large,  or  over  both  the  fmall 
circular  grooves  at  the  bottom  of  the  axes  (on 
which  account  it  is  necelfary  to  have  two  catgut 
firings,  viz.  one  longer  than  the  other)  then  put  the 
4 machine 
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machine  in  motion,  and  the  cylinders  R,V  will  be 
ieen  to  recede  from  the  centres  of  the  bearers,  and 
to  advance  towards  the  ends  X and  W,  raifing  at 
the  fame  time,  and  to  an  equal  height,  the  plates 
FG,  ED.  This  experiment  proves  that  when  equal 
bodies  revolve  in  equal  circles,  with  equal  velocities, 
their  centrifugal  forces  are  equal. 

Experiment  5th.  In  Head  of  the  cylinder  R, 
place  another  cylinder  of  half  its  weight,  viz  equal 
to  half  the  weight  of  V,  on  the  wires  of  the  bearer 
PN ; adjull  the  firings  fo  that  when  the  plates 
FG,  ED  are  quite  down,  the  diflance  of  the  cylin- 
der V from  the  centre  of  the  bearer  ML  may  be 
half  the  diflance  of  the  other  cylinder  from  the 
centre  of  its  bearer,  which  is  eafily  fhewn  by  the 
diviiions  which  are  marked  upon  the  bearers;  and 
leave  the  reft  of  the  apparatus  as  in  the  preceding 
experiment.  Now  when  the  machine  is  put  in  mo- 
tion, there  will  be  two  bodies  revolving,  one  of 
which  is  half  the  weight  of  the  other,  but  the  for- 
mer revolves  in  a circle  which  is  as  large  again  as 
the  circle  in  which  that  other  revolves.  And  it 
will  be  found  that  the  equal  weights  of  the  plates 
FG,  ED  will  be  equally  railed ; which  lhews  that 
the  centrifugal  forces  of  the  revolving  bodies  (which 
raife  the  plates  FG  EDj  are  equal  as  long  as  the 
products  of  the  bodies  multiplied  each  by  its  ve- 
locity, viz.  the  momentums,  are  equal. 

The  proportion  of  the  weights  of  the  two  bodies 
may  be  varied  at  pleafure ; but  the  firings  mufl  be 
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adjufied  fo  that  their  diftances  from  the  centres  of 
the  bearers  may  be  inverfely  as  thofe  weights;  and 
the  plates  FG,  ED,  which  are  loaded  with  equal 
weights,  will  always  be  lifted  to  equal  heights  ; the 
produdts  of  the  bodies  by  their  refpedtive  velocities 
being  always  equal. 

Experiment  6th.  Repeat  the  preceding  expe- 
riment, with  this  difference,  that  the  cylinders  be 
left  at  equal  diftances  from  the  centres  of  their 
refpedtive  bearers ; alfo  that  the  weights  on  the  plates 
FG,  ED  be  in  the  proportion  of  the  weights  of 
the  cylinders,  viz.  when  V weighs  as  much  again  as 
R,  the  weight  of  the  plate  ED  muft  be  double  the 
weight  of  the  plate FG,&c.  On  putting  the  machine 
in  motion  it  will  be  found  that  the  plates  bG,  ED 
are  railed  to  the  Erne  height;  which  proves  that 
when  revolving  bodies  move  with  the  lame  velo- 
city, their  centrifugal  forces  are  proportionate  to 
their  refpedtivc  quantities  of  matter. 

Experiment  7 th.  Put  cylinders  of  equal  weights 
on  the  wires  of  the  bearers  PN,  ML.  Place  the 
catgut  firing  round  the  wheel  B,  the  wheel  Y,  and 
round  the  fmall  wheel  H,  which  is  exactly  the  dif- 
pofition  reprelented  by  the  figure.  Alfo,  adjuft  the 
firings  between  the  cylinders  and  the  axes,  fo 
that  when  the  plates  FG,  ED  arc  quite  down,  the 
cylinders  may  lie  at  equal  diftances  from  the  cen- 
tres of  the  bearers.  Farther,  if  the  circumference 
of  the  wheel  Y be  equal  to  twice  that  of  the  wheel 
H,  you  muft  put  four  times  as  much  weight  on 
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the  plate  FG,  as  upon  the  plate  ED".  If  the  cir- 
cumference of  the  wheel  Y be  equal  to  three 
times  that  of  the  wheel  Ii,  you  mull  put  nine 
times  as  much  weight  on  EG  as  upon  ED.  In 
fhort  the  weights  on,  the  plates  mud  be  inverfely 
as  the  fquares  of  the  circumferences  of  the  wheels 
Y and  H.  On  putting  the  machine  in  motion  it 
will  be  found  that  the  plates  FG,  ED  are  raifed 
to  an  equal  height ; which  thews  tnat  when  equal 
bodies  revolve  in  equal  circles  with  unequal  velo- 
cities, their  centrifugal  forces  are  as  the  fquares  of 
the  velocities. 

Experiment  3th.  Let  the  catgut  remain  in  the 
fame  f tuation  as  in  the  laft  experiment,  and  let  the 
circumference  of  the  wheel  Y be  to  that  of  the  wheel 
H as  two  to  one  (in  which  proportion  the  circumfe- 
rences of  thole  wheels  of  whirling  machines  are  gene- 
rally conftruded).  Alfo  let  the  cylinders  R and  V be 
of  equal  weights,  but  adjuft  the  firings  fo  that  when 
the  plates  FG,  ED  are  quite  down,  the  diftance  of 
the  cylinder  R from  the  centre  of  the  bearer  PM 
be  two  inches,  whilft  that  of  the  cylinder  V from 
the  centre  of  the  bearer  ML  be  3-^  inches*.  The 
circumference  of  the  wheel  Y being  equal  to  twice 


* Inftead  of  inches,  the  diftances  may  be  of  any  other 
denomination  ; provided  they  be  in  that  proportion.  The 
bearers  are  generally  divided  into  equal  parts  which  are 
longer  than  inches ; fo  that  the  diftances  may  be  made 
egual  to  2 and  3'.  of  thofe  diviftons. 
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the  circumference  of  the  wheel  H,  it  follows  that 
when  the  machine  is  put  in  motion,  V muff  make 
one  revolution  whilft  R makes  two;  therefore  their 
periodical  times  are  as  one  to  two,  and  the  fquares 
of  thofe  times  are  i and  4;  the  former  of  which  is 
contained  four  times  in  the  latter.  But  the  dif- 
tance  of  R is  a,  the  cube  of  which  is  8;  and  the 
diftance  of  \ is  3 -g,  the  cube  of  which  is  32  nearly, 
in  which  8 is  contained  4 times;  therefore  the 
fquares  of  the  periodical  times  are  as  the  cubes  of 
the  di fiances.  Now  let  the  weight  of  the  plate  ED 
be  4 ounces,  equal  to  the  fquare  of  the  diftance  2; 
and  the  weight  of  the  plate  FG  be  10  ounces, 
nearly  equal  to  the  fquare  of  the  diftance  3-^  ; then 
on  turning  the  wheel  B,  which  will  put  the  axes  in 
motion,  it  will  be  found  that  the  plates  FG,  ED 
are  raifed  to  an  equal  height. 

This  experiment  proves  that  when  equal  bodies 
revolve  in  unequal  circles,  and  the  fquares  of  the 
times  of  their  going  round  are  as  the  cubes  of  their 
diftances  from  the  centres  of  the  circles,  then  their 
centrifugal  forces  are  inverfely  as  the  fquares  of  their 
diflances. 

Experiment  gth.  Remove  one  of  the  bearers 
from  the  machine,  and  place  the  mechanifm  No.  3, 
upon  the  axis.  (See  the  defeription  of  this  me- 
chanifm in  p.  305.)  On  turning  the  wheel  B,  it 
will  be  found  that  the  contents  of  the  slats  tubes 
AG,  BF  will,  in  confequence  of  their  centrifugal 
forces,  run  towards  the  outward  and  uppermoft  ends 

of 
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of  thofe  tubes.  And  fincc  with  equal  velocities 
the  heavieft  bodies  have  the  greatcfl  centrifugal 
force,  therefore  the  quick filver  in  the  tube  BF  will 
go  quite  to  the  end  F of  the  tube;  its  weight 
being  greater  than  that  of  an  equal  bulk  of  water; 
but  in  the  tube  AG  the  piece  of  cork  will  be  found 
at  the  bottom  of  the  water;  the  water  being  much 
heavier  than  an  equal  bulk  of  cork. 

Experiment  10th.  Remove  the  apparatus  No. 
3,  and  place  No.  4.  upon  the  axis.  On  putting  the 
machine  in  motion,  the  upper  part  E of  the  hoops 
will  defeend  towards  the  pin  O,  and  the  quicker  the 
machine  is  whirled,  the  nearer  will  the  hoops  come 
to  the  pin,  their  middle  parts  receding  at  the  fame 
time  from  the  axis;  fo  as  to  affume  an  elliptical 
form.  This  effect  arifes  from  the  different  centri- 
fugal forces  of  the  different  parts  of  thofe  hoops; 
the  centrifugal  forces  of  thole  parts  which  are  far- 
ther from  the  axis  of  motion  being  greater  than  of 
thofe  which  are  nearer  to  it. 

It  appears  therefore,  that  when  globular  bodies, 
whofe  matter  is  fufficiently  yielding,  revolve  round 
their  axes,  their  figure  cannot  be  perfectly  fpherical, 
but  it  is  that  of  an  oblate  fpheroid. 

Experiment  nth.  Remove  the  preceding  ap- 
paratus from  the  axis  of  the  whirling  t^ble;  place 
the  board  No.  1.  upon  it ; fix  the  pin  e of  the  ma- 
chine No.  5.  in  the  middle  of  the  board,  with  the 
liemifphere  A upon  it,  but  without  the  wire  C. 
If  the  hemifphere  A be  placed  concentric  with  the 

board. 
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board,  on  whirling  the  machine,  the  hemifphere 
will  be  found  to  remain  in  its  place  upon  the  board  ; 
the  centre  of  gravity  of  the  hemifphere  coinciding 
with  the  centre  of  motion.  But  if  the  centre  of 
the  hemifphere  be  placed  a little  on  one  fide  of  the 
centre  of  motion,  then  on  whirling  the  machine, 
the  larger  portion  of  the  hemifphere,  which  lies  on 
one  fide  of  the  centre  of  motion,  will  acquire  a 
greater  centifugal  force,  and  confequently  will  draw 
the  hemifphere  that  way  ; fo  that  the  pin  hiding 
through  the  groove  d /,  the  hemifphere  will  at  laft 
be  found  with  the  part  d upon  the  pin. 

If  the  wrire  C with  the  little  body  B be  ferewed 
on  the  fide  of  the  hemifphere,  and  the  latter  be 
placed  upon  the  pin,  concentric  with  the  board  ; 
on  whirling  the  machine,  the  fame  thing  as  the  laft 
mentioned  effeft  will  take  place ; for  though  the 
hemifphere  be  placed  concentric  with  the  board, 
yet  when  the  body  B is  affixed  to  it,  their  common 
centre  of  gravity  is  different  from  the  centre  of 
gravity  of  the  hemifphere  alone. 

Experiment  12th.  Nearly  the  fame  thing  is 
fhewn  by  means  of  the  apparatus  No.  2.  For  when 
this  is  ferewed  upon  the  axis  of  the  whirling  table, 
(the  preceding  mechanifm  being  removed)  if  the 
index  E,  viz.  the  centre  of  gravity  of  the  two 
bodies  C,D,  be  placed  exactly  over  the  centre  of 
the  bearer  AB,  the  whirling  of  the  machine  will 
not  move  the  faid  bodies  upon  the  wire  AB ; 
but  if  the  centre  of  gravity  E be  placed  ever  fo 

little 
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little  on  one  fide  of  the  centre  of  motion,  on  whirl- 
ino-  the  machine,  the  two  bodies  will  move  towards 
that  fide,  as  far  as  the  upright  projection  A or  B. 

Experiment  13th.  >.  The  fame  thing  may  be 
(hewn  by  means  of  the  mechanifm  No.  6.  I lacc 
the  circular  board  No.  1.  upon  one  of  the  axes  of 
the  whirling  machine;  fix  the  forked  wire  D,  of 
No.  6.  in  the  middle  of  it ; balance  the  bodies 
A,B,  with  their  connecting  wire,  upon  the  fork , 
then  put  the  machine  in  motion  by  turning  the 
wheel  B,  and  the  bodies  A,B  will  remain  balanced 
upon  the  fork  and  will  turn  with  it. 

A vafl  variety  of  machines  have  been  invented 
for  the  purpofe  of  illuftrating  other  branches  of 
the  doctrine  of  motion  and  equilibrium  ; but  as 
the  propofitions  which  relate  to  fuch  other  branches 
are  very  eafy  and  evident,  the  particular  deiCrip- 
tion  of  thofe  machines  would  render  the  work 
voluminous,  without  proving  of  much  advantage 
to  the  reader.  I fhall  therefore  only  add  a fhort 
account  of  the  manner  of  (hewing,  by  means  of 
pendulums,  the  principal  phenomena  which  attend 
the  collifion  of  bodies ; and  the  defeription  of  a 
machine  which  ferves  to  fhew  a few  of  the  cafes, 
which  relate  to  the  compofition  and  refolution  of 
forces,  with  which  this  chapter  will  be  concluded. 

The  phenomena  which  attend  the  direCi  collifion 
of  bodies,  viz.  when  their  centres  of  gravity  lie  in 
the  diredtion  of  their  motion,  may  be  very  com- 
modioufly  exhibited  by  means  of  pendulums,  fuch 
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are  represented  in  the  figures  4,  5,  6 of  Plate  VIII; 
for  it  one  of  the  pendulums  as  A in  fig.  5,  be  re- 
moved to  a certain  diflance  from  the  perpendicu- 
lar, as  to  the  fituation  BC,  and  be  then  let  go,  the 
impulfe  which  its  ball  gives  to  the  next  pendulum 
D,  will  force  the  latter  to  move  from  its  Hate  of 
reft,  and  to  defcribe  a certain  arch,  which  will  be 
longer  or  fiiorter  according  to  the  quantity  of  mat- 
ter of  the  body  which  is  ftruck,  and  according  to 
the  momentum  of  the  fi.rik.ing  body,  which  mo- 
mentum may  be  increafed  or  diminifhed  by  elevat- 
ing the  (hiking  body  to  a greater  or  lefifer  angle, 
and  by  varying  its  weight.  The  pendulums  may 
alfo  be  made  to  (hike  againft  each  other  after  hav- 
ing been  both  put  in  motion,  either  the  fame  way  or 
contrary  ways. 

The  effects  of  the  collifion,  viz.  the  directions  of 
the  bodies  after  the  ftroke,  and  their  velocities,  may 
be  eftimated  by  obferving  the  arches  which  they 
defcribe  after  the  impadt. 

In  this  manner  the  experiments  may  be  perform- 
ed on  elaftic,  as  well  as  non-elaftic,  bodies.  When 
the  bodies  are  required  to  be  elaftic,  ivory  balls 
are  lu (pended  to  the  threads;  but  when  the  bo- 
dies are  to  be  non-elaftic,  the  balls  are  made  of  foft 
wax*,  or  of  moift  clay.  And  though  the  former 

be 


* White  wax  may  be  rendered  fufficiently  fofc  for  this 
purpo:e  by  melting  it  over  a gentle  fire  and  incorporating 
it  with  about  one  quarter  ot  its  Weight  of  olive-oil ; it  may 
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be  not  perfectly  elaftic,  nor  the  latter  perfectly 
non-el  attic ; yet  the  difference  which  arifes  from 
their  impeded  properties,  is  io  trifling,  that  it 
may  he  fafely  negledcd  in  thefe  experiments.  And 
here  it  is  proper  to  obferve  that  in  performing  luch 
mechanical  experiments,' wherein  fome  allowance 
muff;  be  made  on  account  of  fridion,  of  refiftance 
of  the  air,  of  impeded  elafticity,  &c.  the  refult 
muff:  be  reckoned  conclufive  as  long  as  the  effed 
is  fomevvhat  lefs  than  what  it  ought  to  be  accord- 
ing to  the  theory ; but  if  the  effed  is  greater  than 
that  which  is  determined  by  calculation  ; then  fome 
defed  in  the  machinery,  or  error  in  the  theory,  muft 
be  fufpeded. 

In  the  abovementioned  figures  the  threads  of  the 
pendulums  are  reprelented  as  being  fixed  to  com- 
mon nails  ■,  but  a machine,  or  ftand,  may  be  eafily 
contrived  (and  many  machines  of  this  fort  are  de- 
feribed  in  almott  all  the  books  of  mechanical  phi- 
lofophy *  *)  upon  which  two  or  more  pendulums  may 
be  eafily  fufpended;  where  the  lengths  of  the  pen- 
dulums might  be  accurately  adjufted,  and  where  a 
graduated  arch,  as  in  fig.  5,  might  be  eafily  applied. 


afterwards,  when  cooled,  be  eafily  formed  into  balls,  and  the 
figure  of  the  balls  may  be  eafily  reflored,  after  being  altered 
in  the  courfe  of  the  experiments. 

* The  beft  aefeription  of  the  conftrudion  and  ufe  of 
fuch  a machine,  is,  in  my  opinion,  that  which  is  given  at 
large  in  the  fecond  Book  of  s’Gravefande’s  Mat.  Elem.  of 
Nat.  Phil,  edited  by  Defaguliers. 
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for  the  purpofe  of  meafuring  the  arches  from  which 
the  pendulums  are  permitted  to  defcend,  cr  thofe 
to  which  they  afcend. 

The  facility  with  which  fuch  machines  may  be 
contrived  and  conftrufted  renders  the  particular 
defcription  of  any  of  them  in  this  place  iuperfluous; 
one  particular  mechanifm  concerning  it  is  however 
defervingof  notice;  and  fuch  is  reprefented  by  fig, 
7,  Plate  VIII.  When  a pendulous  body,  fufpended 
by  a tingle  tiring,  is  railed  to  a certain  height  in 
order  to  give  it  motion,  the  leatl  jerk  or  irregularity 
of  the  hand  is  fufficient  to  make  it  deviate  from 
the  proper  plane  of  vibration,  in  which  cafe  the 
ftroke  on  the  other  pendulous  body  will  not  be 
given  in  the  di  reft  ion  of  its  centre  of  gravity  ; hence 
the  effeft  will  not  turn  out  conformable  to  the 
theory.  Now  the  fufpenfion  which  is  reprefented 
in  fig.  7,  avoids  the  poffibility  of  that  deviation; 
and  therefore  fuch  fufpenfion  has  been  generally 
adopted  for  experiments  of  the  abovementioned 
nature.  DE  is  a flip  of  brafs,  the  form  of  which  is 
fufficiently  indicated  by  the  figure.  It  is  faftened 
to  the  ball  by  means  of  a ferevv,  and  the  thread 
BDEC,  whofe  two  extremities  are  faftened  at  B 
and  C to  a bracket,  or  horizontal  arm  of  the  ma- 
chine, paffes  through  two  holes  in  the  projections 
D,E  of  the  brafs  flip.— It  is  evident  that  this  pen- 
dulum mufti  vibrate  in  a plane  perpendicular  to 
the  plane  BD  EC  of  the  figure,  without  any  pof- 
fible  deviation. 


Fig-  5- 
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pig.  5.  reprefents  the  cafe  when  the  bodies  are 
equal,  and  with  this  apparatus  one  of  the  bodies 
may  be  made  to  {trike  again  ft  the  other  at  reft  ; or 
they  may  be  made  to  ftrike  againft  each  other 
when  they  are  both  in  motion.  The  fame  variety 
of  experiments  may  be  performed  with  the  pen- 
dulums fig.  4.  but  in  theie  the  quantities  of  mat- 
ter are  unequal. 

Fig.  6.  reprefents  the  cafe  in  which  three  equal 
elaftic  bodies  lie  contiguous  to  each  other,  where 
if  one  of  the  outer  bodies,  as  F,be  lifted  up  to  G,  and 
then  be  permitted  to  defeend  againft  E,  the  ftroke 
will  be  communicated  from  E to  D;  fo  that  E 
will  remain  at  reft,  and  D will  be  impelled  up  to 
H. — For  the  various  cafes  of  colli  lion  which  may 
be  exhibited  by  means  of  pendulums,  fee  chap. 

VII. 

Various  machines  have  been  contrived  for  the 
purpofe  of  illuftrating  the  compofition  and  refolu- 
tion  of  forces ; and  the  weights  fuftained  by  ob- 
lique powers*.  One  of  the  cleared  methods  of 
(hewing  the  compofition  of  forces  is  the  following  : 

Sufpend  two  pendulums  ACI,  BD,  as  reprefent- 
ed  by  fig.  8.  Plate  VIII.  fo  that  their  balls  may  be 
very  little  above  the  furface  of  a flat  and  fmooth 


* Such  machines  are  particularly  deferibed  in  moft  of 
the  works  on  mechanics  and  natural  philofophy,  efpecially 
Gravefande’s  Elem.  of  Natural  Phil,  and  Muflchen- 
broek’s  Philofophy. 
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table  LM  RK.  Place  an  ivory  ball,  E,  upon  the 
table,  in  con  tad  with  both  the  balls  of  the  pendu- 
lums ; then  if  you  draw  the  pendulum  A a cer- 
tain way  out  of  the  perpendicular  diredion,  and 
then  let  it  fail  againft  the  ball  E,  in  the  diredion 
F,0,  the  ball  E will  be  forced  to  move  from  E to 
O.— Replace  the  ball  E in  its  former  fituation ; 
raife  the  pendulum  B fo  as  to  make  an  angle  with 
the  perpendicular,  equal  to  that  made  by  the  other 
pendulum,  then  let  it  fall  upon  the  ball  E,  where- 
by this  ball  will  be  forced  to  move  from  E to  H. 
Laftly,  put  the  ball  E once  more  in  its  former  fi tu- 
ition ; raile  both  the  pendulums  at  the  fame  time, 
and  to  the  fame  angle  to  which  they  were  before 
raifed  feparatelv;  then  let  them  go  both  at  the 
fame  inftant,  fo  that  they  may  both  flrike  the 
ball  E at  the  fame  time ; and  the  ball  E will  there- 
by be  forced  to  move  flraight  from  E to  G,  which 
is  the  diagonal  of  the  parallelogram  GHEO,  whofe 
tides  are  the  diredions  of  the  feparate  impulfes 
EO,  and  EEL 

The  effed  may  be  varied  by  increafing  or  di- 
minifhing  one  of  the  impelling  forces,  which  muft 
be  done  by  increafing  or  diminiftiing  the  weight 
of  one  of  the  balls  A or  B. 

In  the  ufe  of  fuch  a machine,  care  muft  be  had 
to  let  the  two  pendulums  ftrike  the  ball  Id  at  the 
very  fame  inftant ; which  requires  a confiderable 
degree  of  dexterity.  Mechanical  means  might  in- 
deed be  eafily  contrived  for  the  purpofe  of  dil- 

charging 
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charging  both  the  pendulums  at  the  proper  time; 
but  it  is  hardly  worth  while  to  conftrutt  a compli- 
cated machine  for  illuftrating  fo  evident  a propo- 
rtion.— In  this  machine  the  two  pendulums  are  fuf- 
pended  nearly  after  the  manner  of  fig.  7,  viz.  each 
pendulum  is  fufpended  by  two  threads,  but  the 
flip  of  brafs  is  omitted. 


CHAPTER  XV, 

CONTAINING  THE  APPLICATION  OF  SOME  PARTS 
OF  THE  FOREGOING  DOCTRINE  OF  MOTION; 
WITH  REMARKS  ON  THE  CONSTRUCTION  OF 
WHEEL  CARRIAGES. 

OF  all  the  branches  of  mechanics  the  proper- 
ties of  the  centre  of  gravity  occur  moft  fre- 
quently, and  are  of  the  greateft  confequence,  to  the 
human  being. 

Whatever  body  refts  upon  another  body  muff 
have  its  centre  of  gravity  fupported  by  that  other 
body,  viz.  the  line  drawn  from  its  centre  of  gra- 
vity flraight  to  the  centre  of  the  earth ; or,  which  is 
the  fame  thing,  the  line  which  falls  from  its  centre 
of  gravity  perpendicularly  to  the  horizon,  mull  be 
intercepted  by,  or  fall  upon,  the  other  body ; other- 
wife  the  former  will  not  be  fupported  by  the  latter. 

The 
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The  aboverhentioned  line,  that  is,  a line  drawn 
Profit  the  centre  of  gravity  of  a body,  or  fyftem  of 
bodies  that  are  Connected  together,  perpendicularly 
to  the  plane  of  the  horizon,  is  called  the  line  of  di~ 
region ; it  being  in  fact  the  line  along  which  the 
body  will  direct  its  courfe  in  its  defcent  t-owards 
the  centre  of  the  earth  ; and,  of  courfe,  in  order  to 
be  fupported,  it  muft  meet  with  an  obftacle  in  that 
line.  Thus  in  fig.  9.  Plate  VIII.  the  body  CDOG 
will  reft  very  well  with  its  bafe  upon  the  ground 
or  other  horizontal  plane,  bccaufe  its  line  of  direc- 
tion I P,  drawn  from  its  centre  of  gravity  I,  per- 
pendicular to  the  plane  of  the  horizon,  falls  within 
.the  bale  YGO,  every  point  of  which  is  fupport- 
ed by  the  ground;  but  if  another  body  A BCD 
be  laid  upon  it,  the  whole  will  fall  to  the  ground, 
for  in  the  latter  cafe  the  centre  of  gravity  of  the 
whole  will  be  higher  up,  as  at  K,  and  the  line  of 
diredtion  KH  falls  out  of  the  bafe.  Thus  alfo  in 
fG.  10.  Plate  VI II.  the  body  D will  roll  down  the 
inclined  plane  AB,  becaufe  its  line  of  direction 
Pills  without  its  bafe ; whereas  the  body  C,  whofe 
line  of  direction  falls  within  its  bafe,  will  only  Aide 
down  that  plane,  unlefs  the  friction  prevents  it,  in 
which  cafe  it  will  remain  at  reft ; but  friction  will 
not  prevent  the  rolling  down  of  the  body  D. 

It  is  therefore  evident  that  the  narrower  the  bafe 
is,  the  eafier  a body  may  be  moved,  and,  on  the  con- 
trary, the  broader  the  bafe  is,  and  the  nearer  the 
line  of  direction  is  to  the  middle  of  it,  the  more 

firmly 


DoElrine  of  Motion.  32 $ 

firmly  does  the  body  (land.  Hence  it  appears  that 
a ball,  or  a circular  plane  figure  (landing  upright, 
fuch  as  a wheel,  is  moved  upon  a plane  with  greater 
facility  than  any  other  figure ; for  the  leaft  change 
of  pofition  is  fufficient  to  remove  the  line  of  direc- 
tion of  a ipherical  or  circular  body,  out  of  the  bafe. 
Hence  alio  it  is  that  bodies  with  narrow  termina- 
tions, fuch  as  an  egg  or  a flick,  &c.  cannot  be 
made  to  (land  upright  upon  a plane,  at  leaft  not 
without  the  utmoft  difficu'ty. 

The  application  of  the  properties  of  the  centre 
of  gravity  to  animal  ceconomy  is  eafy  and  evident. 
If  the  line  of  direction  falls  within  the  bafe  of  our 
feet,  we  remain  eredt ; and  the  fteadieft,  when  that 
line  falls  in  the  middle  of  that  bafe ; otherwife  we 
mflantly  fall  to  the  ground. 

On  account  of  the  great  importance  which  the 
prefervation  and  management  of  that  centre  is  to 
animal  motion,  the  infinite  wifdorn  of  the  Creator 
has  implanted  in  all  animals  a natural  propenfity 
to  balance  themfelves  in  almoft  every  circumftance. 
Many  animals  acquire  the  habit  of  keeping  them- 
Selves-  upon  their  legs  within  a few  hours  after  their 
birth,  and  fuch  is  particularly  the  cafe  with  calves. 

It  is  wonderful  to  reflect,  and  to  obferve,  how  a 
child  begins  to  try  and  improve  his  liability.  He 
generally  places  his  feet  at  a considerable  diftance 
from  each  other,  by  which  means  he  enlarges  the 
bafe,  and  diminifhes  the  danger  of  a lateral  fall  : — 
he  endeavours  toftand  quite  eredt,and  with  his  body 
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immoveable,  fo  as  to  prevent  as  much  as  poftible 
a tall  backwards  or  forwards ; — and  when  he  lifts 
up  one  foot,  he  inftantly  replaces  it  upon  the 
ground,  finding  his  inability  to  reft  upon  fo  fmall 
a bafe  as  that  of  one  foot.  Farther  advanced  in 
years,  he  adopts  farther  methods  of  preferving  and 
ufing  the  centre  of  gravity,  and  that  without  the 
leaft  knowledge  of  the  mechanical  principle  upon 
which  he  a<5ts.  Thus  a man  naturally  bends  his 
body  when  he  rifes  from  a chair,  in  order  to  throw 
the  centre  of  gravity  forwards.  He  leans  forwards 
when  he  carries  a burden  on  his  back,  in  order  to 
let  the  line  of  direction  (which  in  that  cafe  de- 
fcends  from  the  common  centre  of  gravity  of  his 
body  and  burden)  fall  within  the  bafe  of  his  feet. 
For  the  fame  reafon  he  leans  backwards  when  he 
carries  a burden  before  him  ; and  leans  on  one  fide 
when  he  carries  lomething  heavy  on  his  oppofite 
fide. 

Human  art  improved  by  conftant  exercife  and 
experience,  goes  far  beyond  thofe  common  ufes  of 
the  centre  of  gravity,  and  line  of  dire&ion.  We 
fee,  for  inftance,  men  who  can  balance  them- 
felves  fo  well  as  to  remain  eredt  with  one  foot 
upon  a very  narrow  ftand,  or  upon  a rope,  and  even 
• W'ith  their  heads  downwards  and  their  feet  upper- 
moft. — Their  art  entirely  confifts  in  quickly  coun- 
terpoifing  their  bodies,  the  moment  that  the  line 
of  direction  begins  to  go  out  of  the  narrow  bafis 
upon  which  they  reft.  Thus,  if  they  find  them- 

felves 
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fclvcs  falling  towards  the  right,  they  ftrefehour  the 
left  arm  or  the  left  leg,  and  vice  vrrfa ; for  though 
the  weight  of  the  arm  be  much  lefs  ihun  the  weight 

o > 

of  the  body  ; yet  by  hfeing  ext'  nded  farther  from 
the  fulcrum,  its  momentum  may  be  rendered  equal 
to  that  of  the  reft  of  the  body,  which  lies  vaftly 
nearer  to  the  fulcrum,  or  to  the  line  of  direction. — 
See  chap . VI. 

T1  i , explanation  likewise  ftvvs  the  great  /e  of 
a long  horizontal  pole  in  the  hands  of  a rope- 
dancer;  for  as  the  extremities  of  the  pole,  which 
arc  generally  load'd  v/ith  leaden  weights,  lie  far 
from  the  rope,  which  is  the  fulcrum;  when  the 
pole  is  moved  a little  one  way,  the  momentum  of 
that  extremity  of  it  which  lies  that  way,  is  in- 
crcafcd  confiderably,  and  fo  as  to  counte'ooife  the 
body  of  the  man,  when  he  finds  himielf  going  the 
other  way. 

Notwithftanding  the  ufe  of  t lie  centre  of  rr"a- 

'j 

vity  which  mankind  acquires  naturally  or  merely  by 
experience  ; yet  in  many  calc4  people  are  feen  to 
act  contrary  to  the  laws  of  nature  ; an  the  confe- 
quences  are  fometimes  quite  fatal.  Thus  we  fre- 
quently find  that  when  a boat  or  carriage  is  over- 
fetting,  the  perfons  in  it  rile  fuddenly  :rom  their 
feats ; by  which  means  they  remove  t e centre  of 
gravity  of  the  whole  higher  up,  and  thereby  ac- 
celerate the  fall,  (exactly  like  the  cafe  which  has 
been  reprefented  .in  fig.  9,  Plate  viii.)  which  they 
might  probably  prevent,  either  by  remaining  on 
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their  feats,  or  rather  by  lowering  themfelves  down 
as  dole  as  they  could  to  the  bottom  of  the  boat  or 
carriage. 

The  natural  application  of  the  mechanical  laws 
might  be  inftanced  in  almoft  every  occurrence  of 
life  ; for  whatever  moves  muft  move  conformably 
to  thofe  laws.  But,  to  avoid  prolixity,  we  fhall  only 
mention  a few  more  particular  inftances  : whence 
the  attentive  reader  may  eafily  learn  how  to  apply 
the  foregoing  doclrine  of  motion  to  a variety  of  oc- 
currences. 

The  man,  or  the  horle,  that  runs  in  a circular 
path,  naturally  leans  towards  the  centre  of  the 
circle,  or  towards  the  concave  part  of  the  curvi- 
linear pathway ; and  that  in  order  to  counteract 
the  effeCt  of  the  centrifugal  force,  which  would 
otherwife  throw  him  out  of  the  perpendicular. 
And  the  fwifter  he  runs,  the  more  he  leans  towards 
the  concave  fide ; the  centrifugal  force  encrealing 
with  the  velocity. 

When  a man  is  to  hold  a great  weight  in  his 
hand,  he  naturally  places  the  hand  near  the  body  ; 
for  if  he  extend  his  arm,  the  momentum  of  the 
weight  which  is  placed  at  the  end  of  it,  as  if  it 
were  at  the  end  of  a long  lever,  becomes  too  great 
for  his  power;  confidering  that  the  arm  becomes  a 
lever  where  the  power  and  the  fulcrum  lie  near  one 
extremity,  viz.  near  the  fhoulder,  and  the  weight 
lies  at  the  oppofite  extremity. 


Perfons 
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Perfons  who  are  accuftomed  to  ufe  a hammer 
generally  hold  it  by  the  loweft  part  of  the  handle, 
for  the  purpofe  of  rendering  the  ftroke  as  power- 
ful as  poffible  ; for  in  that  cafe  the  head  of  the  ham- 
mer, by  being  fart  haft  from  the  centre  of  motion, 
moves  with  the  greateft  velocity,  and,  of  courfe, 
flrikes  with  the  greateft  momentum.  But  fuch 
perlons  as  are  not  lufficiently  accuftomed  to  ufe  a 
hammer,  generally  place  their  hand  near  the  head 
of  the  inftrument,  by  which  means  they  render 
the  ftroke  of  very  little  effect. 

The  like  oblervation  might  be  made  with  re- 
l'pect  to  the  ufe  of  almoft  all  other  tools  and  in- 
ftruments,  including  thole  which  are  commonly  in 
ufe,  fuch  as  feiffars,  knives,  razors,  &c.  And  it 
it  is  by  the  different  management  of  fuch  inftru- 
ments  that  a mechanical  hand  is  diftinguiihed 
from  an  unmechanical  or  clumfy  one ; and  that  a 
perl'on  poffefled  of  ufeful  experience,  ufeful  habits 
and  ufeful  kjiow ledge,  is  diftinguiihed  from  one  of 
the  contrary  defeription  ; excepting  indeed  when 
the  aukward  management  of  tools,  &c.  is  wilfully 
adopted,  under  the  refined  idea,  and  for  the  purpofe 
of  fhewing,  that  a perfon  has  never  been  under  the 
difgraceful  neceflity  of  handling  any  mechanical 
inftrument. 

Of  the  different  machines  of  luxury  or  conve- 
nience, that  are  in  ufe  amongft  civilized  nations, 
none  have  been  more  generally  adopted,  and  more 
univerfally  ufed,  thaft  wheel  carriages  -t  and  yet  it 

is 
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is  very  remarkable,  that,  notwithstanding  the  pre- 
fent  greatly  improved  ftate  of  mechanical  know- 
fedge,  thofe  machines  are  by  no  means  conftructed 
or  ufed  in  the  rnoft  advantageous  manner  pof- 
fible. 

■ Could  the  Surfaces  of  bodies  be  rendered  per- 
fectly Smooth,  flat,  and  deftitute  of  adhefion,  it 
would  be  as  eafy  to  drag  a body  upon  a plane,  as 
it  would  be  to  move  it  upon  wheels ; but  as  this  is 
far  from  being  the  cafe,  the  advantage  which  arifes 
from  the  ufe  of  wheel  carriages,  is  too  evident  to 
need  any  particular  demonstration ; and,  in  fadt,  we 
almoft  every  day  obferve,  that  a Single  horfe  is  able 
to  carry  upon  a cart  Such  a load  as  ten  horfes 
would  perhaps  have  not  Strength  Sufficient  to  move 
on  the  bare  ground. 

When  a heavy  body  is  dragged  upon  the  ground, 
the  friftion  is  very  great,  becaufe  the  ground  Hands 
(till  and  the  body  moves  upon  it,  fo  that  all 
the  inequalities  of  the  ground,  the  accumulation 
of  dirt,  and  ftones,  the  finking  of  the  ground, 
&c.  form  fo  man}'  ob Stables  to  the  moving  body, 
which  obftacles  muft  be  overcome  by  the  power 
which  is  applied  to  draw  it.  But  wheii  the  body 
is  carried  upon  wheels,  as  upon  a cart,  or  waggon, 
- &c.  the  Surface  of  the  rims  of  the  wheels  does  not 
rub  on,  but  is  fucceffively  applied  to  the  ground, 
(agreeably  to  what  we  have  laid  above  with  refpeCt 
to  rollers1;  fee  page  279)  and  the  obftacles  arifing 
from  finking,  from  ftones,  land,  <kc.  offer  an  ob- 
lique 
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lique  oppofition  to  the  wheels,  which  is  overcome 
vaftly  eafier  than  a dired  oppofition,  and  the  more 
fothe  larger  the  wheels  are  in  diameter;  fo  that  by 
the  ufe  of  large  wheels  the  friction  againft  the 
ground  isalmoft  entirely  removed.  There  is  how- 
ever another  fort  of  fridion  introduced  by  the  ufe 
of  wheels,  viz.  the  fridion  of  the  wheel  upon  the 
axle;  but  this  fridion,  when  the  parts  are  properly 
fhaped,  and  oiled  or  greafed,  is  not  very  material, 
efpecialiy  when  the  wheels  are  large;  for  when  a 
wheel  turns  upon  an  axle,  the  force  neceffary  to 
overcome  the  fridion  is  diminifhed  in  the  ratio  of 
the  diameter  of  the  wheel  to  the  diameter  of  the 
axle. 

A wheel  carriage  is  drawn  with  the  lead  power, 
when  the  line  of  draught  paffes  through  the  centre 
of  gravity  of  the  carriage,  and  in  a diredion  pa- 
rallel to  the  plane  on  which  it  moves.  It  therefore 
follows  that  the  height  of  the  carriage  fhould  be 
regulated  by  the  nature  of  the  power  which'  is  to 
draw  the  carriage;  viz.  whether  it  is  to  be  drawn 
by  high  or  low  horfes,  by  bullocks,  &c.  It  muft 
however  be  obferved,  that,  from  the  make  of  his 
body,  a horfe  draws  with  the  greatefl  advantage 
when  the  traces,  or  the  ihaft,  makes  a fmall  an°Ie 
with  the  plane  which  paffes  through  the  axles  of 
the  wheels.  But  this  angle  muft  not  exceed  a few 
degrees,  otherwife  part  of  the  power  of  the'  horfe 
is  employed  in  lifting  up  the  fore  wheels  from  the 

ground ; 
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ground;  confequently  the  power  is  not  entirely 
employed  in  drawing  the  carriage  forward. 

Four-wheeled  carriages  are  almoft  always  made 
with  the  two  fore  wheels  fmaller  than  the  hind 
wheels.  The  fore  wheels  are  made  fmaller  than 
the  others  for  the  conveniency  of  turning,  as  they 
require  lefs  room  for  that  purpofe.  The  fmallnefs 
of  their  fize  does  alfo  prevent  their  rubbing  againft 
the  traces : but,  thofe  objeds  excepted,  fmall  wheels 
are  by  no  means  lo  advantageous  as  thofe  of  a lar- 
ger diameter,  as  has  been  already  mentioned,  and  as 
will  be  confirmed  by  the  following  illuftration. 

In  fig.  i.  Plate  IX.  let  the  hollows  BGC,  and 
DFO  be  equally  large,  and  equally  deep  in  the 
ground.  It  is  evident  that  the;  large  wheel  A will 
not  go  fo  far  into  the  hollowing,  as  the  Imall  wheel 
R.  Befides,  even  fuppofing  that  they  defcend 
equally  deep  into  thofe  hollowings,  the  large  wheel, 
by  the  power  ading  far  above  the  impediment,  may 
be  eaiily  drawn  out  of  it ; whereas  the  fmall  wheel 
can  hardly  be  drawn  out  by  means  of  an  horizon- 
tal draught,  unlefs  indeed  when  the  ground  gives 
way  before  it,  which  is  not  always  to  be  expeded. 

The  idea  of  the  two  large  wheels  helping  to  drive 
the  fore  fmall  ones,  is  a vulgar  error,  which  has  not 
the  lead  foundation  in  truth.  The  abfurdity  of 
this  idea  might  be  proved  various  ways,  but  by 
none  more  fatisfadorily  than  by  the  following  ex- 
periment. 


Take 
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Take  a real  carriage,  or  the  model  of  a large  one, 
having  two  large  and  two  fmall  wheels.  Fallen  a 
rope  at  each  of  its  ends,  but  equally  high  from  the 
ground ; then  extending  one  of  thofe  ropes  hori- 
zontally, let  it  go  over  a pulley,  which  mull  be 
placed  at  feme  diftance  from  the  carriage,  and  tie 
as  much  weight  to  the  defending  extremity  of  the 
rope,  as  may  be  juft  fufticient  to  move  the  carriage. 
This  done,  dilcharge  this  rope.;  turn  the  carriage 
with  its  other  end  towards  the  pulley,  and,  in  Ihort, 
repeat  the  experiment  with  the  other  end  of  the 
carnage  foremoft.  It  will  be  round  that  precnely 
the  fame  weight  will  be  required  to  draw  the  car- 
riage, and  to  draw  it  with  equal  velocity,  whether 
the  large  or  the  fmall  wheels  be  placed  foremoft. 

The  figure,  or  rather  the  breadth  of  the  ri.ms  of 
the  wheels,  influences  confiderably  the  motion  of 
the  carriage.  Upon  a fmooth  and  hard  road  no 
advantage  is  derived  from  the  ufe  of  broad  wheels ; 

O 

but  upon  a loft  road  the  broad  wheels  are  much 
more  advantageous  than  narrow  ones ; the  latter 
cutting  and  finking  into  the  ground  ; on  which 
account  they  mull  be  confiderecl  as  always  going 
up  hill,  befides  their  fullering  a great  deal  of  fric- 
tion againft  the  Tides  of  the  ruts  that  are  made  by 
themfelves ; whereas  the  broad  wheels  produce 
nearly  the  lame  eftecl  as  a garden- roller ; that  is, 
they  fmooth  and  harden  the  road,  befides  their 
moving  with  great  freedom.  It  mull  however  be 
obferved,  that  upon  fand,  as  alfo  upon  ftifF  clayey 

roads, 
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roads,  lei's  force  is  required  to  draw  a cart  with  nar- 
row, than  one  with  broad,  wheels  Upon  land  the 
br^ad  wheels  form  their  own  obftacles,  by  driving 
and  accumulating  the  hand  before  them.  Upon 
clavey  roads  they  gather  up  the  clay  upon  their 
furfaces,  and  become  in  a great  meafure  clogged 
by  ir. 

Someperfons  imagine  that  the  broad  wheels,  by 
touching  the  ground  in  a great  many  more  points 
than  narrow  wheels,  mull  meet  with  proportion- 
ably  greater  obftru&ion.  But  it  fhould  be  confi- 
dered,  that  though  the  broad  wheels  touch  the 
ground  with  a larger  furface,  yet  they  prefs  upon 
it  no  more  than  narrow  wheels  do.  Let,  for 
inftance,  two  carts  be  equal  in  every  refpetft  and 
equally  loaded,  excepting  that  the  wheels  of  one 
of  them  be  3 inches  broad,  whilft  thole  of  the 
other  be  12  inches  in  breadth.  It  is  evident  that 
the  latter  wheels  reft  upon  the  ground  with  a fur- 
face  which  is  equal  to  four  times  the  furface  upon 
which  the  former  wheels  reft.  But  lince  an  equal 
weight  is  fupported  by  the  wheels  of  both  carts, 
every  three  inches  breadth  on  the  furface  of  the 
broad  wheels  fuftains  a quarter  of  that  weight  ; 
whereas  the  three  inches  breadth  of  the  narrow 
wheels  fuftain  the  whole  weight;  fo  that  the  broad 
wheels  touch  the  ground  as  much  lighter  as  they 
are  broader  than  the  narrow  wheels.  It  is  for  the 
lame  reafon  that  if  a heavy  body  in  the  form  of  a 
parallelepipedon,  viz.  like  a brick,  be  dragged  upon 
* a plane 
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a plane  fur  face,  the  fame  power  will  be  required  to 
draw  it  along,  whether  its  broad  or  its  narrow  fide 
lie  laid  upon  the  plane. 

“ If  the  wheels  were  always  to  go  upon  fmooth 
* and  level  ground,  the  belt  way  would  be  to 
“ make  the  fpokes  perpendicular  to  the  naves  ; 
“ that  is,  to  Hand  at  right  angles  to  the  axles ; 
“ -becaufe  they  would  then  bear  the  weight  of  the 
“ load  perpendicularly,  which  is  the  ftrongeft  way 
“ for  wood.  But  becaufe  the  ground  is  generally 
“ uneven,  one  wheel  often  fails  into  a cavity  or  rut 
“ when  the  other  does  not ; and  it  bears  much 
“ more  of  the  weight  than  the  other  does ; in 
" which  cafe,  concave  or  diihing  wheels  are  belt, 
“ becaufe  when  one  falls  into  a rut,  and  the  other 
“ keeps  upon  high  ground,  the  fpokes  become 
“ perpendicular  in  the  rut,  and  therefore  have  the 
“ greateft  ftrength  when  the  obliquity  of  the  load 
<x  throws  moft  of  its  weight  upon  them ; whilft 
u thofe  on  the  high  ground  have  lefs  weight  to 
“ bear,  and  therefore  need  not  be  at  their  full 
“ ftrength.  So  that  the  ufual  way  of  making  the 
“ w'heels  concave  is  by  much  the  beft.” 

“ The  axles  of  the  wheels  ought  to  be  perfectly 
“ ftraight,  that  the  rims  of  the  wheels  may  be 
“ parallel  to  each  other;  for  then  they  will  move 
“ eafieft,  becaufe  they  will  be  at  liberty  to  go  on 
“ ftraight  forwards.  But  in  the  ufual  way  of  prac- 
<l  tice,  the  axles  are  bent  downward  at  their  ends  ; 
“*  which  brings  the  Tides  of  the  wheels  next  the 

“ ground 
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“ ground  nearer  to  one  another,  than  their  oppo- 
“ fite  or  higher  Tides  are  : and  this  not  only  makes 
“ the  wheels  drag  fidewife  as  they  go  along,  and 
“ gives  the  load  a much  greater  power  of  crufhing 
“ them  than  when  they  are  parallel  to  each  other, 
“ but  alfo  endangers  the  overturning  of  the  car- 
“ riage  when  any  wheel  falls  into  a hole  or  rut,  or 
<c  when  the  carriage  goes  in  a road  which  has  one 
“ fide  lower  than  the  other,  as  along  the  fide  of  a 
“ hill;”*  for  on  that  conftruction  the  carriage 
ftands  upon  a narrower  bafe,  than  w'hen  the  rims  of 
the  wheels  are  parallel  to  each  other. 

Upon  level  ground  a carriage  with  four  equal 
wheels  may  be  drawn  by  the  fame  power  w'ith 
equal  facility,  whether  the  load  be  placed  on  any 
particular  part  of  the  carriage,  or  it  be  fpread 
equally  all  over  it. 

Upon  a two  wheeled  carriage  the  moft  advanta- 
geous difpofition  of  the  load  is,  when  the  centre  of 
gravity  of  the  weight  coincides  with  the  middle  of 
the  axle,  or  with  a perpendicular  line  which  paffes 
through  that  middle. 

A carriage  having  the  two  hind  wheels  large,  and 
the  two  fore  wheels  fmall,  when  going  upon  an  ho- 
rizontal plane,  thould  have  the  principal  part  of 
the  load  laid  towards  its  hind  part  ; but  when  go- 
ing upon  uneven  roads,  up  and  down  hill,  and 
when  the  load  cannot  be  eafily  fhifted,  the  beft 


* Fer^ufon’s  Lectures,  le&ure-  iv. 
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way  is  to  lay  the  load  principally  in  the  middle,  or 
to  fpread  it  equally  all  over  the  carriage. 

The  common  practice  of  carriers,  who  place  the 
principal  part  of  the  load  upon  the  fore  axle  of  the 
waggon,  is  evidently  very  abfurd ; for  by  that 
means  they  prefs  that  axle  with  greater  force  upon 
the  wheels,  and  the  fore  wheels  deeper  into  the 
ground,  in  confequence  of  which  thofe  wheels, 
which  turn  oftener  round  than  the  large  wheels, 
will  not  only  wear  much  fooner,  but  require  a 
greater  power  to  draw  them  along,  and  efpecially 
over  any  obftacle. 

The  lower  the  centre  of  gravity  of  the  load  is 
fituated,  the  lefs  apt  is  the  carriage  to  be  over- 
turned. The  following  obfervations  are  of  Profef- 
for  Anderfon  of  Glaf^ow. 

“In  Glaigow  and  its  neighbourhood,  a tingle 
“ horfe,  on  a level  turnpike  road,  draws  25  cwt. 
“ in  a cart  which  weighs  about  id  cwt.  having 
“ wheels  fix  feet  high,  and  its  axle  palling  through 
“ the  centre  of  gravity  of  the  load  and  cart,  bur, 
“ in  a common  cart,  he  draws  only  the  half  of 
“ that  load.  Two  hories  yoked  in  a line, 
<f  in  a common  cart  eafilv  draw  30  cwt.  upon 
“ an  even  road.  And  fix  horfes,  yoked  two  a- 
“ bread,  draw  80  cwt.  in  a common  wacreon.’5 

“ Six  horfes,  in  fix  carts,  with  high  wheels,  can 
“ draw  150  cwt.  on  a level  road  ; and  fix  horfes, 

in  three  common  carts,  with  two  horfes  in  each, 
“ can  draw,  upon  an  uneven  road,  90  cwt.  that 

VOL.  I.  ■/,  “ 


IS 


3 ; 3 Application  of  the  foregoing 

“ is  io  cwt.  more  than  they  can  do  in  a waggon; 
“ the  weight,  tear  and  wear,  and  the  eaie  in  draw- 
“ ing  a waggon,  or  three  carts,  being,  it  is  faid, 
“ nearly  equal ; and  the  price  of  the  three  carts 
“ being  lefs  than  that  of  the  waggon.”*' 


CHAPTER  XVI. 


OF  PROJECTILES. 

I 

%-  yHATEVER  body  is  impelled  by  any  power, 

» ^ and  is  afterwards  left  to  proceed  by  itfelf,  is 
called  a projectile,  which  denomination  is  derived 
from  a Latin  word,  the  meaning  of  which  is  to 
throw,  to  hurl.  Thus  the  bullets  which  are 
thrown  out  of  fire  arms,  ftones  that  are  thrown  by 
the  hand,  or  by  ailing,  or  by  any  other  projeding 
inflrument,  &c.  are  called  projectiles. 

It  has  been  already  fhewn  (in  chap.  IX.)  that 
projectiles,  unlefs  they  be  thrown  perpendicularly 
upwards  or  downwards,  mult  deferibe  a curve  line; 
becaufe  they  are  ailed  upon  by  two  forces,  one  of 
which,  viz.  the  impelling  force,  produces  an 


* Inftitutes  of  Phyfics : Mcch.  feit.  xvii. 
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equable  motion ; whilft  the  other,  viz.  the  attrac- 
tion of  the  Earth,  produces  an  accelerated  mo- 
tion. 

It  has  likewife  been  {hewn  that  projectiles  de- 
fcribe  fuch  curves  as  are  called  by  the  mathemati- 
cians parabolas  ; or  rather  that  they  would  defcribe 
luch  curves,  if  they  were  not  influenced  by  cer- 
tain fluctuating  circumltances,  which  caufe  the 
paths  of  projectiles  to  deviate  more  or  lefs  from 
true  parabolic  curves. 

Thus  much  might  have  fufficed  with  refpeCt  to 
the  motion  of  projeCtiles.  But  the  great  ufe 
which  is  made  of  them  both  in  peace  and  in  war, 
obliges  us  to  confider  this  branch  of  the  doCtrine  of 
motion  in  a more  particular  manner,  and  to  derive 
from  the  theory  fuch  rules  as  may  be  of  ufe  in  the 
practical  management  of  projeCtiles. 

There  are  three  caufes,  which  force  the  projec- 
tile to  deviate  from  the  parabolic  path:  viz.  ift, 
the  force  of  gravity’s  not  aCting  in  directions  per- 
pendicular to  the  horizon;  sdly,  The  decreafe  of 
the  force  of  gravity  according  to  the  fquares  of  the 
diftances  from  the  centre  of  the  Earth;  and  ?dly, 
the  refiftance  of  the  air. 

The  effeCts  which  are  produced  by  the  firfl  and 
fecond  of  thofe  caufes,  are  too  fmall  and  triflino-  - 

O 7 

for  the  centre  of  the  Earth  is  at  fo  great  a dis- 
tance from  the  furface,  that  both  the  height  and 
the  di fiance  to  which  we  are  able  to  throw  projec- 
tiles, are  exceedingly  fmall  in  proportion  to  it. 

But 
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But  the  refiftance  of  the  air  offers  a very  confider- 
able  oppofition  to  the  motion  of  projeCtiles,  and 
its  aCtion  is  fo  very  fluctuating,  that,  notwith- 
ftanding  the  endeavours  of  feveral  able  philofophers 
and  mathematicians,  the  deviation  of  projectiles 
from  the  parabolic  path  has  not  yet  been  fubjeCted 
to  any  determined  and  practical  rules. 

After  the  preceding  remarks  it  will  be  ealily  al- 
lowed, that  the  only  method  we  can  follow'  is  to  lay 
dow'n  the  theory  on  the  fuppolirion  that  the  pro- 
jectiles move  in  parabolas,  and  then  to  lubjoin  a 
concife  ftatement  of  the  refult  of  the  principal  ex- 
periments, which  have  been  made  for  the  purpofe 
of  fhewing  the  deviation  of  the  real  path  of  a 
projectile  from  the  parabolic  curve. 

When  a body  is  projected  obliquely  from  any 
kind  of  engine,  fuch  as  a ball  from  the  can- 
non A,  fig.  3,  Plate  IX.  in  the  direction  AC, 
the  force  of  gravity,  acting  upon  it  in  di- 
rections nearly  perpendicular  to  the  horizontal 
plane  AB,  forces  it  to  deviate  from  the  ftraight  di- 
rection A C,  and  to  deferibe  the  parabola  ADB, 
laflly  falling  upon  the  horizontal  plane  at  B ; 
whence  it  evidently  follows,  that  a ball  or  any  other 
projedtile  cannot  move  even  for  a moment  in  a 
ftraight  line  ; but  that  it  mult  deviate  more  or 
lefs  from  the  ftraight  line  of  its  initial  direction, 
and  muft  immediately  begin  to  incline  towards  the 
.ground  ; excepting  however  fome  particular  cafes ; 
namely,  when  the  (hot  has  acquired  a rotatory  mo- 
tion 
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tion  round  its  axis,  or  when  its  fhape  is  fomewhat 
oblong  and  bent ; tor  in  thote  cafes  it  may  deviate 
not  only  fideways,  but  even  upwards  for  a fhort 
time. 

The  diftance  A B between  the  mouth  of  the 
projecting  engine  and  the  place  where  the  thot  foils 
upon  the  horizontal  plane,  is  called  the  range  of 
the  /hot,  or  the  amplitude  of  projection  D E is  the 
height  of  its  path,  or  of  the  parabola  ADB.  The 
angle  CAB,  which  the  direction  of  the  projection, 
or  of  the  cannon,  makes  with  the  horizontal 
plane,  is  called  the  angle  of  elevation.  The  time 
during  which  the  fhot  performs  the  path  ADB,  is 
called  the  time  of  flight,  and  the  force  with  which 
it  ftrikes  an  objedt  at  B,  is  its  momentum. 

It  will  be  found  demonftrated  in  the  note  that 
thofe  particulars,  viz.  the  range,  the  height,  the 
angle  of  elevation,  Stc.  bear  a certain  determinate 
proportion  to  each  other,  fo  that  when  two  of 
them  are  known,  the  others  may  thereby  be  found 
out.  It  is  demonftrated  likewife,  that,  caster  is  pa- 
ribus, the  greateft  range  or  greateft  diftance  to 
which  a (hot  may  be  thrown  upon  an  horizontal 
plane,  takes  place  when  the  angle  of  elevation  is 
equal  to  half  a right  angle,  or  45  degrees  (1.);  we 

Hi  all 


(1.)  Propofition  T.  A body  which  is  projected  in  a direc- 
tion not  perpendicular , but  oblique , to  the  horizon , will  de- 
fer ibe  a parabola  ; and  its  velocity  in  any  point  of  that  parabo- 
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fhall  therefore  proceed  in  this  place  to  fhew  a prac- 
tical method  of  determining  the  moft  ufeful  of 
thofe  particulars,  when  the  angle  of  elevation,  and 
the  greatefl  range  the  cannon  is  capable  of,  are 
known. — This  greateft  range,  viz.  the  diftance  to 
which  the  cannon  when  charged  with  the  ufual 
quantity  of  powder,  and  elevated  to  an  angle  of 
450.  is  capable  of  throwing  the  tho,t,  mufl  be  af- 
cerfained  by  means  of  actual  experiment  and 
menfuration  in  every  piece  of  artillery,  elpecialiy 
with  large  cannons,  and  mortars;  fince  the  balls 
from  thofe  pieces  defied:  much  more  from  the 
ftraight  diredion. — The  angle  of  elevation  is  at- 
certained  by  means  of  a graduated  circular  inftru- 
ment,  and  a plummet,  or  a level. 

Let 


la  is  the  fame  as  it  would  acquire  by  defending  perpendicularly 
through  a fpace  equal  to  the  fourth  part  of  the  parameter  be- 
longing to  that  point  as  a vertex',  fttppojing  that  the  force  of 
gravity  is  uniform,  and  that  it  acts  in  directions  perpendicular 
to  the  horizontal  plane,  alfo  that  the  air  offers  no  rcfflance 
to  the  motion  of  projectiles. 

Let  a body  be  projected  from  A,  fig.  5.  Flate  IX.  in 
;he  direction  AE,  and  let  AE  reprefent  the  fpace,  through 
which  the  projecting  force  alone  would  carry  it  with  an 
equable  motion  in  the  time  T.  Alfo  let  AB  reprefent  the 
fpace  through  which  the  force  of  gravity  alone  would  caufe 
it  to  defeend  in  the  fame  time  T.  Complete  the  parallelo- 
gram ABEC,  and  it  is  evident  that  the  body,  being  im- 
pelled both  by  the  projecting  force,  and  by  the  force  of 

gravity, 
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Let  the  greateft  horizontal  range  of  a cannon, 
or  mortar,  be  6750  yards,  and  let  the  actual  angle 
of  elevation  be  250  ; the  other  particulars  may 
be  found  by  delineating  this  cate  upon  paper  ; for 
which  purpofe  the  in.ftrumcn.ts  that  are  generally 

put 


gravity,  muft,  at  the  end  of  the  time  T,  be  found  at  C. 
Now  AE  is  as  the  time  T,  becaufe  it  reprefents  the  fpace 
defcribed  uniformly;  but  AB  is  as  the  fquare  of  the  time 
T;  therefore  AE  or  its  equal  BC,  is  as  the  fquare  of  AB. 
And  the  fame  reafoning  may  be  applied  to  any  other  con- 
temporary difrances,  as  AH,  AF,  or  FG,  AF.  But  AE 
is  a tangent  to  the  curve  at  the  point  A,  AF  is  a diameter 
at  the  point  A,  and  B C,  FG,  &c.  being  parallel  to  the 
tangent  AE,  are  ordinates  to  the  diameter  AF  ; and  fmee 
the  fquares  of  thofe  ordinates  have  been  demon!! rated  to  be 
as  the  refpeiStive  abfeiffas  AB,  AF,  Sic. ; therefore  the 
curve  ACGD  is  the  parabola. 

"Fhe  velocity  of  the  projectile  at  any  point,  as  A,  in  the 
curve  is  fuch,  that  the  fpace  AE  would  be  defcribed  uni- 
formly by  it,  in  the  fame  time  that  the  body  would  em- 
ploy in  defeending  perpendicularly  by  the  force  of  gravity 
from  A to  B.  Alfo  (fee  p.  66.)  the  velocity  acquired  by 
the  perpendicular  defeent  AB  is  fuch  as  would  carry  the 
body  equably  through  twice  AB  in  the  fame  time,  (that  is, 
in  the  fame  time  that  AE  is  defcribed;)  therefore  the  ve- 
locity which  is  acquired  by  the  perpendicular  defeent  AB, 
is  to  the  velocity  with  which  AE  is  defcribed,  as  twice  AB 
is  to  AE.  But  the  velocity  acquired  by  the  perpendicular 
defeent  through  AB,  is  to  the  velocity  acquired  by  the  per- 
pendicular defeent  through  a quarter  of  the  parameter  be- 
longing to  the  vertex  A of  the  parabola  ACG,  alfo  as 
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put  in  a common  cafe  of  drawing  inftruments,  are 
quite  fufficient,  viz.  a pair  of  compares,  a ruler 
with  a fcale  of  equal  parts,  and  a protractor. 

Draw  an  indefinite  right  line  AK,  fig.  4.  Plate 
IX.  to  reprefent  an  horizontal  plane,  palling 

throug-fi 

o 


twice  AB  is  to  AE ; for  that  parameter  is  (by  conics) 

Xe  z A E| 1 

equal  to  —^-5  and  a quarter  of  it  is  — — — , and,  by  the 


AB  4 AB 

laws  of  gravity,  the  velocity  acquired  by  the  perpendicular 
defcent  AB,  is  to  the  velocity  acquired  by  the  perpendicular 

ATO1 

defcent — — — , as  the  fquare  roots  of  thofe  fpaces;  viz. 


4 AB 


AE 


as  AB~|*  is  to  — ; or  as  twice  AB  is  to  AE.  There- 
2 BA  » 


fore,  fince  the  like  reafoning  may  be  applied  to  any  other 
point  of  die  parabolic  path,  we  conclude  that,  univerfally, 
the  velocity  of  the  projectile  in  any  point  of  its  path  is  the 
fame  as  would  be  acquired  by  a perpendicular  defcent 
through  a fpace  equal  to  the  fourth  part  of  the  parameter 
belonging  to  that  point  as  a vertex. 

Corollary  1.  It  is  evident  that  the  projectile  mud  move 
in  the  plane  of  the  two  forces,  viz.  in  the  plane  which  pafTes 
through  AE,  AB,  and  is,  of  courfe,  perpendicular  to  the 
horizon. 

Cor.  2.  It  follows  from  the  laws  of  compound  motion, 
that  the  projeCtile  will  defcribe  the  arch  AC,  in  the  fame 
time  in  which  it  would  defcend  by  the  force  of  gravity  from 
A to  B,  or  in  which  it  would  defcribe  uniformly  the  fpace 
AE. 

Cor.  3.  When  a body  is  projected  from  A in  the  direc- 
tion AE,  if  the  parameter  which  belongs  to  the  vertex  A, 

be 
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through  the  point  of  projection  A.  Make  AB 
perpendicular  to  it,  and  equal  to  twice  the  greateft 
horizontal  range,  viz.  equal  to  13500  yards  j which 
is  done  by  making  it  equal  to  13500  divifions  of 

the 


be  equal  to 


XEh 

EC~ 


the  parabola  mud  pafs 


l 

through  the 


point  C. 

Cor.  4.  Either  in  the  fame,  or  in  different  parabolas, 
the  parameters  belonging  to  different  points  are  to  each 
other  as  the  fquares  of  the  velocities  of  the  projectile  at 
thofe  points  (fee  p.  65);  whence  it  follows,  that  at  the 
vertex  of  the  parabola  the  velocity  or  the  momentum  of 
the  projeCtile  is  the  leaft,  and  at  equal  diftances  from  that 
vertex  the  velocities  or  the  momentumsare  equal. 

Proportion  II.  The  initial  velocity  being  given , to  find 
the  direction  in  which  a body  mvfl  be  projected  in  order  to  hit 
a given  point- 

Let  A,  fig.  6,  Plate  IX,  be  the  projecting  point,  and  C 
the  objeCt,  or  point  which  is  required  to  be  hit. 

The  velocity  of  projection  being  given,  the  parameter  of 
the  parabola  which  muft  pafs  through  the  point  C will  eafily 
be  found  by  means  of  the  preceding  propofition ; viz.  by 
finding  the  fpace,  through  which  a body  muft  fall  from 
reft,  in  order  to  acquire  the  given  velocity  ; for  that  fpace 
is  equal  to  the  fourth  part  of  the  parameter  belonging  to  the 
point  A. 

Join  AC,  draw  the  horizontal  line  AL,  and  at  A erect 
AP  perpendicular  to  the  horizontal  line  AL,  and  equal  to 
the  above-mentioned  parameter.  Divide  AP  into  two  equal 
parts  at  G,  and  through  G draw  an  indefinite  right  line 
KGH  parallel  to  the  horizontal  line  AL.  TJirough  A 

draw 
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the  iqalc  o!  equal  parts,  for  thofe  parts  mufl  re- 
prclent  yards.  Upori  AB,  as  a diameter,  defcribe 
the  fcmicirde  Ah  B.  At  A,  by  means  of  the  pro- 
tractor, draw  the  line  of  projection  AF,  making  an 
angle  of  250  with  the  horizontal  line  AK. 

Through 


draw  A K perpendicular  to  the  di red! ion  AC  of  the  object, 
which  AKwill  meet  K.H  in  a point  K.  With  the  centre 
K and  radius  KA  draw  the  circular  arch  PHEA.  Through 
the  point,  or  object  C draw  BCI  perpendicular  to  the  ho- 
rizon, and  if  this  perpendicular  meets  the  circular  arch,  as 
at  E and  I,  draw  AE,  AI;  and  either  of  thofe  airedtions 
will  anfwer  the  defired  purpofe. 

Join  11  and  HE  ; and  the  triangles  PAE,  EAC  arc  fimi- 
3ar  ; the  angle  PAE  being  equal  to  the  angle  AEC  (Eucl. 
p.  29,  B.  I.)  and  the  Angle  APE  equal  to  the  angle  EAC 
(Eucl.  p.  32,  B.  HE)  Hence  PA:  AE  : : AE  : EC; 

Farther,  the  triangles  PAl, 


therefore  PA  ~ 


A E|: 


E C 


AIC  arc  alfo  ftmilar  ; the  angle  PAI  being  equal  to  the 
angle  AIC  (Eucl.  prop.  29,  B.  I.)  and  the  angle  API  equal 
toIAC  (Eucl.  p.  32,  B.  III.)  Hence  PA:  AI : : AI : 

"aTi* 


I'C;  and  PA  = 


i C 


Therefore  fince  PA  is  the  pa- 


ram 'ter  belonging  to  the  point  A oi  the  parabola,  which  is 
to  be  deferibed  by  the  piojedtile,  Ac.  the  laid  parabola  (by 
cor.  3 of  the  preceding  prop.)  mult  pafs  through  the 
point  C. 

Corollary  1.  The  angular  distance  CAP  between  the 
object  and  the  zenith,  is  divided  into  two  equal  parts  by 
the. line  AH  ; for  Ivtl  being  equal  to  KA,  the  angle  AHK 
is  equal  to  the  angle  El  A K,  and  likcwilv  equal  (on  account 

* cf 
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Through  the  point  F,  where  AF  cuts  the  femi- 
circlc,  draw  OF  perpendicular  to  the  horizon  AK. 
Divide  AO  into  two  equal  parts,  and  at  the  point 
of  divifion  C eredt  CD  perpendicular  to  the  ho- 
rizontal line  A K ; alio  make  C D equal  to  a quar- 
ter 


of  the  parallelifm  of  Khf,  AB)  to  the  Angle  HAB.  But 
K AC  is  equal  to  G AB  ; for  they  are  both  right  angles  ; there- 
fore, fubtracting  the  angle  G AC  from  both,  there  remains 
KAG  equal  to  CAB  ; confi  quently  GAR  is  equal  to  HAC. 

Cor.  2.  The  two  directions  AI,  AE  are  equidiftant 
from  the  direction  AB ; for  KB  being  perpendicular  to 
PA  and  to  IE,  the  arch  AH  is  equal  to  HP.  and  EH  is 
equal  to  H I. 

Cor.  3.  When  the  directions  AI,  AE  coincide  with 
AH,  then  the  diftance  AC  is  the  greatest  diitance  to  which 
the  projectile  can  be  thrown  upon  the  plane  AO  with  the 
given  velocity  of  projection.  Hence  it  appears  that  when 
the  object  C is  placed  upon  the  horizontal  plane,  as  in  fig. 
7,  Plate  IX.  where  AC  coincides  with  AB,  AK  coincides 
with  AG,  PHA  becomes  a femicircle,  and  HAC  half  a 
right  angle ; then  the  greatell  diftance  to  which  the  pro- 
jectile can  be  thrown,  takes  places  viz.  when  the  angle  of 
elevation  HAB  is  half  a right  angle. 

Cor.  4.  The  velocity  of  projection  being  known,  the 
greateft  diftance  AL,  to  which  the  projectile  can  be 
thrown  upon  the  horizontal  plane,  or  greateft  range,  is 
1-ikewife  known  ; it  being  equal  to  half  the  parameter  A Pi 
for  AL  is  equal  to  the  radius  KH,  or  AK,  which  is  the 
half  of  AP.  ■ 

Cor.  5.  When  the  point  of  projection  A,  and  objcCt 
Cs  are  both  upon  the  fame  horizontal  plane,  as  in  ftg.  7 } 

then 
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ter  of  OF;  then  the  patli  of  the  fhot  is  reprefent- 
ed  by  a curve  line,  which  pafles  through  the  points 
A,D,0.  Take  the  diftance  AO  in  your  compafies, 
and,  applying  it  to  the  fame  fcale  of  equal  parts 
as  was  ufed  before,  you  will  find  it  equal  to  5170, 
which  reprefent  yards.  If  you  apply  the  diflance 

CD 


then  the  diftance  AC  of  the  object  is  as  the  fine  of  twice 
the  angle  of  elevation  CAE,  or  CAI ; for  (Eucl.  p.  32,  B. 
III.)  CAE  is  equal  to  APE,  and  like  wife  equal  (Eucl.  p. 
20,  B.  III.)  to  half  AKE,  whofe  fine  is  EN  ; and  EN  is 
equal  to  AC.  EN  is  likewife  the  fine  of  double  the 
angle  CAI;  for  CAI  = API  zz  \ AKI ; and  I S re  NE, 
is  the  fine  of  the  angle  AKI. 

Cor.  6.  If  AE  be  the  direction  of  the  projectile,  pie 
greateft  height  of  the  parabolic  path  above  the  horizoji,  is 
equal  to  a quarter  of  AC,  and  is  as  the  verfed  fine  of  twice 
the  angle  of  elevation  CAE.  For  divide  AC  into  two 
equal  parts  at  T,  and  erect  TR  perpendicular  to  it.  Di- 
vide TR  into  two  equal  parts  at  V ; then  TV  is  equal  to 
half  TR,  and  to  a quarter  of  EC.  It  is  evident  that  AC 
is  jn  ordinate  to  the  axis  "I  R of  the  parabolic  path  ; 
and  that  V muft  be  the  vertex  of  that  parabola ; for 
the  direction  AE  being  a tangent  to  the  parabolic  curve, 
the  part  VT  of  the  axis  is  (by  conics)  equal  to  the  part 
VR.  Farther,  CE  is  equal  to  AN,  which  is  the  verfed 
fine  of  the  angle  AKE,  viz.  of  twice  the  angle  of  eleva- 
tion EAC,  or  IAC  ; therefore  TV  is  equal  to  a quarter  of 
EC,  and  is  as  the  verfed  fine  of  twice  the  angle  of  eleva- 
tion CAE. 

Cor.  7.  The  greateft  height,  to  which  the  projeCtile 
will  afeend,  when  the  direction  of  the  projection  is  perpen- 
dicular 
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C D to  the  fame  fcale,  it  will  be  found  equal  to 
60^  divifions,  or  yards;  which  thews  that  with 
the  angle  of  elevation  equal  to  25%  the  cannon  in 
queftion  will  throw  the  fhot  to  the  horizontal  dis- 
tance of  5170  yards,  and  that  the  vertex,  or  great- 

eft 


dicular  to  the  horizon,  is  equal  to  a quarter  of  the  para- 
meter AP  ; for  in  that  cafe  AE,  EC,  and  AP  coincide;- 
confequently  a quarter  of  CE  becomes  the  fame  thing  as 
a quarter  of  AP. 

Cor.  8.  In  the  cafe  of  the  preceding  corollary,  the  time 
of  the  projeCtile’s  remaining  in  the  air,  is  the  fame  that  a 
body  would  employ  in  defcending  from  P to  A,  merely  by 
the  force  of  gravity;  for  the  projectile  will  be  as  long  in 
afcending,  as  in  defcending  along  a quarter  of  AP ; viz. 
it  will  employ  twice  the  time  which  is  required  to  defcend 
along  one  quarter  of  PA,  and  which  is  equal  to  the  time 
that  is  required  to  defcend  from  P to  A ; the  fpaces  dc- 
fcribed  by  defcending  bodies  being  as  the  fquares  of  the 
times. 

Cor.  9.  The  time  of  flight  when  a body  is  projected 
in  any  direction,  as  for  inftance  AE,  is  as  the  fine  of  the 
anole  of  elevation  EAC  ; for  it  is  as  the  chord  AE,  or 
as  half  AE,  which  is  the  fine  vof  the  angle  APE,  or  of 
half  AKE,  which  is  equal  to  the  angle  of  elevation  CAE, 

From  the  abovementioned  two  prcpofitions,  with  their 
corollaries,  the  molt  uleful  properties  of  prcjeCtiles  have 
been  derived,  and  are  concilely  exprefled  together  with  the 
relults  of  experiments,  in  the  following  practical  rules, 
which  every  gunner  fbould  irnprefs  in  his  mind  ; for  when 
the  greateft  range  that  a piece  of  artillery  is  capable  of  with 
the  ufual  charge  of  powder,  is  known,  and  which  mult  be 

learned 
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eft  height  of  its  path  ADO  will  be  equal  to  603 

yards. 

By  the  like  means  the  range  anfwering  to  any 
other  angle  of  elevation  may  be  afcertained  ; and 

the 


learned  from  adtual  experiment;  thofe  rules  will  anfwer 
all  the  neceflary  cafes  in  gunnery;  excepting  .the  obfiruc- 
tion  which  arifcs  from  the  refiflance  of  the  air. 

Rules  for  Shooting. 

1.  Horizontal  ranges  as  light  fines  of  twice  the  angles  of 

elevation. 

2.  Heights  as  verfed  fines  of  twice  the  angles  of  elevation. 

3.  Times  of  flight,  or  times  in  the  air,  as  right  fines  of  the 

angles  of  elevation. 

4.  The  time  of  flight  at  an  elevation  of  450,  is  equal  to  the 

time  cf  perpendicular  dcfcent  through  a fpace  equal  to 
the  horizontal  range. 

5.  The  impetus  is  equal  half  the  horizontal  range  at  450 

of  elevation. 

6.  The  height  is  equal  to  a quarter  of  the  horizontal  range 

at  45°  of  elevation. 

7.  In  afccnts  or  defcents,  (viz.  when  the  point  of  projec- 

tion and  the  object  arc  not  both  upon  the  fame  hori- 
zontal plane)  for  the  belt  elevation  take  the  comple- 
ment of  half  the  angular  diftance  between  the  object 
and  the  zenith. 

S.  The  charges  of  powder  in  the  fame  piece  are  nearly  as 
the  horizontal  ranges. 

The  inftruments  which  arc  required  for  the  practical  ap- 
plication of  thofe  rules,  are  a graduated  circular  inftrument 
with  a plummet  or  a Jevel,  and  a table  cf  fines  and  verfed 

fines ; 
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the  reafon  of  this  practice  will  be  found  demon- 
llrated  in  the  note. 

If,  on  the  other  hand,  the  didance  of  the  ob- 
ject, and  the  cannon’s  great  eft  range  being  known, 
the  angle  of  elevation  necefiary  to  hit  that  objeeft 
be  required  ; you  mu  ft  proceed  by  the  reverie  of 
the  preceding  method.  Let,  for  inftance,  the 
diftance  of  the  object:  from  the  cannon  be  5170 
yards,  and  the  cannon’s  greateft  range,  6750  yards. 
Draw  a right  line  AO,  fig.  4.  Plate  IX.  equal  to 
15 1 70  divifions  of  the  fcale  of  equal  parts.  Make 
AB  perpendicular  to  AO,  and  equal  to  twice  the 
cannon’s  greateft  range;  viz.  to  13700  divifions 
of  the  fame  fcale.  Upon  AB,  as  a diameter,  de- 
icribe  the  femicircle  AFB.  At  O erect  the  line 
OG  perpendicular  to  the  horizontal  line  AO,  and 
the  perpendicular  OG  will  meet  the  femicircle 
either  in  one,  or  in  two  points,,  or  not  at  all. 
Should  this  line  meet  the  femicircle  in  one  point, 
it  muft  be  at  Y,  its  middle,  and  then  the  requiied 
angle  of  elevation  is  Y AO,  viz.  of  470.  If  OG 

fines;  but  there  is  an  inflrument  in  ufe,  called  the  gunner' s 
callipers , which  anfwers  every  purpofe  relative  to  the  ap- 
plication of  thofe  rules;  as  it  contains  a graduated  circle, 
and  is  fufceptible  of  the  application  of  a plummet,  &c.  A 
table  ot  fines  and  verfed  lines,  together  with  many  other 
tables  and  meafures  are  likewife  marked  upon  it. — See  a 
very  good  defeription,  and  account  of  the  various  ufes  of 
the  gunner’s  callipers,  in  Robertfon’s  Treatife  on  the  Ufe 
of  Mathem.  Inftrum. 


meets 
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meets  the  femicircle  in  two  points,  as  at  F and  G, 
which  is  the  cafe  in  the  prefent  inftance ; then 
either  the  direction  AF  or  AG  will  anfwer  the 
purpofe  ; and  if  the  angles  which  thofe  directions 
make  with  the  horizon  AO,  be  meafured  by  means 
of  the  protradtor,  the  former  will  be  found  equal 
to  25°,  and  the  latter  to  65°.  But  when  the  perpen- 
dicular OG  does  not  meet  the  femicircle,  then  we 
muft  conclude  that  the  given  power,  or  force  of  the 
cannon  in  queftion,  is  not  fufficient  to  throw  the 
Biot  to  the  propoled  di (lance. 

It  follows  from  the  foregoing  conflrudion,  that 
the  higher  thedirediion  line  cuts  the  femicircle, 
the  longer  is  the  horizontal  range;  not  exceeding 
however  the  middle  point  Y ; for  S Y,  which  is 
equal  to  the  radius  of  the  circle,  is  longer  than  any 
other  line  that  can  be  drawn  in  the  femicirle  AYB, 
parallel  to  the  horizon  ; hence  the  horizontal  range 
is  the  greateft  when  the  angle  of  elevation  is  450. 
It  is  alfo  evident,  that  at  equal  diftances  from  the 
point  Y,  as  at  F and  G,  the  horizontal  range  will  be 
the  fame;  the  height  of  the  path  only  being  dif- 
ferent. When  the  angle  of  elevation  is  90%  then 
the  line  of  direction,  becoming  perpendicular  to 
the  horizon,  coincides  with  the  line  AB,  and  the 
horizontal  range  becomes  equal  to  nothing,  viz. 
the  fliot  willafcend  to  a quarter  of  AB,  and  will 
then  defeend  again  to  A. 

When  the  angle  of  elevation  is  half  a right 
angle,  that  is  450.  the  time  of  flight,  viz.  of  the 
\ Biot’s 
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plot’s  remaining  in  the  air,  is  equal  to  the  time 
that  a body  would  employ  in  defending  perpen- 
dicularly, by  the  force  of  gravity,  from  a height 
equal  to  the  horizontal  range,  which  may  be  found 
by  the  rules  given  in  chap.  V. — In  order  to  find 
the  time  of  flight,  at  any  other  inclination,  as  for 
inftance,  the  inclination  OAF;  fry  as  AY  (mea- 
fured  on  the  fcale  of  equal  parts)  is  to  AF  (alfo 
meafured  on  the  fame  fcale),  io  is  the  time  that  a 
body  would  employ  in  defending  perpendicularly 
through  a fpace  equal  to  the  greateft  horizontal 
range,  to  the  time  in  queftion,  which  will  be  known 
by  the  common  rule  of  three. 

Thus  much  may  fuffice  with  refpedt  to  the  fup- 
pofed  parabolic  paths  of  projedtiles.  We  (hall  now 
lubjoin  a fhort  account  of  the  refult  of  fuch  ex- 
periments as  have  been  made  for  the  purpofeof  de- 
termining how  far  the  parabolic  theory  may  be  de- 
pended upon. 

In  the  common  practice  of  directing  cannons,  an 
arbitrary  allowance  is  made  for  the  deviation  of  the 
fhot  from  the  ftraight  line.  Pradtice  indeed  ren- 
ders fome  gunners  very  expert;  but  their  pradtical 
accuracy  cannot  be  reduced  to  certain  rules;  viz. 
fuch  as  may  be  of  ufe  to  other  perfons. 

Mortars,  which  throw  the  Ihots  in  general  with 
lefs  velocity  than  cannons,  have  heretofore  been 
diredted  by  means  of  a graduated  inftrument;  pre- 
ferring, of  the  two  diredtions  which  produce  the 
fame  horizontal  range,  that  which  may  be  thought 
preferable  according  to  the  nature  of  the  objedL 

But 


vol.  r. 
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But  ot  late  another  method  has  been  found  more 
advantageous  in  practice, — The  mortar  is  fteadily 
fixed  upon  its  bed  or  carriage,  at  an  elevation  of 
45°  > but  R is  loaded  with  more  or  lefs  powder 
according  as  the  fhcll  is  required  to  go  farther  or 
nearer  ; not  exceeding,  however,  the  greateft  hori- 
zontal range  the  piece  is  capable  of;  the  errors  of 
amplitude  having  been  found  to  be  lefs  with  an 
elevation  of  450,  than  with  any  other  elevation; 
and  the  horizontal  ranges  having  been  found  to  be, 
cceteris  -paribus , nearly  as  the  charges  of  powder ; 
viz.  half  the  weight  of  the  full  charge  will  throw  the 
fhell  nearly  to  half  the  greateft  horizontal  range;  a 
quarter  of  the  weight  of  the  full  charge  will  throw 
the  fliell  to  a quarter  of  the  greateft  range,  &c. 

It  has  been  found  that  a 24  pounder  (viz.  a 
cannon  whofe  ball  weighs  24  pounds)  when 
charged  with  16  pounds  of  gunpowder,  and  elevated 
to  an  angle  of  450,  will  generally  range  its  fliot  upon 
an  horizontal  plane  20250  feet,  which  is  not  above 
one  fifth  of  the  range  afiigned  by  the  theory,  viz. 
of  what  it  ought  to  be,  if  the  air  could  be  removed. 
—The  oppofition  which  the  fliot  meets  with  from 
the  air  in  this  cafe  has  been  eflimated  by  the  inge- 
nious Mr.  Robins,  equivalent  to  400  pounds.* 
Hence  it  appears  that  the  path  of  a fliot  is  far 
different  from  the  parabola. 


* Robins’s  EiTays  on  Gunnery. 
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The  refiftance  of  the  air  varies  principally  ac- 
cording to  its  fluctuating  qualities,  viz.  tempera- 
ture, gravity,  &c.  according  to  the  Hi  ape  of  the 
fhot,  and  according  to  the  velocity  with  which  the 
fliot  is  impelled,  viz.  the  initial  or  incipient  velo- 
city.— When  that  velocity  is  final],  the  refiftance  of 
the  air  is  very  trifling;  but  when  the  initial  velocity 
is  very  confiderable,  the  refiftance  of  the  air  be- 
comes fo  great  as  to  render  the  theory  quite  in- 
applicable to  practice.  The  refiftance  fometimes 
amounts  to  20  or  30  times  the  weight  of  the  fliot, 
and  the  horizontal  range  frequently  is  much  left 
than  the  tenth  part  of  what  it  ought  to  be,  accord- 
ing to  the  parabolic  theory. 

It  has  been  found  that  with  the  fame  anple  of 
elevation,  the  horizontal  ranges  are  in  proportion 
to  one  another  as  the  fiquare  roots  of  the  initial 
velocities,  and  that  the  times  of  flight  are  as  the 
ranges;  whereas,  according  to  the  theory,  the  times 
ought  to  be  as  the  velocities,  and  the  ranges  as  the 
fquares  of  the  initial  velocities. 

Mr.  Robins  hkewife  found  that  very  little  ad- 
vantage was  gained  by  projecting  a body  with  a 
velocity  greater  than  1 200  feet  per  feconcfi  When 
a 24  pound  fliot  is  projected  with  the  velocity  of 
2000  feet  in  a fecond,  it  will  meet  with  fo  great 
an  oppofition  from  the  air,  that  when  it  has  ad- 
vanced not  more  than  1500  feet,  viz.  in  about  one 
fecond,  its  velocity  will  be  reduced  to  that  of  about 
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1200  feet  per  fecond.  In  confequence  of  this  quick 
reduction  of  velocity,  Mr.  R.  concluded  that  a 
certain  projedtile  velocity  at  the  fame  angle,  might 
carry  a (hot  farther  than  a greater  velocity ; for 
the  body  projected  with  the  greater  velocity,  when 
its  velocity  becomes  equal  to  that  of  the  other  pro- 
jection, has  a lefs  angle  of  elevation,  on  which  ac- 
count it  may  go  not  fo  far  from  that  point,  to  as  to 

make  the  whole  diftance  fhorter. 

No  gun  to  carry  far  fhould  be  charged  with 
powder  whofe  weight  exceeds  one  fixth,  or  at  mod 
one  fifth  part  of  the  weight  of  the  thot ; for  in 
field  pieces  that  quantity  of  powder  will  impel  the 
(hot  with  the  initial  velocity  of  about  1200  feet 
per  fecond.  In  a battering  piece,  when  the  object 
is  near,  the  weight  of  the  powder  (liould  be  about 
one  third  part  of  the  weight  of  the  (hot. 

When  the  initial  velocity  is  greater  than  about 
1 ioo,  or  1200  feet  per  fecond,  the  refiftance  of  the 
air  feems  to  be  three  times  greater  than  it  ought,  if  it 
varied  only  as  the  fquare  of  the  velocity.  “ The  ve- 
y locity  at  which  the  variation  of  the  law  of  refift- 
“ ance  takes  place,  is  nearly  the  fame  as  that  with 
“ which  found  moves.  Indeed  it  the  treble  re- 
“ fiftance  in  the  greater  velocities  is  owing  to  a 
“ vacuum  being  lei t behind  the  refilled  body,  it  is 
not  unreafonable  to  fuppofe  that  the  celenty 
“ of  found  is  the  very  laft  degree  of  celerity  with 

{C  which  a projedtile  can  torm  this  vacuum,  and 
* can 
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««  can  m i'ome  fort  avoid  the  preflare  of  the  at- 
“ mofphere  on  its  hinder  parts.  It  may  perhaps 
“ confirm  this  conjecture  to  obferve,  that  if  a 
« bullet,  moving  with  the  velocity  of  found,  does 
« really  leave  a vacuum  behind  it,  the  preflure  of 
“ the  at  mofphere  on  its  fore  part  is  a force  about 
“ three  times  as  great  as  its  refiftance,  computed 
“ by  the  laws  obferved  for  flow  motions.*” 

A Ihot,  befides  its  being  drawn  downwards  from 
the  line  of  direction,  is  fornetimes  defleCted  fide- 
way ; which  takes  place  when  the  fhot  by  rubbing 
againit  one  fide  of  the  cavity  of  the  piece,  acquires 
a rotatory  motion  round  its  axis,  and  proceeds 
through  the  air  with  that  motion;  for  in  that  cafe 
the  fide  of  the  fhot,  which  in  its  courfe  through 
the  air  turns  forwards,  meets  with  greater  refiftance 
than  the  oppofite  fide,  whole  motion  coincides  with 
that  of  the  air.  It  is  eafy  to  conceive  that  when 
the  axis  of  rotation  happens  to  be  parallel  to  the 
horizon,  then  the  rotation  will  contribute  to  the 
(hot’s  defleCtion,  not  fideways,  but  upwards  or 
downwards. 

We  fhall  laftly  obferve  as  a ftrong  inftancejflf 

* Robins’s  Effays  on  Gunnery. — The  reader  may  derive 
confiderable  information  from  Dr.  Hutton’s  Paper  on  the 
Force  of  fired  Gunpowder , and  the  initial  Velocities  of  Can- 
non Ball , &c.  in  the  68th  vol.  of  the  Phil.  Trans.  And  from 
the  C’nev.  de  Borde’s  Memoirs  in  the  Hift.  of  the  Acad,  of 
Scienc.  for  1769. 
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the  dij^iculty  which  attends  the  practical  manage- 
ment ot  projectiles,  that  even  with  the  very  fame 
piece  of  ordnance,  like  fhots,  equal  weights  01 
the  fame  fort  ol  gunpowder,  and  the  fame  angle 
of  elevation,  the  places  on  which  the  fhots  ftrike 
the  horizontal  plane  frequently  differ  by  feveral 
yards  from  each  other. 
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